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Abstract

The bitonic sortalgorithmis a parallelsortingalgorithmthat hasbeenimplementedn sortingnet-
works andis readily adaptabldo Transputelarrays. This paperlooks at the implementatiorandtime
costof thealgorithmfor a PU M.A machineandcompareshis with animplementatioron T8 networks
to seethe benefitghatthe new architecturgrovidesover the previousgeneratiorof Transputers.

1 Introduction

Thebitonic sortalgorithmis notthe mostefficient sequentiakortingalgorithmhaving a costproportional
to:

inlogy n(logyn +1).

However, the algorithmis especiallydesignedor executionby parallelprocessinglements Initially the
algorithmwasimplementecbn sorting networks[1] but a parallelform of the algorithmis alsosuitable
for executiononlocalmemoryMIMD architecturesuchasTransputerarrays.Previouswork underEsprit
Supernod@rojectP1085developedanimplementatiorof thealgorithmfor a T8 network[4]; however this
algorithmhada poor performanceéecausef the large communicatioroverheadnvolvedin exchanging
databetweerdistantprocessorateachstageof thealgorithm. Thepointto pointcommunicationbetween
ary pair of processorshatthe Pt/ M.A architectureprovidesgreatlyreduceghe communicatiorburden
onthe processoraindsoshouldleadto a moreefficient parallelalgorithm. This paperpresents parallel
bitonic sortalgorithmfor the P/ M .A architectureandcomparests performancevith thatof a Supernode
algorithm.

To predictthe performanceof this algorithmon a Pt/ M.A machinewe developa simplecostmodel.
Thecostmodelexpresseshe executiontime of thealgorithmin termsof a setof hardwareconstantanda
setof problemparameters.

Thehardwareconstantgneasurehe time takento compareandcommunicatelementof thevectorto
be sorted. Althoughthe algorithmwill sortelementof any basictype,e.g.,I NT or REAL32, eachtype
will have a differentsetof valuesfor the hardwareconstantsFor example,comparisorof two | NT values
mayhave adifferentcostfrom comparingwo REAL 32 valuesandthecommunicatiorof a REAL64 costs
morethanthe communicatiorof a REAL32. So,whenpresentinghe costof the algorithmfor particular
problemswe have choserto usehardwareconstantgor the REAL32 datatype.

We definethreehardwareconstants:

T. thetimetakento compardwo REAL32 elements’, = 100ns.

T, ,T. thetotaltimetakento communicat@ messagef n REAL32sis givenby T + nT.. Ty = 1000ns,
T. = 880ns.

Thecomparisorcostsimply assumesanaveragerateof 10 MFlopsfor numericaloperationsCommunica-
tion ratesaremoredifficult to modelandarediscussedh [5]. For this papemwe assumeéhatthe underlying
switch networkis a three stagecross-bametworkasrecommendedby Hofestdt et al [3]. The values
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for T, andT. arederivedfrom [5] assuminga singlechannellong messageommunicationsnodel. For
simplicity, we permitall component®f the communicatiorcostto be overlappedwvith communicatioron
otherlinks andcomparisoroperationsfor examplewe assumehat transmittinga vectoron onelink has
the sametime costastransmittingthat completevector on eachof the 4 links in parallel. This assumes
thatthecommunicatiorenginesandmemoryunit cansatisfythesedemandsThevaluesof theseconstants
areonly approximatea long messageould be partitionedinto smallermessageandthesetransmittedn
parallelon multiple channelsnakingbetteruseof thelink bandwidth.
In additionto thesehardwareconstantéwo problemparameterareneeded:

n theproblemsize;in this casethe numberof elementsn thevectorto be sorted,
p thenumberof processorshealgorithmwill use.

Presentedh its simplestform, the algorithmrequiresboth» andp to have valuesthatare powersof two,
i.e.,n =2% p=27" (m < k). Theseconstraint®nn andp areassumedhroughoutherestof this paper

Thefollowing sectiondescribeshe generichitonic sortalgorithmfor MIMD architecturegSection2).
ThePU M A algorithmis describedandmodelledin Section3. Sectiord comparesheperformancef the
PU M A algorithmwith thatdevelopedfor a T8 machine Finally, our conclusionsarepresentedbriefly in
Sectionb.

2 Thealgorithm
A bitonic sequencef n (= 2%) elements{z, z1, . .., z,_1} is suchthat
o< < ...< 21 <2 >%i4p1 > ... 282> Bp_1

or thesequenceanbeshiftedcyclically to satisfythis condition.
At theheartof the bitonic sortalgorithmis a routinewhich megesa bitonic sequencéo give a sorted
sequenceTo megeabitonic sequencef n elements:

Algorithm 1 (Bitonic merge)
lleti=n
2 whilei > 2
2.1 for eachelementx; in thesequencesf elements
Zo...Tija-1, Ti---T3i/2-1, ---5 Tp—i..-Tp—jja-1

comparesachelementz; with theelementz; ,;/»;
for ascendingrder if z; > z;,,/, thenexchangeelements,
for descendingrder if z; < z;,,/» thenexchangeelements

2.2 leti=i/2

O

To constructa sortedsequencérom anunsortedsequencef lengthn thebitonic meige procedurés
usedto producesuccesskly larger sequencesf sortedelements:

Algorithm 2 (Bitonic sort)
1leti=2

2 while: <n
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2.1 for eachbitonic sequencef elements
Xo...Lj—1, Xi... L1, ey Tp—3. - Lp-1

sortthesequencasingbitonic meging with alternatingsortorder
For ascendingsort order sortfirst sequencénto ascendingrderandsecondnto descending
order e.t.c.,andvice versa for descendingortorder

22 leti =2

O

The adaptationof this algorithmto sortn elementson a MIMD machinewith p (= 2™, m < k)
processorss asfollows:

Initially the root procesdistributesthe unsortedvector blockwiseto the processeskeepinga block
itself, with eachprocesseceving n/p elementsTo build upasortedsequenceneachprocessa sequential
guicksortroutineis usedasit hasa betterperformanceéhansequentiabitonic sorting. Alternateprocesses
performsortingin ascendinganddescendingrder Now eachpair of adjaceniprocessesoldsa bitonic
sequence.

Next themeging stageis enteredasfollowed:

Algorithm 3 (Parallel bitonic sort)
1lletj =2
2 whilej <p

21 leti=j
2.2 while: > 1
2.2.1 for eachprocesss, in theblocksof processes

SO...SZ'/Z_l, 5i~~~53i/2—1a ey Sp—i~~~5p—i/2—1

processes; andsy_.;/» performacompare-gechangeoperatioron theirvectorelements:

elements[::] (the elementat index i: of the vector on processs;) is comparedwith

elements /5[]

Thedetailsof this steparedeterminedy thearchitectureseeSection3 for details.
222leti=1i/2

2.3 performbitonic meging (Algorithm 1) on eachprocess
2.4 Ietj =25

O

Thecompletesequencéasnow beensortedandeachprocesgpasseds vectorbackto therootprocess.

Step2.2.10f the parallelalgorithm containsall the communicationdor the algorithmexceptfor the
initial distributionandfinal gatherof thevector Hence the detailedcodefor this stepwill beoptimisedto
reduceor hide the communicatiorcostasmuchaspossiblefor eacharchitecture This resultsin different
implementatiordetailsfor the SupernodendPi/ M A algorithm.

3 PUMAalgorithm

A first approactto Step2.2.1is for eachpair of processes; andsy ;> to exchangehalf of their vec-
tors: processs; sendsits high half vectorto processs; ;> andrecevesthe low half vectorof sy ;-

in exchange.Thesetwo communicationganbe executedin parallelprovidedthe communicatediectors
areinput into temporaryvectorsof sizen/2p. Process; thenperformsa compare-echangeoperation
on elementsfrom its low half vectorandthe low half vector receved from s, _;/». Similarly, process
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sk+i/2 performsa compare-gechangeoperationon the high half vectorsit holds. The stepis completed
by returningthe high half vectorto s, andthe low half vectorto s, ;> in parallel. So this methodhas2
communication®perationger step,eachoperationconsistingof the communicatiorof 2 half vectorsin
parallel.

This methodkeepsall the processebusy, but thetotal amountof communicatiorperformeds greater
than necessarythe half vectorsare returnedto their sourceat the end of the iteration andthen at the
beginning of the next iteration outputagainif the sourceprocesshasthe samestateasin the previous
iteration(eitherexpectinghigh or low half vectors). The communicatiorcostcanbe reducedoy fetching
the half vectorsat the beginning of the stepdirectly from their locationin the previous iteration. This
remaesthe needto returnhalf vectorsat the endof the step,but mayinsteadrequiretwo half vectorsof
aprocesgso beinputat the startof the step:boththe half vectorit would input underthe previous method
andits own half vectorfor this iterationif this wasstoredon a differentprocessn the previousiteration.
The total amountof communicatiorin the worst caseis asmuchasfor the previous method,i.e., 4 half
vectorsperiteration,but all 4 communicationsanbeexecutedn parallelin oneoperatioratno additional
costin storagespacecompareadvith 2 operationdor the previousmethod.

Simple expressionspecifythe locationof the 2 half vectorsthat processs;, requiresin iteration: of
Algorithm 3. We definethe stateof processy, oddk, as

oddk = (k mod i/2) rem 2.

If oddk, i.e., oddk = 1, thenprocess requireshigh half vectors,otherwiseit requiredow half vectors.
Process, is pairedwith processs,; where

ki = k+i/2— (i oddk).
In the previousiterationthe stateof processy; was
oddkip = (kI mod 7) rem 2,
andit waspairedwith process,
k2 = k1 +i— (2 x oddk1p).

If oddkip then sy, holdshigh half vectorsfrom the previous iterationand si2 holdslow half vectors.
Hence from theseexpressiongachprocesancalculatewhetherit needgo inputvectorsfrom sg; or sgo
andwhetherthesevectorsarestoredin low or high half vectorsonthoseprocesses.

To find its own half vector similar expressiong@reused.In the previousiterations; hadstate

oddkp = (k mod i) rem 2,
andwaspairedwith processs; where
k3 =k +i— (21 x oddkp).

If oddkp thensy holdshighhalf vectorsfrom the previousiterationandss holdslow half vectors.Hence,
from theseexpressiongachprocescancalculatewhetherit needgo inputits own high or low half vector
from processys.

Theseexpressionsaremore clearly shavn in Figurel astwo tableswhich give the locationof the 2
half vectorsthatprocess;, requiresatiterationi for thevariousvaluesof oddk, oddkp andoddk1p.

Similar expressionganbefoundfor the destinatiorprocessefor the half vectorsheldby a processat
thestartof aniteration.

This operationis repeatedor the loop in Step2.2 of the algorithm. On exit from this loop the half
vectorsmustbereturnedo their correctprocessebeforethe next step.

This secondmethoddecreasethe communicationcostof the algorithm by performingcommunica-
tionsin parallel,however, even betterperformancecanbe achiered by overlappingcommunicationsvith
comparisons.Step2.2 may be rearrangedo useparallelthreadswhich operateon quartervectors,i.e.,
halvesof the half vectors.Whilst onethreadperformsthe compare-gchangeon a pair of quartervectors,
anotherthreadinputsthe next pair of quartervectors.Step2.2becomes:
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oddkp oddkp
0 1 0 1
oddk | O kiow k3 high oddk | O kiow k3 high
1| k810w | Enign 1| k310w | Enign
own half vector otherhalf vector

Figurel: Locationsof half vectors

Algorithm 4 (PU/ M.A main loop)
2.2.1 processy, getsfirst 1/4 vectorfrom sy /-

2.2.2 while7 > 1

2.2.3 par
performcompare-gchangeonfirst 1 /4 vector
getsecondl /4 vector

2.2.4 par
performcompare-gchangeonsecondl /4 vector
getfirst 1/4 vectorfor next iteration(if i > 2)

2.25leti=1i/2

2.2.6 returnl/4 vectorsto ownerprocesses |

This third methodrequiresthe sameamountof storageasthe previous method,but hidesmostof the
communicationdehindcompare-gchangeoperations.

Thecostmodelfor this lastalgorithmona P/ M.4 machines derivedasfollows:

If the vectorto be sortedis storedon oneroot processhenwe mustinclude the costof the initial
distribution of the unsortedvector andthe collection of the sortedvectorbackto the root at the end of
the algorithm. The algorithmand costmodelfor thesestandardperationds givenin [6]. They have a

combinedcostof
-1
P—2 <TS + ETc) .
2 p

If thevectoris alreadydistributedbeforethe algorithmstartswe leave the sortedvectordistributedalso.
Themainalgorithmbeginswith eachprocesgerforminganinitial quicksortonits vector This costs

.ﬁ log, ETe.
2p P

Theparallelthreadsn Step2.2 cost

n n
T+ —T., —T. | .
e ( * dp — 4p )
Theloopin ¢ executeslog,, j times,andon the lastiterationthe secondhreadonly performsa compare-
exchangeoperation.Beforethefirst iterationa 1/4 vectoris inputat cost7; + (n/4p)T.. At the endof
theloop two 1/4 vectorsarereturnedo their ownerprocessn parallelatcostT; + (n/4p)T.. Thisgives
atotal costfor thei loop of:

n

n
T. —T.
4p )+

(2log, j — 1) max (Ts + 2T ﬁTe) T y
P

p T 4p
After thisloop endseachprocesgperformsa bitonic meige (Algorithm 1) onits own vectorat cost
n

n
log, —T-.
20 T p
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All of thiswork in theloop of Step2 is repeatedver j, with j = 2% wherek = 1. . .log, p. Thetotal cost
of this stepis thus

n

Ts
max < =+ 1

n n n n
T., —Te) (logy p)* + 2(Ts + —T¢) logs p + (1 + 2log, —) — log, pT..
4p 4p p) 4p
This givesthetotal costfor a pre-distritutedbitonic sortas
% log,, %Te + max (Ts + f—me f—pTe) (log, p)?+
2 (Ts n %Tc) log, p + (1 + 2log, g) 2 log, pTe.
Thetotal costfor a parallelbitonic sortof a vectorinitially ona singleprocessors:
221 (T, + BT,) + 2 log, 2T, +max (T, + 27T, ZT.) (log, p)*+

2 (Ts n %Tc) log, p+ (1 + 2log, g) 2 log, pTe.

4 Performance

Theperformancef theparallelalgorithmis presentedraphicallyin termsof thealgorithm'sspeedupver
quicksort,the bestsequentiahlgorithm. The speedughavs how mary timesfasterthe parallelalgorithm
is comparedwith the sequentiablgorithm. For a discussiorof speedupand relatedperformancéassues
seeSectionl.3, Characterisationf Performancein [2]. A rangeof problemsizesfrom 1MWordsup to
256 MWordsis usedto shaw the variationin performancewith problemsize. Theseare big problems;
1MWordis avectorof 106 REAL32 elementsThespeedujss alsoplottedoverawide rangein thenumber
of processorso indicatehow well analgorithmwould performon large arraysof processors.

Figure 2 shavs the speedupf the PU/ M.A algorithmthatis predictedby the costmodeldetailedin
theprevioussection.Two graphsareshavn: thetop graphshavs the speedupredictedvhenthevectoris
pre-distritutedacrosghe processorghe bottomgraphshavsthe speedupvhenthevectorinitially resides
on a singlesourceprocessarThefirst graphshaws thatthe pre-distritutedalgorithmscalesvery well for
large networksof processorsThe actualspeedupschiered arevery low however. Therearetwo reasons
for this. The main reasonfor the poor speedupof the algorithmis that the total numberof operations
performedby the bitonic algorithmto sort a vector i.e., the sequentiabitonic sortcost,is muchgreater
thanthe costof sequentiauicksort. Hence,even if the parallelalgorithmwas perfectly efficient, the
speedupachieved over quicksortwould be muchlower thanthe numberof processorsThe bitonic sort
algorithmremainspopulardespitethis dravbackbecauseét hasa naturalparallelexpressionwhereashe
quicksortalgorithmis very difficult to parallelize. Thesecondeasorfor thelow speeduyis thattheparallel
algorithmis not very efficienton the T9 architecture Thisis becaus®f the ratio betweerthe comparison
time andthe communicatiortime. In the main loop of the Pt/ M.A algorithm (seeAlgorithm 4) both
parallelthreadoperateon quartervectors.Thecompare-gchangethreadperformsn /4p operationsvhilst
thecommunicatiorthreadinputsandoutputsin paralleln/4p elementsWith the currentestimatedor 7.,
T. andT; the communicatiorthreadhasa much greatercostandso for a lot of the time the arithmetic
unitsareidle until communicatiorfinishes.If the costof acompare-echangeoperationwasmorethanthe
costto communicaten elementhenalmostall communicatiorwould be hiddenbehindcomparisonsind
thealgorithmwould shawv very goodefficiengy. For REAL32 elementghisis unlikely for ary architecture
since communicationbetweenprocessorswill alwaystake longerthanlocal memoryaccessesnd the
comparisoritself hasavery low cost.Ontheotherhand,sortingstringelementsn a databas&vould have
abetterbalancebetweercommunicatiorandcomparisorcost.

The secondgraphshawing the speedugor the singlesourcesorthasa muchlower performancehan
thatfor the pre-distrilutedsortshavn in thefirst graph.Thedifferencen costbetweerthesgwo situations
is thetime takento distributethevectoratthe startof thealgorithmandcollectthesortedvectorbackatthe
end. The singlesourceprocessobecomes bottleneckasit communicateslatato every otherprocessor
As thenumberof processorss increasedthetime takento sortthedistributedvectordecreaseddowever,
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Pre-distributed bitonic sort
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Performancef bitonic sortonthe T9 architecture
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thecostto distributevectorsegmentdrom thesinglesourceo anincreasingqiumberof processorsicreases
rapidly. The largedistribution costresultsin muchsmallerspeedupgor the single sourcesortacrosshe
rangeof machinesizes. This costalsochangest a greaterrate thanthe pre-distritutedbitonic sort cost
asthe numberof processorincreasesThis leadsto a reductionin the speedugchangeasthe numberof
processorincreasesisis shavn by the plateaun thegraph.

As acomparisonthe performancef the bitonic sortalgorithmon a T8 machineis shavn in Figure3.
Again, the top graphshaws the costfor a pre-distritutedbitonic sort and the bottom graphthe costfor
a singlesourcesort. The speedups thatachieved over quicksortrunningon a single T8 processar Full
detailsof the parallelalgorithm and cost modelare givenin [4], however, a few commentsare useful.
The original T8 algorithmusesa chainof processorsind packetizes/ectorcommunicationgo improve
the performanceof communicatiorbetweendistantprocessorsThe algorithmdoesnot however overlap
comparisonsand communication. The T8 processolso hasdifferentcomparisonand communication
costsfrom the T9. This meanghatthe graphscannotbe usedto comparehe actualrun-time costsof the
algorithmson thedifferentarchitecturesHowever, the T9 is severaltimesfasterthanthe T8 processoand
sotheT9 algorithmgivesbetterrun-timecoststhanthe T8 algorithm.

Thefirst graphin Figure3 shows very poorspeedupver sequentiabuicksort. This is becausef the
high costof the communicationsA moreimportantfeatureto noticeis thatthe speedupeaches plateau
whereador the T9 algorithmthe speedupncreasesontinuallyasthe numberof processorss increased.
This plateauis dueto the needto buffer individual communicationdbetweendistantprocessorshrough
increasingiumbersof intermediaterocessorasthetotal networksizeincreaseswith the T9 architecture
the costof eachindividual communicatiordoesnot increaseasthe total numberof processoréncreases.
Thespeedupf thesinglesourcealgorithm,whichis shavnin thesecondyraph,is notmuchworsethanthe
pre-distritutedspeedupThis indicateghatthe packetizeccommunicationsisedto distributethe unsorted
vectordo notaddassignificanta costto thealgorithmaswasthe casefor the T9 algorithm.

Comparinghetwo figuresfor theT9 and T8 architectureshows thatthe pre-distritutedalgorithmhas
benefitedgreatlyfrom the directcommunicationdetweerall processorn the T9 architecture However,
the performanceof the T9 single sourcealgorithmis crippled by the distribution and collection cost of
the full vector This costcannotbe reducedbecausef the limited total bandwidthof the 4 links on the
sourceprocessarThe affect of thedistributionis so greatbecausé¢he pre-distributedalgorithmcostitself
is relatively low. Pre-distritutedparallelalgorithmsin otherfieldsof numericaimethodftenhave amuch
highercostwhich meanghatthe distribution costis muchlesssignificantandbothforms of thealgorithm
will give a similar performanceThetotal costfor all pre-distritutedparallelsortalgorithmsis low andso
thisdistributionbottleneckwill affectall thesortalgorithmsandresultin poorspeedups.

The low efficiengy of the T9 parallelalgorithmcanbe improved someavhat by the useof a variation
in the bitonic algorithm. Insteadof performingcompare-gchangeoperationson the vector pairs, this
improved algorithmmeigesand splits the sortedvectors. The communicatiorpatternremainsthe same
asfor the original algorithm. This changedoublesthe arithmeticcostin the parallelthreadsandremores
the needfor the bitonic sort on eachprocessoit the endof eachloop. Hence,given the currentratio
betweencommunicatiorand comparisorthe extra work performedin the threadsis still hiddenbehind
communicationgndthe overall costof the algorithmis reduced.Unfortunately we did not have time to
studythe costof this algorithmin ary detail.

5 Conclusions

Thebitonic sortalgorithmmapsnaturallyontolocal memory MIMD machinesuchasPi/ M.A. Thepre-
distributedparallelalgorithmgivesreasonabl@erformanceindscalesvery well ontolarge T9 networks.
Thisis dueto theability to communicatalirectly betweerall T9 processor the network. Unfortunately
therelatively high costof initial distributionmeanghatthe singlesourcealgorithmhasavery poorperfor

mance.In conclusion the parallelbitonic sortalgorithmcanbe recommendedbr applicationsvherethe
datais pre-distrituted,especiallyfor extremelylarge vectorswhich cannotbe held on a singleprocessar
For smallervectorswhich areinitially storedon a singleprocessqra sequentiatjuicksortis easierto use
andis only afew timesslowerthanthesinglesourceparallelalgorithm.Otherparallelsortalgorithmsmay
yield a greaterefficieng/ thanthe bitonic sort, but all will give only a poorperformanceon the T9 when
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Figure3: Performancef bitonic sortonthe T8 architecture
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initial distributionis required.
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