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Abstract

Thebitonic sort algorithmis a parallelsortingalgorithmthathasbeenimplementedin sortingnet-
worksandis readily adaptableto Transputerarrays. This paperlooks at the implementationandtime
costof thealgorithmfor a

�������
machineandcomparesthiswith animplementationonT8 networks

to seethebenefitsthatthenew architectureprovidesover thepreviousgenerationof Transputers.

1 Introduction

Thebitonic sortalgorithmis not themostefficient sequentialsortingalgorithmhaving a costproportional
to: ��
	���
�����	�����
�����	��������
However, thealgorithmis especiallydesignedfor executionby parallelprocessingelements.Initially the
algorithmwasimplementedon sortingnetworks[1] but a parallelform of the algorithmis alsosuitable
for executiononlocalmemoryMIMD architecturessuchasTransputerarrays.Previouswork underEsprit
SupernodeprojectP1085developedanimplementationof thealgorithmfor aT8 network[4]; however this
algorithmhada poorperformancebecauseof the largecommunicationoverheadinvolvedin exchanging
databetweendistantprocessorsateachstageof thealgorithm.Thepoint to pointcommunicationsbetween
any pair of processorsthat the  "!$#&% architectureprovidesgreatlyreducesthe communicationburden
on theprocessorsandsoshouldleadto a moreefficient parallelalgorithm. This paperpresentsa parallel
bitonicsortalgorithmfor the  '!$#&% architectureandcomparesits performancewith thatof aSupernode
algorithm.

To predicttheperformanceof this algorithmon a  "!$#&% machinewe developa simplecostmodel.
Thecostmodelexpressestheexecutiontimeof thealgorithmin termsof asetof hardwareconstantsanda
setof problemparameters.

Thehardwareconstantsmeasurethetimetakento compareandcommunicateelementsof thevectorto
besorted.Althoughthealgorithmwill sortelementsof any basictype,e.g.,INT or REAL32, eachtype
will have a differentsetof valuesfor thehardwareconstants.For example,comparisonof twoINT values
mayhaveadifferentcostfrom comparingtwoREAL32 values,andthecommunicationof aREAL64 costs
morethanthecommunicationof aREAL32. So,whenpresentingthecostof thealgorithmfor particular
problemswehave chosento usehardwareconstantsfor theREAL32 datatype.

We definethreehardwareconstants:(�)
thetime takento comparetwoREAL32 elements.

(�)+* ��,�,�	�- .(/.
,
(10

thetotal time takento communicatea messageof 	 REAL32s is givenby
(/. �2	 (10 . (�.3* ��,�,�,�	�- ,(40+*�5�5 ,�	�- .

Thecomparisoncostsimplyassumesanaveragerateof 10MFlopsfor numericaloperations.Communica-
tion ratesaremoredifficult to modelandarediscussedin [5]. For thispaperweassumethattheunderlying
switch network is a threestagecross-barnetworkasrecommendedby Hofesẗadt et al [3]. The values
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for
( .

and
( 0

arederivedfrom [5] assuminga singlechannel,long messagecommunicationsmodel. For
simplicity, wepermitall componentsof thecommunicationcostto beoverlappedwith communicationon
otherlinks andcomparisonoperations;for examplewe assumethat transmittinga vectoron onelink has
the sametime costastransmittingthat completevectoron eachof the 4 links in parallel. This assumes
thatthecommunicationenginesandmemoryunit cansatisfythesedemands.Thevaluesof theseconstants
areonly approximate;a long messagecouldbepartitionedinto smallermessagesandthesetransmittedin
parallelonmultiplechannelsmakingbetteruseof thelink bandwidth.

In additionto thesehardwareconstantstwo problemparametersareneeded:

	 theproblemsize;in thiscasethenumberof elementsin thevectorto besorted,6 thenumberof processorsthealgorithmwill use.

Presentedin its simplestform, thealgorithmrequiresboth 	 and 6 to have valuesthatarepowersof two,
i.e., 	 *87:9

, 6 *�7<;
, �>=&?A@
� . Theseconstraintson 	 and6 areassumedthroughouttherestof thispaper.

Thefollowingsectiondescribesthegenericbitonicsortalgorithmfor MIMD architectures(Section2).
The  "!$#&% algorithmis describedandmodelledin Section3. Section4 comparestheperformanceof the '!$#&% algorithmwith thatdevelopedfor a T8 machine.Finally, our conclusionsarepresentedbriefly in
Section5.

2 The algorithm

A bitonicsequenceof 	B� *�7<9 � elementsCED1F�GHD � G ���I� GJDLK
M �HN is suchthat

D F ? D � ?O���I��? D�P M � ? D�PRQSD�P�T � Q �I��� QUD K
M � QSD K
M �
or thesequencecanbeshiftedcyclically to satisfythiscondition.

At theheartof thebitonicsortalgorithmis a routinewhich mergesa bitonicsequenceto give a sorted
sequence.To mergea bitonicsequenceof 	 elements:

Algorithm 1 (Bitonic merge)

1 let V * 	
2 while VWQ 7

2.1 for eachelementD P in thesequencesof elements

D4F �I��� D
XZY � M � G[D X ���I� D
\HXZY � M � G ���I� G[D
KLM X �I��� D KLM XZY � M �
compareeachelementD P with theelementD P�T XZY � ;
for ascendingorder, if D P$] D PIT X^Y � thenexchangeelements,
for descendingorder, if D P ? D P�T XZY � thenexchangeelements

2.2 let V * V`_ 7 a
To constructa sortedsequencefrom anunsortedsequenceof length 	 thebitonic mergeprocedureis

usedto producesuccessively largersequencesof sortedelements:

Algorithm 2 (Bitonic sort)

1 let i = 2

2 while V ?S	
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2.1 for eachbitonicsequenceof elements

D F ���I� D X M � G[D X ���I� D � X M � G ���I� G[D KLM X �I��� D K
M �
sortthesequenceusingbitonicmerging with alternatingsortorder.
For ascendingsortorder, sort first sequenceinto ascendingorderandsecondinto descending
order, e.t.c.,andvice versa for descendingsortorder.

2.2 let V *�7 V a
The adaptationof this algorithmto sort 	 elementson a MIMD machinewith 6 (

*b7 ;
, =c?d@ )

processorsis asfollows:
Initially the root processdistributesthe unsortedvectorblockwiseto the processes,keepinga block

itself,with eachprocessreceiving 	 _ 6 elements.To build upasortedsequenceoneachprocessasequential
quicksortroutineis usedasit hasabetterperformancethansequentialbitonicsorting.Alternateprocesses
performsortingin ascendinganddescendingorder. Now eachpair of adjacentprocessesholdsa bitonic
sequence.

Next themerging stageis enteredasfollowed:

Algorithm 3 (Parallel bitonic sort)

1 let e *A7
2 while e ? 6

2.1 let V * e
2.2 while V ] �

2.2.1 for eachprocess- 9 in theblocksof processes

- F ���I�f- XZY � M � G - X ���I�f- \HXZY � M � G �I��� G -hg M X ���I�f- g M XZY � M �
processes- 9 and - 9 T XZY � performa compare-exchangeoperationon theirvectorelements:
element - 94ikjZj�l (the elementat index jZj of the vector on process- 9 ) is comparedwith
element- 9 T XZY � ikjZjkl .
Thedetailsof this steparedeterminedby thearchitecture;seeSection3 for details.

2.2.2 let V * V`_ 7
2.3 performbitonicmerging (Algorithm 1) oneachprocess

2.4 let e *�7 e a
Thecompletesequencehasnow beensortedandeachprocesspassesits vectorbackto therootprocess.
Step2.2.1of the parallelalgorithmcontainsall the communicationsfor the algorithmexcept for the

initial distributionandfinal gatherof thevector. Hence,thedetailedcodefor thisstepwill beoptimisedto
reduceor hidethecommunicationcostasmuchaspossiblefor eacharchitecture.This resultsin different
implementationdetailsfor theSupernodeand  '!$#&% algorithm.

3 mOnOo p algorithm

A first approachto Step2.2.1is for eachpair of processes- 9 and - 9 T X^Y � to exchangehalf of their vec-
tors: process- 9 sendsits high half vector to process- 9 T XZY � andreceives the low half vectorof - 9 T XZY �
in exchange.Thesetwo communicationscanbeexecutedin parallelprovidedthecommunicatedvectors
areinput into temporaryvectorsof size 	 _ 7 6 . Process- 9 thenperformsa compare-exchangeoperation
on elementsfrom its low half vector and the low half vector received from - 9 T X^Y � . Similarly, process
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- 9 T XZY � performsa compare-exchangeoperationon the high half vectorsit holds. The stepis completed
by returningthehigh half vectorto - 9 andthe low half vectorto - 9 T XZY � in parallel.So this methodhas2
communicationsoperationsperstep,eachoperationconsistingof thecommunicationof 2 half vectorsin
parallel.

This methodkeepsall theprocessesbusy, but thetotal amountof communicationperformedis greater
than necessary:the half vectorsare returnedto their sourceat the endof the iterationand then at the
beginning of the next iterationoutputagainif the sourceprocesshasthe samestateas in the previous
iteration(eitherexpectinghigh or low half vectors).Thecommunicationcostcanbereducedby fetching
the half vectorsat the beginning of the stepdirectly from their location in the previous iteration. This
removestheneedto returnhalf vectorsat theendof thestep,but mayinsteadrequiretwo half vectorsof
a processto beinputat thestartof thestep:boththehalf vectorit would inputunderthepreviousmethod
andits own half vectorfor this iterationif this wasstoredon a differentprocessin theprevious iteration.
The total amountof communicationin the worstcaseis asmuchasfor the previousmethod,i.e., 4 half
vectorsperiteration,but all 4 communicationscanbeexecutedin parallelin oneoperationatnoadditional
costin storagespace,comparedwith 2 operationsfor thepreviousmethod.

Simpleexpressionsspecifythe locationof the2 half vectorsthatprocess- 9 requiresin iteration V of
Algorithm 3. We definethestateof process- 9 , q�r�r�s , as

qIr�rIs * �`@�tu
�v V`_ 7 �xwhy�t 7 �
If q�r�r�s , i.e., qIr�r�s * � , thenprocess- 9 requireshigh half vectors,otherwiseit requireslow half vectors.
Process- 9 is pairedwith process-�z|{ where

s�} * @$� V`_ 7�~ � V1�'qIr�r�s �|�
In thepreviousiterationthestateof process- z|{ was

qIr�r�sx}h� * � s�} t�
xv V �xwhy�t 7 G
andit waspairedwith process- zH�

s<� * @���� V ~ � 7 V1�'qIr�r�sx}h� �|�
If qIr�rIs�}J� then -Iz�{ holdshigh half vectorsfrom the previous iterationand -IzH� holds low half vectors.
Hence,from theseexpressionseachprocesscancalculatewhetherit needsto inputvectorsfrom -�z|{ or -�z��
andwhetherthesevectorsarestoredin low or highhalf vectorsonthoseprocesses.

To find its own half vector, similarexpressionsareused.In thepreviousiteration - 9 hadstate

qIr�rIsH� * �`@�tu
�v V �xwhy�t 7 G
andwaspairedwith process- zH� where

s:� * @$� V ~ � 7 V1�'qIr�r�s�� ���
If q�r�r�s�� then -Iz holdshighhalf vectorsfrom thepreviousiterationand -IzH� holdslow half vectors.Hence,
from theseexpressionseachprocesscancalculatewhetherit needsto input its own highor low half vector
from process- zH� .

Theseexpressionsaremoreclearlyshown in Figure1 astwo tableswhich give the locationof the 2
half vectorsthatprocess- 9 requiresat iteration V for thevariousvaluesof q�r�r�s , qIr�rIsH� and qIr�rIs�}J� .

Similarexpressionscanbefoundfor thedestinationprocessesfor thehalf vectorsheldby a processat
thestartof aniteration.

This operationis repeatedfor the loop in Step2.2 of the algorithm. On exit from this loop the half
vectorsmustbereturnedto theircorrectprocessesbeforethenext step.

This secondmethoddecreasesthe communicationcostof the algorithmby performingcommunica-
tions in parallel,however, evenbetterperformancecanbeachievedby overlappingcommunicationswith
comparisons.Step2.2 may be rearrangedto useparallelthreadswhich operateon quartervectors,i.e.,
halvesof thehalf vectors.Whilst onethreadperformsthecompare-exchangeon a pairof quartervectors,
anotherthreadinputsthenext pairof quartervectors.Step2.2becomes:
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Figure1: Locationsof half vectors

Algorithm 4 (  '!$#&% main loop)

2.2.1 process- 9 getsfirst � _<� vectorfrom - 9 T XZY �
2.2.2 while V ] �

2.2.3 par
performcompare-exchangeonfirst � _:� vector
getsecond� _:� vector

2.2.4 par
performcompare-exchangeonsecond� _<� vector
getfirst � _<� vectorfor next iteration(if V ] 7 )

2.2.5 let V * V`_ 7
2.2.6 return � _<� vectorsto ownerprocesses

a
This third methodrequiresthesameamountof storageasthepreviousmethod,but hidesmostof the

communicationsbehindcompare-exchangeoperations.
Thecostmodelfor this lastalgorithmona  '!$#&% machineis derivedasfollows:
If the vector to be sortedis storedon oneroot processthen we must includethe costof the initial

distribution of the unsortedvector, andthe collectionof the sortedvectorbackto the root at the endof
the algorithm. The algorithmandcostmodelfor thesestandardoperationsis given in [6]. They have a
combinedcostof 6 ~ �7 � (/. � 	6 (10J� �
If thevectoris alreadydistributedbeforethealgorithmstartsweleave thesortedvectordistributedalso.

Themainalgorithmbeginswith eachprocessperforminganinitial quicksorton its vector. This costs	7 6 �k
�� � 	6 ( ) �
Theparallelthreadsin Step2.2cost

tB�<� � ( . � 	� 6 ( 0 G 	� 6 (�) � �
The loop in V executes�k
���� e times,andon the last iterationthesecondthreadonly performsa compare-
exchangeoperation.Beforethefirst iterationa � _:� vectoris input at cost

( . �O�>	 _<� 6 � ( 0 . At the endof
theloop two � _:� vectorsarereturnedto their ownerprocessin parallelat cost

( . �8�>	 _<� 6 � ( 0 . This gives
a totalcostfor the V loopof:

� 7 �k
���� e ~ ���xtB�<� � ( . � 	� 6 ( 0 G 	� 6 (�) � � 7 � ( . � 	� 6 ( 0 ��� 	� 6 (�) �
After this loop endseachprocessperformsa bitonicmerge(Algorithm 1) on its own vectorat cost	7 6 �k
���� 	6 ( ) �
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All of thiswork in theloopof Step2 is repeatedover e , with e *�7<9
where @ * �����I�>��
���� 6 . Thetotalcost

of thisstepis thus

tB�<� � ( . � 	� 6 ( 0 G 	� 6 (�) � �Z�k
���� 6 � � � 7 � ( . � 	� 6 ( 0 �x�k
���� 6 �
� ��� 7 �k
��x� 	6 � 	� 6 �k
��x� 6 (�) �

Thisgivesthetotalcostfor a pre-distributedbitonicsortas

K� g �k
���� Kg (/) ��t��:��� ( . � K� g ( 0 G K� g (/)H� �Z�k
��x� 6 � � �7 � ( . � K� g ( 0 � �k
���� 6 � � ��� 7 �k
���� Kg � K� g ��
���� 6 (/) �
Thetotalcostfor a parallelbitonicsortof a vectorinitially ona singleprocessoris:g M �� � ( . � ; g ( 0 � � K� g �k
���� Kg (/) ��t��:��� ( . � K� g ( 0 G K� g (/)H� �Z�k
��x� 6 � � �7 � ( . � K� g ( 0 � �k
���� 6 ������� 7 �k
���� Kg � K� g ��
���� 6 (/) �
4 Performance

Theperformanceof theparallelalgorithmis presentedgraphicallyin termsof thealgorithm’sspeedupover
quicksort,thebestsequentialalgorithm.Thespeedupshows how many timesfastertheparallelalgorithm
is comparedwith the sequentialalgorithm. For a discussionof speedupandrelatedperformanceissues
seeSection1.3, Characterisationof Performance,in [2]. A rangeof problemsizesfrom 1MWordsup to
256 MWordsis usedto show the variationin performancewith problemsize. Thesearebig problems;
1MWordis avectorof ��,�� REAL32 elements.Thespeedupis alsoplottedoverawiderangein thenumber
of processorsto indicatehow well analgorithmwouldperformon largearraysof processors.

Figure2 shows thespeedupof the  '!$#&% algorithmthat is predictedby the costmodeldetailedin
theprevioussection.Two graphsareshown: thetop graphshowsthespeeduppredictedwhenthevectoris
pre-distributedacrosstheprocessors,thebottomgraphshowsthespeedupwhenthevectorinitially resides
on a singlesourceprocessor. Thefirst graphshows that thepre-distributedalgorithmscalesvery well for
largenetworksof processors.Theactualspeedupsachievedarevery low however. Therearetwo reasons
for this. The main reasonfor the poor speedupof the algorithmis that the total numberof operations
performedby the bitonic algorithmto sort a vector, i.e., the sequentialbitonic sort cost,is muchgreater
than the costof sequentialquicksort. Hence,even if the parallelalgorithmwasperfectlyefficient, the
speedupachieved over quicksortwould bemuchlower thanthe numberof processors.The bitonic sort
algorithmremainspopulardespitethis drawbackbecauseit hasa naturalparallelexpressionwhereasthe
quicksortalgorithmis verydifficult to parallelize.Thesecondreasonfor thelow speedupis thattheparallel
algorithmis not very efficient on theT9 architecture.This is becauseof theratio betweenthecomparison
time and the communicationtime. In the main loop of the  '!$#&% algorithm(seeAlgorithm 4) both
parallelthreadsoperateonquartervectors.Thecompare-exchangethreadperforms	 _<� 6 operationswhilst
thecommunicationthreadinputsandoutputsin parallel 	 _<� 6 elements.With thecurrentestimatesfor

(�)
,( 0

and
( .

the communicationthreadhasa muchgreatercostandso for a lot of the time the arithmetic
unitsareidle until communicationfinishes.If thecostof acompare-exchangeoperationwasmorethanthe
costto communicateanelementthenalmostall communicationwouldbehiddenbehindcomparisonsand
thealgorithmwouldshow very goodefficiency. For REAL32 elementsthis is unlikely for any architecture
sincecommunicationbetweenprocessorswill alwaystake longer than local memoryaccessesand the
comparisonitself hasa very low cost.On theotherhand,sortingstringelementsin a databasewouldhave
a betterbalancebetweencommunicationandcomparisoncost.

Thesecondgraphshowing thespeedupfor thesinglesourcesorthasa muchlower performancethan
thatfor thepre-distributedsortshown in thefirst graph.Thedifferencein costbetweenthesetwo situations
is thetimetakento distributethevectorat thestartof thealgorithmandcollectthesortedvectorbackatthe
end. Thesinglesourceprocessorbecomesa bottleneckasit communicatesdatato every otherprocessor.
As thenumberof processorsis increased,thetime takento sortthedistributedvectordecreases.However,
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thecosttodistributevectorsegmentsfromthesinglesourcetoanincreasingnumberof processorsincreases
rapidly. The largedistributioncostresultsin muchsmallerspeedupsfor thesinglesourcesortacrossthe
rangeof machinesizes.This costalsochangesat a greaterratethanthe pre-distributedbitonic sort cost
asthenumberof processorsincreases.This leadsto a reductionin thespeedupchangeasthenumberof
processorsincreasesasis shown by theplateauin thegraph.

As a comparison,theperformanceof thebitonicsortalgorithmona T8 machineis shown in Figure3.
Again, the top graphshows the cost for a pre-distributedbitonic sort andthe bottomgraphthe cost for
a singlesourcesort. Thespeedupis thatachievedover quicksortrunningon a singleT8 processor. Full
detailsof the parallelalgorithmandcostmodelaregiven in [4], however, a few commentsareuseful.
The original T8 algorithmusesa chainof processorsandpacketizesvectorcommunicationsto improve
theperformanceof communicationbetweendistantprocessors.Thealgorithmdoesnot however overlap
comparisonsandcommunication.The T8 processoralsohasdifferentcomparisonandcommunication
costsfrom theT9. This meansthat thegraphscannotbeusedto comparetheactualrun-timecostsof the
algorithmson thedifferentarchitectures.However, theT9 is severaltimesfasterthantheT8 processorand
sotheT9 algorithmgivesbetterrun-timecoststhantheT8 algorithm.

Thefirst graphin Figure3 shows very poorspeedupover sequentialquicksort.This is becauseof the
high costof thecommunications.A moreimportantfeatureto noticeis thatthespeedupreachesa plateau
whereasfor theT9 algorithmthespeedupincreasescontinuallyasthenumberof processorsis increased.
This plateauis dueto the needto buffer individual communicationsbetweendistantprocessorsthrough
increasingnumbersof intermediateprocessorsasthetotalnetworksizeincreases.With theT9 architecture
thecostof eachindividualcommunicationdoesnot increaseasthe total numberof processorsincreases.
Thespeedupof thesinglesourcealgorithm,whichis shown in thesecondgraph,is notmuchworsethanthe
pre-distributedspeedup.This indicatesthatthepacketizedcommunicationsusedto distributetheunsorted
vectordonot addassignificanta costto thealgorithmaswasthecasefor theT9 algorithm.

Comparingthetwo figuresfor theT9 andT8 architecturesshowsthatthepre-distributedalgorithmhas
benefitedgreatlyfrom thedirectcommunicationsbetweenall processorsin theT9 architecture.However,
the performanceof the T9 singlesourcealgorithmis crippledby the distribution andcollectioncostof
the full vector. This costcannotbe reducedbecauseof the limited total bandwidthof the 4 links on the
sourceprocessor. Theaffect of thedistribution is sogreatbecausethepre-distributedalgorithmcostitself
is relatively low. Pre-distributedparallelalgorithmsin otherfieldsof numericalmethodsoftenhaveamuch
highercostwhichmeansthatthedistributioncostis muchlesssignificantandbothformsof thealgorithm
will give a similarperformance.Thetotal costfor all pre-distributedparallelsortalgorithmsis low andso
thisdistributionbottleneckwill affectall thesortalgorithmsandresultin poorspeedups.

The low efficiency of the T9 parallelalgorithmcanbe improvedsomewhat by the useof a variation
in the bitonic algorithm. Insteadof performingcompare-exchangeoperationson the vectorpairs, this
improved algorithmmergesandsplits the sortedvectors. The communicationpatternremainsthe same
asfor theoriginal algorithm. This changedoublesthearithmeticcostin theparallelthreadsandremoves
the needfor the bitonic sort on eachprocessorat the endof eachloop. Hence,given the currentratio
betweencommunicationandcomparisonthe extra work performedin the threadsis still hiddenbehind
communicationsandtheoverall costof thealgorithmis reduced.Unfortunately, we did not have time to
studythecostof thisalgorithmin any detail.

5 Conclusions

Thebitonicsortalgorithmmapsnaturallyontolocalmemory, MIMD machinessuchas  '!$#&% . Thepre-
distributedparallelalgorithmgivesreasonableperformanceandscalesvery well onto largeT9 networks.
This is dueto theability to communicatedirectlybetweenall T9 processorsin thenetwork.Unfortunately,
therelatively highcostof initial distributionmeansthatthesinglesourcealgorithmhasaverypoorperfor-
mance.In conclusion,theparallelbitonic sortalgorithmcanberecommendedfor applicationswherethe
datais pre-distributed,especiallyfor extremelylargevectorswhich cannotbeheldon a singleprocessor.
For smallervectorswhich areinitially storedon a singleprocessor, a sequentialquicksortis easierto use
andis only afew timesslower thanthesinglesourceparallelalgorithm.Otherparallelsortalgorithmsmay
yield a greaterefficiency thanthebitonic sort,but all will give only a poorperformanceon theT9 when
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initial distributionis required.
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