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Abstract

A quasi-Newton algorithmusingthe BFGSupdateis one of the mostwidely usedunconstrained
numericaloptimisationalgorithms.We describethreeparallelalgorithmsto performtheBFGSupdate
on a local memoryMIMD architecturesuchas ���
	�� . Thesealgorithmsaredistinguishedby the
way in which Hessianinformationis stored.Costmodelsaredevelopedfor thealgorithmsandusedto
comparetheirperformances.

1 Introduction

An iteration, 
 say, of thequasi-Newtonmethodfor unconstrainedoptimisationmaybestatedasfollows:

Model Algorithm Let ��� bethecurrentestimateof theminimumof thefunction ������� . Also, let ��� bethe
currentsearchdirection.

Step 1 Test for convergence.
Terminatethealgorithmif theconvergenceconditionsaresatisfiedreturning� � asthesolution.

Step 2 Compute a step length, � � , along the search direction � � .
Step 3 Update estimate for the minimum.

Set � ������� � �
� � � � � .
Step 4 Update Hessian approximation and calculate next search direction � ����� .

Set � ����� � � �!�#"$� , and� �������&% �(' ������*) �+��� .
Step 5 Set 
 � 
 �-, and go to Step 1.

Steps2 and4 accountfor mostof thecostof thealgorithmandsowe areinterestedin waysof paral-
lelizing thesestepsfor a localmemory, MIMD architecturesuchas .0/2143 . In thispaperweexaminethe
two linearalgebracalculationsof Step4: the updateof the Hessianapproximation,andthecomputation
of the next searchdirection. To simplify the notationfor the restof this paperwe shall drop the useof
subscriptsto indicatetheiterations
 and 
 �&, . For a particulariterationwe usetheconventionthat the
currentvaluesof quantitiesarerepresentedby their namealonewhile theupdatedvaluesarerepresented
by theirnamesuperscriptedwith a 5 , for examplethecurrentHessianis representedby � andtheupdated
Hessianby �76 . By convention,thesymbol� is usedtodenotethesearchdirectionvectorin aquasi-Newton
method;this symbolis alsousedto representthenumberof processorsusedby analgorithm.However it
shouldbeclearfrom thecontext whichmeaningis intended.

Oncea new point, ��6 , is foundtheHessianapproximation,� , is updatedto reflectthenew curvature
informationobtained: � 6 � � �8"�9
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Theupdatematrix, " , is chosensothat �76 satisfiesthequasi-Newton condition:� 6;: �=<�>
where : is the changein � ( : � ��6 % � ), and < is the changein gradient( <?� ) 6 % ) ) in an iteration.
Also updates�76 mustpossessthepropertyof hereditarysymmetry. This requiresthat if � is symmetric
then � 6 is symmetric.In mostquasi-Newtonmethods� is positivedefinite(suchmethodsareoftencalled
variable metric methods).

Thesimplestupdatematrix which satisfiestheseconditionsis the rankoneupdatematrix. From this
weobtainthesymmetricrankoneupdate:� 6 � � � � <2% � : �@� <(% � : �BA� <C% � : � A : 9
Thisupdatehassomedrawbackssoin generalranktwo updatesarepreferred.Themostpopularranktwo
updatesaretheDavidon-Fletcher-Powell (DFP)update:� 6 � � % � :;: A �: A � : � <D< A< A : � � : A � : �*EFE A >
where E � << A : % � :: A � : >
andtheBroyden-Fletcher-Goldfarb-Shanno (BFGS)update:� 6 � � % � :G: A
�: A � : � <D< A< A : 9
It is generallyacceptedthatthemosteffective of theseis theBFGSupdate,andsothispaperconsidersthe
performanceof parallelBFGSupdatesona .0/2143 machine.Furtherdetailsof thisandotherupdatescan
befoundin Fletcher[12,Chapter3] andGill, Murray& Wright[4, Section4.5.2].

The Hessianapproximationis usedto calculatethe searchdirectionfor the next iteration. For this
reasonthecombinedcostof theupdateandcalculationof thenext searchdirectionshouldbeconsidered
whencomparingmethods.

Thenext searchdirectioncanbecomputedin two ways,eitherusingtheHessianapproximationitself:� 6 � 6 �&% ) 6 > (1)

or by usingtheinverseHessianapproximation,HI6 :� 6 ��% H 6 ) 6 9 (2)

Equation1 involvesthesolutionof asystemof linearequationsatacostof JK�BL�M;� , whilst usingtheinverse
Hessianin Equation2 only requiresamatrixvectormultiply costingJK��LONP� . However, if theHessianmatrix
is storedasCholeskifactors,Q�Q�A , thenEquation1 canalsobesolvedin JK�BLONP� . Suchconsiderationslead
to four methodsfor performingthe BFGSupdatewhich vary dependingon how Hessianinformationis
held: storingtheHessianmatrix or inverseHessianmatrix, eachonefactoredor unfactored.SeeTable1
for a summaryof thesefour methods.

UpdatinganunfactoredinverseHessian(we shallcall this MethodI) wasthemostpopularmethodin
earlyimplementationssinceit avoidedthecostof solvinga linearsystemof equations.But, in additionto
thecostsof thevariousupdatemethodsanimportantconsiderationis maintainingpositivedefinitenessof
the matrix. It is claimedthat it is easierto recogniseandcorrectan indefinitematrix whenthe Choleski
factorsarestoredandthis hasleadto many recentimplementationsupdatinga factoredHessian(Method
II). ThefactoredinverseHessianupdate(MethodIII) hasnot receivedmuchattentiondueto doubtsabout
its numericalstability. However Byrd, Schnabel& Schultz[1] andothersreportno significantnumerical
differencesbetweenany of the methods.We have chosento examineparallelalgorithmsfor thesethree
methods,neglectingtheunfactoredHessianupdatebecauseof its highersequentialcost.

To predicttheperformanceof thesealgorithmsona .F/2143 machinewedevelopsimplecostmodels.
Thesecostmodelsexpresstheexecutiontimeof analgorithmin termsof a setof hardwareconstantsanda
setof problemparameters.Wedefinethreehardwareconstants:
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matrixunfactored matrix factored

� storefull ��R6 � � � ranktwo
form Choleskifactors

2 triangularsolvesfor �S6
store Q where: � � QTQUAV 6 � Q � rankoneW 6GQT6 A � V 6 by Jacobirotations
2 triangularsolvesfor �S6H storefull HHI6 � H � ranktwo

m-v multiply for � 6 store
V

where: H � VXV AV 6 � V � rankone
2 m-v multipliesfor � 6

Table1: Fourmethodsfor implementingtheBFGSupdateYSZ
the time takento performa REAL32 arithmeticoperation.

YSZ �4,;[\[ L : . All arithmeticoperations
areincludedin thetotalarithmeticcost.Y^]

,
Y�_

thetotal time takento communicatea messageof L REAL32s is givenby
Y^] � L Y�_ . YO] �`,;[D[\[ L : ,YS_ ��a\aD[ L : .

Thearithmeticcostsimply assumesanaveragerateof 10 MFlopsfor numericaloperations.Communica-
tion ratesaremoredifficult to modelandarediscussedin [9]. For thispaperweassumethattheunderlying
switch network is a threestagecross-barnetworkasrecommendedby Hofesẗadt et al [6]. The values
for

Y ]
and

Y _
arederivedfrom [9] assuminga singlechannel,long messagecommunicationsmodel. For

simplicity, wepermitall componentsof thecommunicationcostto beoverlappedwith communicationon
otherlinks andarithmeticoperations;for examplewe assumethat transmittinga vectoron onelink has
the sametime costastransmittingthat completevectoron eachof the 4 links in parallel. This assumes
thatthecommunicationenginesandmemoryunit cansatisfythesedemands.Thevaluesof theseconstants
areonly approximate;a long messagecouldbepartitionedinto smallermessagesandthesetransmittedin
parallelon multiple channels.This would makebetteruseof the link bandwidthandis modelledwith a
smallervaluefor

Y�_
.

In additionto thesehardwareconstantstwo problemparametersareneeded:L theproblemsize;in thiscasethedimensionsof thesquareHessianmatrix.� thenumberof processorsthealgorithmwill use.

Algorithmsfor T8 networksoftenhadtwo distinctclassesof process:a ‘master’processand‘slave’
processes.Themasterprocesswassonamedbecauseit provideddataandacceptedresultsfrom theslave
processesandcontrolledexecutionof theparallelalgorithm,butdid notusuallytakepartin thecomputation
itself. Thishierarchyof processeswaspartlydueto theunderlyinghardwarewhichfrequentlydidnotmake
all four of thelinks on themasterT8 processoravailableto theuser. This preventedthemasterprocessor
from beingincludedin thegrid of slaveprocessorsandledto differentprogramsbeingexecutedonthetwo
typesof processor. On a .F/2143 machinewe makelessdistinctionbetweenmasterandslave processes;
all � processesareexpectedto takepartin thecomputation,but oneof theprocesseswill still bethesource
of dataanddestinationfor the result. This is possiblebecausethe switch networkmakesit easierfor a
programto have controlof all four links on eachprocessor. Thus,thesealgorithmsuse� processeson �
processorswhereoneof theprocessesis theinitiator of thealgorithm,providing datafor all theprocesses
andreceiving theresult.

Two fundamentalcommunicationoperationsthatareusedby thesealgorithmsarebroadcastanddis-
tribute.A broadcastof a vectorof b REAL32s from 1 processto � %-, othersis implementedasfollows:
the sourcecommunicatesthe vector to four other processesin parallelon its four links. Then eachof
thesefive processes(includingthesource)communicatethedatato four moreprocessesin parallel. This
continuesfor ced\fhgh� stepswhenall � processeshave a copyof thedata.Thecostfor this operationiscidDf g ��� Y ] � b Y _ � 9
Thedistributionof b REAL32s between� processes(includingthesourceprocess)consistsof �j� %-, �lknm
stepsin eachof which thesourceprocesssendsbokP� differentelementsto four differentprocesseson the



2 MethodI: unfactoredinverseHessianupdate 4

four links. Thishasa costof � %p,m q YO] � b � Y�_sr 9
In thefollowing threesectionsparallelalgorithmsfor eachof thethreeupdatemethodsaredescribed.

Thepaperthenfinisheswith a comparisonof themethodsin Section5.

2 Method I: unfactored inverse Hessian update

TheunfactoredinverseHessianupdatemaybeexpressedas:

H 6 � H � � : % H < � : A � : � : % H < �tA< A : % � : % H < �BA < :G: A� < A : � N 9
This is followedby a matrixvectormultiplicationto find thenew searchdirection:� 6 � H 6 ) 6 9
Byrd,Schnabel& Schultz[1] presentasequenceof operationsto performthesetwo stepswhich is cheaper
thana directimplementationof theseequations.Webaseouralgorithmon theirmethod:

Method I (Sequential)

1 u � H ) 6
2 v � : % u � �
3 w � : A <
4 x � vGA <
5 v�y � ��v % �zx\kD{�wS� : �*k�w
6 H|6 � H � v y : A � : v y~}
7 w y � : A ) 6
8 x y � v y } ) 6
9 �S6 � u � w y v y � x y :

Since H is symmetriconly its lower or uppertriangleneedbe stored. In this casethe total sequential
costof thealgorithmis �zm�LON ��,;� L %#, � Y�Z . If the full matrix is storedthecostof theranktwo updateis
increasedandthetotalcostbecomes���DLON �I,;� L %�, � Y�Z . Thecostof themethodis dominatedby thematrix
vectormultiply of step1 andrank two updateof step6. Both of thesestepsinvolve the inverseHessian
approximationH andsoin ourparallelalgorithmweneedto considerthestorageof H carefullysincethe
choiceof storagewill affect thecostsof steps1 and6.

For a parallelalgorithmwe will considerstorageof boththefull matrix H andtriangularmatrix. The
updateof step6 shouldbecheaperif only a triangleis storeddueto thesmallernumberof elementseach
processormustupdate. However, for triangularstoragein step1 a lot of extra communicationwill be
requiredto give completerowsof H to theprocessors.

Thestorageschemesfor thesetwo algorithmsarethusasfollows: the inverseHessianapproximationH is storedeitherin full or just the upperor lower trianglewith rows distributedto theprocessors.If a
triangleonly is storedthenpairsof rows equi-distantfrom thecentralrow aregivento eachprocessorto
try andbalancethenumberof elementsheldby eachprocess.Both algorithmswouldprobablyin practice
requireenoughstoragefor a full matrix sincethe triangularmatrix algorithmneedstemporarystoragein
step1 for completerows of the matrix. Distributing the matrix by columnswould increasethe costof
step1 by introducingmorecommunicationsandsois not consideredfurther. Block storageinsteadof row
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or columnstoragewouldincreasethemaximumnumberof processesthatcouldbeusedto solveaproblem
of a givensize. However theresultingsmallgranularitywould leadto poorerperformanceastheamount
of communicationcomparedwith computationoneachprocessis increased.

The vectors� , ) 6 , : , < , u and v aredistributedacrossthe processeswith eachprocessstoring those
elementsof the vectorsfor which it alsoholdstherow of the inverseHessianH . The vectors v y and ��6
overwrite v and� . Four temporarydistributedvectorsarealsorequiredfor communicationof vectorslices
of ) 6 , : and v duringsteps1 and6. We assumethatat thestartof aniterationof thealgorithm < holdsthe
old valueof ) 6 and � holdstheold valueof �S6 , but all othervectorsareundefined.

ParallelMethodI startswith theprocesswhich holdstheminimumpoint, �S6 , distributingthevectors) 6 and : . This hasa costof ��� %=, �@� Y ] � ��LOkP��� Y _ �lk\{ . Thedistributedvector < is thencalculatedfrom:<7� ) 6 %�< , costing �BLOkP��� Y�Z .
Thenext stepis thecalculationof thedistributedvector u . For the full matrix this proceedsin � steps

as follows: In eachstep(except the last) the processespasssegmentsof ) 6 to a neighbourin a ring of
processes.Thesesegmentsareheld in a temporaryvector. In parallel with this eachprocessupdates
its segmentof u using the segmentof ) 6 which it input into anothertemporaryvector in the preceding
step.With currentestimatesof thehardwareparametersthishidesthecommunicationbehindcomputation
exceptin thelastiteration.Thetotal costfor the � stepsis:����� q YO] � L� Y�_ > {\LON� N Y Z r �j� %p, � � {DLON� N Y Z 9

If insteada triangularmatrix is storedthencompleterows of the inverseHessianmustbegatheredto
theprocesses.Eachprocessmustoutputall elementsit holdsexceptelementsin columnsfor which it also
holdstherow. Assuminganevendistributionof elementsbetweentheprocessesthentheelementsaprocess
outputsaredistributedequallybetweentheotherprocesses.Eachprocessmustalsoinput thesamenumber
of elementsfrom theotherprocesses.If eachprocesshas LOkP� rows of thetriangularmatrix distributedas
describedpreviously we approximatethenumberof elementsheldby eachprocessas LX��L ��, �lk\{@� . Of
these�BLOkP� ��, �*LOk\{@� do notneedto beoutput.Hencethenumberof elementsthata processmustsendto
eachotherprocessis ,� %-, q LX�BL ��, �{P� % LX��LOk@� �-, �{P� r � LX�BL % ���{@� N 9
Eachprocessinputs ��� %-, � messagesandoutputs ��� %-, � messagesusingall four links giving a commu-
nicationcostof � %-,{ q YO] � LX�BL % �S�{P� N YS_ r 9
The computationof u thentakesplaceas for the full matrix algorithmabove except that only the upper
triangularelementsof the inverseHessianareupdated.It maybepossibleto arrangefor columnsof the
matrix to be gatheredto the processesat eachstepof the algorithmthus reducingthe storagerequire-
mentandperhapshiding that communicationbehindthe computation,however for simplicity this is not
consideredhere.

Thecalculationof v which followsdoesnot requireany communicationsinceeachprocesscancalcu-
latethoseelementsof v for whichit holdscorrespondingelementsof : , u and � ata costof �B{\LOk@�S� Y Z .

Thetwo innerproductcalculationsfor w and x in steps2 and3 areexecutedin parallel,but for simplicity
we assumefor the cost model that they areexecutedsequentially. The first stagein the inner product
calculationis for all theprocessesto form thepartial innerproductfor theelementsof thevectorswhich
they hold.Thiscosts�B{\LOk@� %�, � Y Z . This is followedby ced\f\g�� stepsin eachof whichgroupsof 5 processes
communicatetheirpartialinnerproducts.Oneof theprocessesinputsthepartialproductsfrom theother4
processesonits4 linksandsumsthemwith itsownpartialproduct.In thenext stepthisprocessthenoutputs
thenew partial productto anotherprocess.Thecommunicationsform a treestructurewith 4 branchesat
eachnode.Eachstep� , � � ced\f�gh� 9;9G9P, , of theoperationinvolvesprocessesonlevel � of thetreeoutputting
their partialproductsto their parentprocessat level � %-, . In thelaststeponeprocessformsthecomplete
innerproductof thedistributedvectors.This communicationphasehasa costof �zm YSZ � Y ] � Y _ �hced\f�g��
giving a totalcostfor a singledistributedinnerproductof�B{\LOk@� %#, � Y Z � �zm Y Z � Y^] � Y�_ ��cidDf�g�� 9
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We executethetwo innerproductcalculationssothat theresultsendup at thesameprocess,which is the
masterprocess.Thisprocessthencalculatesx\kD{�w andbroadcastsit, togetherwith w , to all theprocessesat
a costof { Y Z � {�� YO] � Y�_ �hced\f�gh� . Thecalculationof v y followscosting ���DLOkP��� Y Z .

TheinverseHessianupdateof step6 usesthesametechniqueof communicationhiding asstep1 does,
proceedingin � stepsasfollows: In eachstep(exceptthelast)theprocessespasssegmentsof v y and : to a
neighbourin a ring of processes.Thesesegmentsareheldin two temporaryvectors.In parallelwith this
eachprocessupdatesits elementsof theinverseHessianusingthesegmentsof v y and : which it input into
anotherpair of temporaryvectorsin theprecedingstep,alongwith its own segmentsof v y and : . For full
matrixstorageeachprocessupdatesLONPk@�SN elementsof H giving a totalcostfor thestepof����� q Y ] � {\L� Y _ > m�LON� N Y�Z r �j� %#, � � mhLON� N Y�Z 9
If a lower triangle is storedonly approximatelyhalf the numberof elementsareupdatedat eachstage
giving a costof ����� q Y ] � {\L� Y _ > {\LON� N Y�Z r �j� %#, � � {DLON� N Y�Z 9

The next two operationswhich calculatew�y and x�y have the samecostastheearlierdistributedinner
products.Theseoperationsarefollowedby thebroadcastof w y and x y costing � YO] � { Y�_ ��cidDf�g�� readyfor
thecalculationof thenext searchdirection�S6 . Thedistributedvector�S6 is calculatedatacostof �zmhLOkP�S� Y Z .
Thedistributedpartitionsof �S6 arethencollectedtogetherat themasterprocessin a similarmannerto the
broadcastalgorithmcosting ��� %�, �P� Y^] � ��LOk@�S� YS_ �lknm .

Figure1 shows thepredictedperformanceof thesemethodsfor a varietyof problemsizesL andnum-
bersof processors� . Thegraphsshow for eachmethodthepredictedMFlop ratefor agiven L and� . These
ratesshouldbecomparedwith theMFlop rateof a singleH1 processorto seethespeedupachieved. This
paperusesa valueof 10 MFlops for a singleH1. The efficiency of the parallelalgorithmon � proces-
sorscanbejudgedby comparingits MFlop ratewith themaximumpossibleMFlop ratedeliveredby that
numberof processors.

3 Method II: factored Hessian update

ThefactoredHessianupdateis themostwidespreadsequentialBFGSupdatemethod.It avoids the large
costof solvinga linearsystemof equationsto find thenext searchdirectionby storingtheCholeskifactorsQTQ�A of theHessianapproximation� . Methodshave beendevelopedto updatethefactorsdirectly to the
factorsof the updatedHessianapproximation.The papersby Brodlie et al [8] andGill et al [10] give a
goodintroductionto thetechniquewhilst Goldfarb[5] presentsdetailsof themostefficient factoredupdate
algorithms.

If westorethefactorsQTQ�A of � theHessianupdatecanbeexpressedas� 6 � V 6 V 6 A > where
V 6 � ��Q ���\� A � >

with thevectors� and � for theBFGSupdategivenby:

� � <7%�� QTQ A : > where �|� q < A :: A QTQ A : r �l� N >� � Q�A :� < A : 9 : A Q�Q A : 9
If we thencalculatethefactorization

W 6G�26 of
V 6 A � �B� ���S� A�� theupdatedCholeskifactor QT6 is given

by �26 A . The
W � factorizationis performedby two sequencesof Jacobirotations.Thefirst L %-, Jacobi

rotationstransform��� A to thematrix � � � NP� � � A and � to anupperHessenberg matrix �2� . ThefollowingL %�, rotationsthentransformthe matrix �2� � � � � N � �P� A to the uppertriangularmatrix �26 which then
givestheupdatedCholeskifactor QT6 . An implementationof thealgorithmdoesnot needto transposethe
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matricesQ and �26 . Instead,everyreferenceto anelement�F�~� is replacedby areferenceto theelementQO�@� .
HencethefactoredHessianupdatemethodconsistsof calculating� and � followedby a

W � factorization
performedby a sequenceof Jacobirotations.

OncetheupdatedCholeskifactor Q 6 is known, thenext searchdirection� 6 canbecalculated:� 6 � 6 �&% ) 6 9
SincethefactorsQT6 of �R6 arestoredandnot theapproximateHessianitself thisequationcanbesolvedby
performingtwo Choleskisolves: Q 6 u � % ) 6 >Q 6 A � 6 � u 9

ThesequentialfactoredHessianupdatealgorithmwhichfollowsis basedonAlg A9.4.2.givenin [3].

Method II (Sequential)
Calculate� and �

1 � ��< A :
2 �7� QUA :
3 w �=� A �
4 �|�=�(� �w
5 �K�=<C%�� Q �
6 x � ,  �Ow
7 �7� x �W � factorization

8 For � � L %p,�9;9G9P,V ��L > � >s� � >P%F� � ��� �� � ���(¡ � N� ��� N� ���
9 For � ��,�9;9G9 LQ �B¢ � � Q ��¢ � ��� � � �

10 For � ��,�9;9G9 L %-,V ��L > � > Q �B¢ � >@% Q ��¢ � ���£�
WheretheJacobirotation

V ��L > � >£¤�>s¥ � is givenby:

J1. �|�=�   ¤ N ��¥ N
J2. ¦ ��¤ k � , : ��¥ k �
J3. For § � � 9;9G9 L� � Q �@¢ �w � Q �P¢ � ���Q �@¢ � � ¦s� % : wQ �@¢ � ��� � : � � ¦¨w

Calculatenext searchdirection:solve QTQ�A$�S6 � ) 6
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11 u ��� ) 6 � k\Q � ¢ �
12 For � � { 9;9G9 Lul� � ) 6 � %ª© � ' ��;« � Q¬��¢ �+u��QX�B¢ �
13 �S6@­ � u ­ k\Q ­ ¢ ­
14 For � � L %p,�9;9G9P,� 6 � � ul� % © ­�;«�� ��� QO�@¢ �e�S6 �QX�B¢ �
15 �S6 �®% ��6
Whencalculatingthe costof this algorithmwe musttakecarefulnoteof the costof the squareroot

operations.In thepastall floatingpoint operationswereimplementedin software.Becauseof this mul-
tiplication anddivisioncostsignificantlymorethanadditionandsubtraction,andthesquareroot function
itself hada hugecostcomparedwith multiplication. For this reasonmucheffort wasexpendedto design
algorithmswhich requiredno squareroot evaluationsor at leastkept theseto a minimum. More recent
microprocessordesignsincorporatehardwarefloatingpointarithmeticunitsto improvetheperformanceof
numericalcalculations.With theseunitsthecostof simplearithmeticoperationssuchasaddandmultiply
arecomparable.However, evenwhenthe squareroot function hashardwareassistanceit still hasa cost
whichis largerthanthesimpleoperations.In thispaperwemodelthecostof thesquarerootfunction,

Y ]°¯
,

asamultipleof thesimplearithmeticoperationcost,i.e.
Y ]°¯ �-� YSZ . Usingcycle timesgivenin [7] avalue

of 4 is givento � .
For a sequentialimplementationof thealgorithm,theinitial calculationof � and � costs �B{\LON ��� L �, � YSZ � { Y ]±¯ . The

W � factorization,which updatesQ insteadof � , hasa costof ���DLON ��,Ga L % {\{D� Y�Z �{��BL %², � YO]±¯ . If eachnegationoperationof step15costs, Y Z thenthecalculationof thenext searchdirection
costsLX�B{\L �=, � Y Z . Thisgivesa totalcostfor thealgorithmof � ,;[ LON � {D�\L % { , � Y Z � {\L YO]±¯ .

The first considerationin developingthe parallelalgorithmis the distributedstorageof the Choleski
factor Q . We have againrestrictedour considerationto storageby rows or columns,excluding block
storage.The expensive stepsin the algorithminvolving Q aresteps2, 5, 8, 10, 12 and14. Of the two
matrix-vectormultiplicationsof steps2 and5, oneinvolves Q andtheother QUA sothecombinedcostis not
affectedby thechoiceof row or columnstorage.However, it maybeworthwhileto store Q by both rows
andcolumns,which is identicalto usingthesamestoragemethodfor both Q and Q�A . This would allow
themoretime-efficientmatrix-vectoralgorithmto beusedfor bothsteps.Thedisadvantagesof thisarethe
almostdoublingof thestoragerequirementto LON andtheadditionaltimecostof eithercommunicatingthe
transposeof thematrix or updatingboth Q and Q A . Similarly, theCholeskisolveswhich includesteps12
and14useboth Q and QUA sothesameargumentappliesheretoo.

In the
W � factorizationeachJacobirotationoperateson 2 rows of � , that is 2 columnsof Q . The

obviousstoragemethodis thusto storeQ by rowsallowingall processesin parallelto updatetheirelements
of the2 columnswithin asingleJacobirotation.Thisrequiresonly thebroadcastof ¦ and: ateachrotation.
Alternatively, if columnstorageof Q is usedtheneachrotationwould requirethe communicationof all
elementsto beupdatedfrom oneprocessto anotherandthenatmosttwo processesperformingtheupdate.
Thisverypoorparallelismcouldbeimprovedby beginningthenext Jacobirotationassoonastheessential
elementfrom the previous rotationhad beencalculated,however the large numberof communications
requiredfor eachrotationsuggestthatthismethodwouldnotperformaswell asusingrow storage.

For this paperwe look at the costof a row storagealgorithmfor Method II. The datadistribution
schemeis asfollows: Thematrix Q hasits rows distributedin thesamemannerasusedfor thetriangular
matrix in MethodI. Only spacefor a lower Hessenberg matrix is requiredgiving this algorithma great
storageadvantageover theotheralgorithmspresentedin this paperwhich requirespacefor a full matrix.
Thevectors : , < , � , u , ) 6 and �S6 aredistributedwith a processholding thoseelementsof thevectorsfor
which it alsoholdstherow of Q . Eight temporaryvectorsof size LOk@� arerequiredon eachprocessfor the
summationof vectorsin step2. Finally, an L -vectoris storedin full oneachprocessto holdpartialresults
of � in step2 andto storethepartialsumsfrom theCholeskisolvesin steps12 and14. We assumethatat
thestartof aniterationof thealgorithm < holdstheold valueof ) 6 , but all othervectorsareundefined.



3 MethodII: factoredHessianupdate 10

Theparallelalgorithmstartsby distributing ) 6 and : from themasterprocessatacostof �j� %�, �@� YO] ���LOk@�S� YS_ �lkD{ . Then < is calculatedfrom: <I� ) 6 %p< , costing ��LOkP��� Y Z . Thedistributedinnerproductof
step1 storestheresult � on themasterprocessandcosts�B{\LOk@� %#, � Y Z � �zm Y Z � Y^] � Y�_ ��cidDf�g�� 9

To calculate� eachprocessfirst formsthepartialsums� � � © � �z« � Q �P¢ � : � for eachrow, § , of Q thatit
holds.Thiscosts��LONGkP� � LOkP��� Y�Z . The �(L -vectors� arethensummedto oneprocessandtheresultvector
distributedto theprocesses.Thesummationof vectorsproceedsin b stepsasfollows: In eachstep, � , a
processinputsa segmentof thesummationvector � beginningat index ��LOkDb³�*� andof size ´ � LOk\b from
its 4 childrenin atreestructureinto 4 temporaryvectors.In parallelwith this theprocessaddsthe4 vector
segmentsinput in thelaststepto theprocessesown segmentat index �BLOk\bo�P��� %µ, � andtheresultsegment
is outputto theparentprocess.This arrangementallows communicationsof segmentsto be executedin
parallelwith thesummation.Thecostto getthefirst segmentsummedat theroot processis � YO] � ´ Y�_ �m�´ Y Z �hcedDf�gh� . Readingin theremainingsegmentsandaddingthemcosts����� � YO] � ´ Y�_ > m�´ Y Z �@��b %=, � .
Thevalueof b shouldbechosenwhichgivetheleastcost;for thispaperweuse b � � . Theresultvector
is thendistributedbackto theprocessesata costof ��� %p, �P� YO] � ��LOkP��� Y�_ �lk�m .

Step3 is anotherdistributedinnerproductleaving theresulton themasterprocess.Themasterprocess
next calculatesandbroadcasts� for step4 costing

Y Z � Y^]°¯ � � Y^] � Y�_ ��cidDf�g�� .
The matrix vectormultiply of step5 is similar to that in step1 of MethodI. The segmentsof � are

cycled rounda ring of processes,andat eachstepa processupdatesits elementsof a temporaryresult
vector. Assumingthatateachstephalf of thefull matrixelementsinvolvedin theupdatearezerothenthe
totalcostof thematrixvectormultiply is����� q Y^] � L� Y�_ > LON� N Y Z r �j� %p, � � LON� N Y Z 9
Therestof thecalculationof � in step5 costs��{DLOkP�S� Y Z .

Thecalculationandbroadcastof x costs{ Y Z � YO]±¯ � � YO] � Y�_ �hced\f�gh� . In thefinal stepin theinitialization
phaseeachprocessupdatesthoseelementsof � for which it alsoholdstherow of Q ata costof �BLOkP�S� Y Z .

Thesecondphaseof thealgorithmis the
W � factorizationwhich is dominatedby theJacobirotationsV ��L > � >s¤�>£¥ � . We parallelizerotation � asfollows: For step8 theprocessholding � � ��� communicatesit to

the processholding � � . Thentheprocessholding � � calculates¦ and : andbroadcaststheseto theother
processes.For step10, the initial communicationis not requiredsinceoneprocessholdsboth Q �B¢ � andQ �B¢ � ��� . Next eachprocessupdatescolumns � and � �`, for thoserows which it holds. Assumingthe
updatesto Q (stepJ3)areevenlydistributedacrossprocessesthenthetime takento performall theupdates
in step8 or 10 is �B�\LON � �\L % �\� Y Z kP� . To this we addthe cost to calculateandbroadcast¦ and : forL %�, Jacobirotationswhich is �BL %&, �@��� Y Z � YO]±¯ � � YO] � { Y�_ �hced\f\g��S� for step10 andan additional��L %�, �P� Y^] � YS_ � for step8 to communicate� � ��� . Thereis no additionalcostto update� � sinceits new
valuewascalculatedwithin theJacobirotation. Step9 requires�¶� to bebroadcastgiving a total costfor
thatstepof ��{DLOkP��� Y Z � � Y^] � Y�_ ��cidDf�gh� .

Thecalculationof thenext searchdirection �S6 in thefinal phaseof thealgorithminvolvestwo parallel
Choleskisolves;oneusingthematrix Q andthenext using QUA . Theserequiretwo differentalgorithmsto
solve becauseQ is distributed. For solving Q�u � ) 6 in steps11 and12 eachprocessmaintainsa partial
sum Q �B¢ � u � for eachrow � of Q that it holdsandthis is updatedat eachiterationasa new elementof u is
calculated.At iteration � in step12weproceedasfollows: theprocessholdingrow � calculatesu � from its
partialsum.Thisnew elementis thenbroadcastandall processesupdatetheirpartialsums.Assumingthat
thepartialsumupdatestakesimilar timesoneachprocessthetotalcostfor steps11and12is�l�BL %-, � N kP� � {DL %-, � Y�Z � ��L %�, �P� Y ] � Y _ ��cidDf�gh� 9
In practicewewouldexpectthebroadcastof u � to beoverlappedwith updatingthepartialsumswhichwill
givesomeimprovementin performance.

The secondCholeskisolve involves Q�A andhenceis similar to a Choleskisolve with Q where Q is
distributedby columnsinsteadof by rows.For thissituationeachprocessmaintainsapartialsumfor every
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row of Q�A . Thesepartialsumshold thevaluesQO�@¢ �i��6 � for every row � of QUA andfor those§ for which a
processholdsrow § of Q . At thestartof iteration � all processestakepart in a summationof their partial
sumsfor row � of QUA with the resultfinishing on the processholding row � of Q�A . This processthen
calculates� 6 � andupdatesits partialsumsbeforethenext iterationbegins. Sinceonly oneprocessin an
iterationupdatesits partialsumsthecostof this parallelalgorithmasit standsis thecostof thesequential
algorithmplus thecostof thedistributedsummations.In practicethealgorithmshouldbecodedsuchthat
assoonastheprocesshasupdatedits sum � %³, thenext iterationbeginswith thesummationof partialsums� %#, . In this way many processesmaybeupdatingtheir partialsumsat a time aswell ascommunicating
for thesummationof distributedpartialsums.Unfortunately, this appearsto bedifficult to codesincethe
time takento performthepartialupdatesvariesastheiterationsproceedmakingefficient synchronisation
betweenthecommunicatingandupdatingprocessesdifficult to achieve.

It is alsovery difficult to proposea costmodelfor this algorithmotherthantheworstcasesequential
one. A workablesuggestionthat will give a roughideaof the costof this algorithmcanbe obtainedby
comparingthecostof performinganupdatein aniterationwith thecostof thesummingthepartialsums
andcalculatinganew elementof ��6 . Theworstcasefor anupdateinvolvesaprocessupdatingL %·, partial
summationsat a costof {��BL %-, � Y Z . In thefollowing � %#, iterations,sincetherows of Q aredistributed
cyclically, this processdoesnot needto performany otherupdates.However it doesneedto takepart in
thesummationof thepartialsumsfor theseiterations.It seemsreasonablethereforeto comparetheworst
updatecostwith the costof the following � %=, summationsandcalculationsof �S6 � > § � � %=,�9;9G9 � % �
which cost ��� %#, �P�*� YO] � Y�_ � m Y Z �hced\fhg�� � m Y Z � . With thecurrentvaluesfor thehardwareparameters
the costof the updateis hiddenby the costof communicationson mediumto large networks(��¸¹�\{ ).
Sowe assumethat thepartialsumupdatesexecutein parallelwith thecommunicationsandfinish sooner
allowing usto neglecttheupdatecostin thecostmodel.Thisgivesanestimatedcostfor steps13and14of�B{\L %p, � YSZ � ��L %#, �P� Y ] � Y _ � m YSZ �hced\fhgh� 9

Finally we negatethe vector �S6 andgatherthe full vectorto the masterprocessat a cost ��LOkP��� Y Z ���� %-, �P� YO] � ��LOkP��� Y�_ �lk�m .
Figure2 showsthepredictedperformanceof thismethodusingthesamevaluesfor problemparameters

asfor MethodI.

4 Method III: factored inverse Hessian update

Thismethodhasnot receivedasmuchattentionasothermethods,but hasbeeninvestigatedby Davidon[2]
andPowell[11]. As in MethodII weexpresstheinverseHessianupdatein productformH 6 � ��º ���S� A �*H���º �p��� A � A 9
If we thenstorethefactors

VUV A of H theupdateof thefactorsis givenbyV 6 � �Bº ���S� A � V > where,
�o� ]] }�» >�7��� ¡ ] }�»] }�¼¾½h¿ ] H ' � : %µ<�9

This canbesimplifiedsince H ' � : �À% � ) and : H ' � : �Á% � : ) where � is thesteplengthusedin this
iterationof the quasi-Newton algorithm. Oncethe factorshave beenupdateda new searchdirection is
calculatedby performingtwo matrixvectormultiplications:� 6 �&% V 6 V 6 A ) 6 9
Thesequentialalgorithmis thusgivenby:

Method III (Sequential)
Calculate� and �

1 �|� : A <
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2 � � : A )
3 �K� : k �
4 w � ¡ '^Â�ÃÄ
5 �7�&% w ) %µ<

Update
V

6 u±A ��� A V
7
V 6 � V ��� u±A

Calculatenext searchdirection

8 u � V 6 A ) 6
9 �S6 �®% V 6¨u

Thetotalcostfor thesequentialalgorithmis � a LON �p� L � {\� Y Z � YO]±¯ .
Thecostof a parallelimplementationof this algorithmagaindependson thestorageschemeselected

for thematrix
V

. Thecostlystepsin thisalgorithmaresteps6, 7, 8 and9. For steps6 and8 columnstorage
is preferableallowing thesamemethodto beusedasis usedin step1 of MethodI. Step9, however, would
becheaperto performif thematrix werestoredby rows. Thecostof therankoneupdatein step7 is not
affectedby theselectionof row or columnstorage.For theleastcost,wechooseto distributecolumnsof

V
to theprocesses,eithercyclically or in blockcolumns.Thestoragefor thevectorsis asfollows: : , < , � , � ,u and) 6 aredistributedto theprocesseswhilst �S6 is storedin full oneachprocess.Eighttemporaryvectors
of size LOkP� arerequiredoneachprocessfor thesummationof vectorsin step9. Weassumethatat thestart
of aniterationof thealgorithm ) holdsthevalueof ) 6 from thepreviousiteration.

Thefirst phaseof thealgorithm,startswith thedistributionof : and) 6 costing�j� %², �P� Y ] � ��LOkP��� Y _ �lk\{ .
Then < canbecalculatedat cost ��LOkP��� Y Z from <�� ) 6 % ) . The two innerproductsfollow eachcosting
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��{DLOkP� %`, � YSZ � �Åm Y�Z � Y ] � Y _ �hced\f g � . Next, % w is calculatedand broadcastalong with � costingm Y�Z � Y ]°¯ � � Y ] � { Y _ �hced\fhgh� . Thisallowsthecalculationsof � and � to beperformedat cost ���DLOkP�S� YSZ .
Steps6 and8 bothusethealgorithmin step1 of MethodI. An additionalcostof ��LOkP��� Y�Z is incurred

in negating u at theendof step8. Therankoneupdateof step7 is similar to theranktwo updatein step6
of MethodI andcosts ����� q YO] � L� Y�_ > {\LON� N Y Z r �j� %p, � � {DLON� N Y Z 9

Step9 is similar to step2 of MethodII exceptthat in this caseall elementsof the full matrixarenon-
zero.This increasesthecostof theinitial partialsummationon eachprocessto �B{\LONGkP��� Y�Z . Finally, ��6 is
gatheredto themasterprocessatcost ��� %p, �P� Y ] � ��LOkP��� Y _ �lk�m .

Figure3 showsthepredictedperformanceof thismethodusingthesamevaluesfor problemparameters
asfor MethodsI andII.

5 Comparison of methods

The graphsin Figures1 to 3 show the MFlop rateachieved by the algorithmsfor varying numbersof
processorsandproblemsizes. This allows us to seehow efficient eachparallelalgorithmis andto see
how well the algorithmsscalewith the numberof processorsandproblemsize. For largeproblemsizes
( L �4,;[D[\[ ) MethodsI andIII have very goodefficienciesaround60–70%for thenumbersof processors
shown. For smallernetworksMethodIII hasa slightly greaterefficiency thanMethodI, whilst MethodI
performsbetterfor the largernetworks.This indicatesthatbothof thesealgorithmswould scalewell for
big problemsonbig machineswith MethodI beingpreferredonlargernetworks.Thegraphfor MethodII
revealsa very poorperformance.Evenfor largeproblemsthealgorithmachievesmuchlowerefficiencies
thantheothertwo algorithms.Particularlyimportantis thefactthatthealgorithmdoesnotscalewell asthe
numberof processorsis increased.TheMFlop ratepeaksat only 100processorsfor thebiggestproblem
sizeshown. Also for small networksthe performanceis not asgoodasfor the otheralgorithms.Hence
MethodsI or III areto bepreferredfor all problemandnetworksizes.
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Thereseembetwo reasonsfor thiscontrastin performancebetweenthealgorithms.Firstly, thegreater
proportionof thesequentialcostsin MethodsI andIII is in level 2 BLAS operations.Thecomputations
requiredby theseBLAS parallelizevery well andleadto efficient algorithmswith few synchronizations
for communication.MethodII, however, containscostlyJacobirotationsandbackwardsolveswhich are
difficult to parallelizeandrequirefrequentcommunicationsbetweenprocesses.Thesecondfactorgiving
MethodsI andIII muchbetterperformancesthanMethodII is thewayin whichmostof themoreexpensive
communicationsin MethodsI andIII have beenhiddenbehindarithmeticoperationsandthereforedonot
contribute muchto the total costof the algorithms. This is not achieved by MethodII sinceit requires
frequentsmall communicationswith only few arithmeticoperationsbeing performedin betweeneach
communication.

Figure4 shows a comparisonof themethodsfor two problemsizes.Thealgorithmsarecomparedby
plotting thespeedupof eachparallelalgorithmwhencomparedwith thebestsequentialmethod,which is
MethodI. Thisgivesacomparisonof the‘elapsedtimes’of thedifferentalgorithms.For largeproblemsthe
dominantfactor in determiningthebestparallelmethodis thecostof themethod’s sequentialalgorithm.
This factorhasmoreeffect thanthesuitabilityof thesequentialalgorithmfor parallelization,or thedetails
of theparticularimplementationof theparallelalgorithm,suchaswhetherfull or triangularstorageis used.
Hencethetopgraphshowsacleardistinctionbetweenthethreemethodswith performanceincreasingfrom
MethodII (sequentialcost Æ ,G[ LON ) to MethodIII ( a LON ) andthenMethodI ( m�LON ). Thereis relatively little
differencein the performanceof the two implementationsof MethodI comparedwith theothermethods
emphasisingtheimportanceof basingtheparallelalgorithmon thebestsequentialalgorithmunlessthis is
clearlyunsuitablefor parallelization.Therapidfall in speedupwhen L � { [D[ andmorethan50processors
areusedindicatesthat thegranularityof all thesealgorithmsis quitecoarseandeachprocessshouldhold
several(perhapsat least4) rowsof thematrix for goodefficiency.

Anotherimportantfactor to considerwhencomparingthesealgorithmsis theamountof information
which eachalgorithmprovides. All of thealgorithmsgive anupdatedHessianor inverseHessianmatrix
andthe next searchdirection. In additionMethodII, sinceit storesthe factors QTQ�A of theHessian,can
easily provide information aboutthe positive-definitenessof the matrix. This is essentialfor practical
problemsto ensurethatthealgorithmis robust.A furtherfactorin favourof MethodII is its lowermemory
requirement;MethodsI andIII requiredistributedstoragefor about LON wordswhilst MethodII only needs
about LON;kD{ . Themaindisadvantageof MethodII is its largesequentialcost. A moreefficient sequential
algorithmwhich storesthe Choleskifactorsis given in [5]. This algorithmstill hasa highercost than
MethodI andconsistsof many level 1 operationsinvolving a lot of synchronisationsbut maywell beworth
futureinvestigationdueto theadvantagesof themethodoutlinedabove.

Theresultsin thispapersuggestthatMethodI is thebestparallelalgorithmto usefor thelinearalgebra
sectionswhensolvingnon-linearunconstrainedoptimizationproblemsusingaquasi-Newtonmethod.The
algorithmgivesgoodperformanceandscalesvery well asthe numberof processorsincreasesespecially
for largerproblems.

It is importantto view theseresultsin thecontext of a completeoptimizationalgorithm.As mentioned
in Section1, the calculationof the steplengthalongthe searchdirection is alsocostly. This operation
normallyinvolvesfunctionandgradientevaluationsandwhentheobjective functionis complicatedthese
calculationscandominateover thelinearalgebracosts.Hence,aswell asusingparallellinearalgebrain a
quasi-Newtonalgorithmonemustuseparallelfunctionevaluationsin theline searchof Step2.
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