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Abstract

A quasi-Nevton algorithm usingthe BFGS updateis one of the mostwidely usedunconstrained
numericaloptimisationalgorithms. We describethreeparallelalgorithmsto performthe BFGSupdate
on a local memoryMIMD architecturesuchas PUM.A. Thesealgorithmsare distinguishedby the
way in which Hessiannformationis stored. Costmodelsaredevelopedfor the algorithmsandusedto
comparetheir performances.

1 Introduction

An iteration,k say of thequasi-Nevton methodfor unconstrainedptimisationmay be statedasfollows:

Model Algorithm Let z; bethe currentestimateof the minimumof thefunction f(z). Also, let p;, bethe
currentsearchdirection.

Step 1 Test for convergence.
Terminatethe algorithmif the convergenceconditionsaresatisfiedreturningz,, asthesolution.

Step 2 Compute a step length, A, along the search direction py.

Step 3 Update estimate for the minimum.
Seta:k+1 = r + )\kpk-

Step 4 Update Hessian approximation and calculate next search direction pg41.
SetBkH = B + Uy, andpk+1 = _Bl;ilgk+1'

Step5 Setk =k + 1andgoto Sep 1.

Steps2 and4 accountfor mostof the costof the algorithmandsowe areinterestedn waysof paral-
lelizing thesestepdor alocalmemory MIMD architecturesuchasPi/ M A. In this papemnwe examinethe
two linearalgebracalculationsof Step4: the updateof the Hessiamapproximationandthe computation
of the next searchdirection. To simplify the notationfor the restof this paperwe shall drop the useof
subscriptdo indicatetheiterationsk andk + 1. For a particulariterationwe usethe corventionthatthe
currentvaluesof quantitiesarerepresentetby their namealonewhile the updatedvaluesarerepresented
by their namesuperscriptedvith a x, for examplethe currentHessians representedly B andtheupdated
Hessiarby B*. By convention,thesymbolp is usedto denotehesearchdirectionvectorin aquasi-Neton
method;this symbolis alsousedto representhe numberof processorsisedby analgorithm. However it
shouldbe clearfrom the context which meanings intended.

Onceanew point, z*, is foundthe Hessiamapproximation B, is updatedo reflectthe new curvature
informationobtained:

B*=B+4+U.
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Theupdatematrix, U, is chosersothat B* satisfieghe quasi-Newton condition:
B*s =y,

wheres is the changein z (s = z* — z), andy is the changen gradient(y = ¢* — g¢) in aniteration.
Also updatesB* mustpossesshe propertyof hereditarysymmetry This requiresthatif B is symmetric
thenB* is symmetric.In mostquasi-N&ton methodsB is positive definite(suchmethodsareoftencalled
variable metric methods).

The simplestupdatematrix which satisfiesheseconditionsis the rank one updatematrix. Fromthis
we obtainthe symmetricrankoneupdate:

(y — Bs)(y — Bs)T

(y— Bs)Ts ’
This updatehassomedranvbackssoin generaranktwo updatesarepreferred.The mostpopularranktwo
updatesarethe Davidon-Fletcher-Powell (DFP)update:

Bss™B  yyT T
T ha + m + (s" Bs)ww™,

B*=B+

B*=B-—

where
Y Bs

- s sTBs’
andthe Broyden-Fletcher-Gol dfarb-Shanno (BFGS)update:
BssT B M

sT Bs yT's’
It is generallyacceptedhatthe mosteffective of theseis the BFGSupdate andsothis paperconsiderghe
performancef paralleBFGSupdate®n aPi M.A machine Furtherdetailsof thisandotherupdatesan
befoundin Fletcher[12 Chapter3] andGill, Murray & Wright[4, Section4.5.2].

The Hessianapproximationis usedto calculatethe searchdirectionfor the next iteration. For this

reasonthe combinedcostof the updateandcalculationof the next searchdirectionshouldbe considered

whencomparingmethods.
Thenext searchdirectioncanbe computedn two ways,eitherusingthe Hessiamapproximatioritself:

w

B*=B—

B*p* = —g", 1)
or by usingtheinverseHessiarapproximation A *:
p*=-H"g". (2)

Equationl involvesthe solutionof asystemof linearequationstacostof O(n?), whilst usingtheinverse
Hessiarin Equation2 only requiresamatrix vectormultiply costingO (n?). However, if theHessiarmatrix
is storedasCholeskifactors,L LT, thenEquationl canalsobesolvedin O(n?). Suchconsiderationtead
to four methodsfor performingthe BFGS updatewhich vary dependingon how Hessianinformationis
held: storingthe Hessiammatrix or inverseHessiarmatrix, eachonefactoredor unfactored.SeeTable 1
for a summaryof thesefour methods.

Updatingan unfactorednverseHessianwe shall call this Methodl) wasthe mostpopularmethodin
earlyimplementationsinceit avoidedthe costof solvinga linearsystemof equationsBut, in additionto
the costsof the variousupdatemethodsanimportantconsiderations maintainingpositive definitenes®f
the matrix. It is claimedthatit is easierto recogniseand correctan indefinite matrix whenthe Choleski
factorsarestoredandthis hasleadto mary recentimplementationsipdatinga factoredHessian(Method
II). ThefactoredinverseHessiarupdate(MethodlIll) hasnotreceved muchattentiondueto doubtsabout
its numericalstability. However Byrd, Schnabel Schultz[] andothersreportno significantnumerical
differencedetweenary of the methods.We have chosento examine parallelalgorithmsfor thesethree
methodsneglectingthe unfactorecdHessiarupdatebecausef its highersequentiatost.

To predictthe performanc®f thesealgorithmson a P/ M.A machinewe develop simplecostmodels.
Thesecostmodelsexpresshe executiontime of analgorithmin termsof a setof hardwareconstantanda
setof problemparametersWe definethreehardwareconstants:
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matrix unfactored matrix factored

storefull B storel, where:B = LLT

B B* = B + ranktwo J* = L + rankone

form Choleskifactors Q*L** = J* by Jacobirotations

2 triangularsolvesfor p* 2 triangularsolvesfor p*
storefull H storeJ where:H = JJT

H H* = H 4+ ranktwo J* = J +rankone

m-v multiply for p* 2 m-v multipliesfor p*

Tablel: Four methoddor implementinghe BFGSupdate

Ty thetimetakento performa REAL32 arithmeticoperation.’; = 100ns. All arithmeticoperations
areincludedin thetotal arithmeticcost.

Ts,T. thetotaltimetakento communicat@ messagef n REAL32sis givenby T + nT.. Ty = 1000ns,
T. = 880ns.

Thearithmeticcostsimply assumesn averagerateof 10 MFlops for numericaloperations Communica-
tion ratesaremoredifficult to modelandarediscussedh [9]. For this papemwe assumeéhatthe underlying
switch networkis a three stagecross-bametworkasrecommendedby Hofestdt et al [6]. The values
for T, andT, arederivedfrom [9] assuminga singlechannellong messageommunicationsnodel. For
simplicity, we permitall component®f the communicatiorcostto be overlappedwvith communicatioron
otherlinks andarithmeticoperationsfor examplewe assumehattransmittinga vectoron onelink has
the sametime costastransmittingthat completevector on eachof the 4 links in parallel. This assumes
thatthecommunicatiorenginesandmemoryunit cansatisfythesedemandsThevaluesof theseconstants
areonly approximatea long messageould be partitionedinto smallermessageandthesetransmittedn
parallelon multiple channels.This would makebetteruseof the link bandwidthandis modelledwith a
smallervaluefor 7.

In additionto thesehardwareconstantéwo problemparameterareneeded:

n theproblemsize;in this casethedimension®f the squareHessiammatrix.
p thenumberof processorshealgorithmwill use.

Algorithmsfor T8 networksoften hadtwo distinct classef process:a ‘master’ processand‘slave’
processesThemastemprocessvassonamedbecausét provideddataandacceptedesultsfrom the slave
processeandcontrolledexecutionof theparallelalgorithm but did notusuallytakepartin thecomputation
itself. Thishierarchyof processewaspartly dueto theunderlyinghardwaravhichfrequentlydid notmake
all four of thelinks on the masterT8 processogvailableto theuser This preventedthe masterprocessor
from beingincludedin thegrid of slave processorandledto differentprogramseingexecutedon thetwo
typesof processarOn a PU M.A machinewe makelessdistinctionbetweermasterandslave processes;
all p processeareexpectedo takepartin thecomputationput oneof the processewill still bethesource
of dataanddestinationfor the result. This is possiblebecausehe switch networkmakesit easierfor a
programto have control of all four links on eachprocessarThus,thesealgorithmsusep processesn p
processorsvhereoneof the processess theinitiator of the algorithm,providing datafor all the processes
andreceving theresult.

Two fundamentatommunicatioroperationghat are usedby thesealgorithmsarebroadcasanddis-
tribute. A broadcasof avectorof m REAL32sfrom 1 procesgo p — 1 othersis implementedasfollows:
the sourcecommunicateshe vector to four other processedn parallelon its four links. Then eachof
thesefive processegincludingthe source)}communicatehe datato four moreprocesses parallel. This
continuedor log; p stepswhenall p processebave a copyof thedata.The costfor this operationis

logs p(Ts + mTe).

Thedistribution of m REAL32s betweerp processefincludingthe sourceprocessyonsistof (p — 1)/4
stepsin eachof which the sourceprocessendsn/p differentelementdo four differentprocessesn the
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four links. This hasa costof
E (Ts + TTC) ]
4 p
In thefollowing threesectiongparallelalgorithmsfor eachof the threeupdatemethodsaredescribed.
The paperthenfinisheswith a comparisorof the methodsn Section5.

2 Method I: unfactored inver se Hessian update
TheunfactorednverseHessiarupdatemaybe expresseds:

e gy B HYST (s = HyT (s = Hy)Tyss?
yTS (yT8)2 !

Thisis followedby a matrix vectormultiplicationto find the new searchdirection:

p* :H*g*.

Byrd, Schnabek Schultz[] presentsequencef operationdo performthesetwo stepswhichis cheaper
thana directimplementatiorof theseequationsWe baseour algorithmon their method:

Method | (Sequential)
1t=Hyg"
2z=s—1+p
3y=s5Ty
46=2:Ty
52 =(z=(6/2)s)/~
6 H* = H + 2's” + 52"
7 A =Ty
8 J’ZZ’Tg*
9p*=t++2+4ds

Since H is symmetriconly its lower or uppertriangle needbe stored. In this casethe total sequential
costof thealgorithmis (4n? + 17n — 1)7}. If the full matrixis storedthe costof the ranktwo updateis

increasedndthetotal costbecomeg6n? + 15n — 1) Ty. Thecostof themethods dominatedy thematrix

vectormultiply of stepl andranktwo updateof step6. Both of thesestepsinvolve the inverseHessian
approximationH? andsoin our parallelalgorithmwe needto considetthe storageof H carefullysincethe

choiceof storagewill affectthe costsof stepsl and6.

For a parallelalgorithmwe will considerstorageof boththefull matrix H andtriangularmatrix. The
updateof step6 shouldbe cheapeif only atriangleis storeddueto the smallernumberof element®ach
processomust update. However, for triangularstoragein stepl a lot of extra communicatiorwill be
requiredto give completerows of H to theprocessors.

The storageschemedor thesetwo algorithmsarethusasfollows: the inverseHessiarapproximation
H is storedeitherin full or justthe upperor lower trianglewith rows distributedto the processorsif a
triangleonly is storedthenpairsof rows equi-distanfrom the centralrow aregivento eachprocessoto
try andbalancethe numberof elementsheld by eachprocessBoth algorithmswould probablyin practice
requireenoughstoragefor a full matrix sincethe triangularmatrix algorithmneedsemporarystoragen
stepl for completerows of the matrix. Distributing the matrix by columnswould increasethe costof
stepl by introducingmorecommunicationgndsois not consideredurther. Block storagansteadof row
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or columnstoragevouldincreasehe maximumnumberof processethatcouldbeusedto solve aproblem
of a givensize. However the resultingsmall granularitywould leadto poorerperformancesthe amount
of communicatiorcomparedvith computatioron eachprocesss increased.

The vectorsp, g%, s, y, t and z aredistributedacrossthe processesvith eachprocessstoringthose
elementsf the vectorsfor which it alsoholdsthe row of the inverseHessianH . The vectorsz’ andp*
overwrite z andp. Fourtemporarydistributedvectorsarealsorequiredfor communicatiorof vectorslices
of g*, s andz duringstepsl and6. We assumehatat the startof aniterationof thealgorithmy holdsthe
old valueof g* andp holdstheold valueof p*, but all othervectorsareundefined.

Parallel Method| startswith the processwvhich holdsthe minimum point, z*, distributingthe vectors
g* ands. Thishasacostof (p — 1)(Ts + (n/p)Te)/2. Thedistributedvectory is thencalculatedrom:
y=g* —y,costing(n/p)T}.

The next stepis the calculationof the distributedvector¢. For thefull matrix this proceedsn p steps
asfollows: In eachstep(exceptthe last) the processepasssegmentsof g* to a neighbourin a ring of
processes.Thesesggmentsare held in a temporaryvector In parallel with this eachprocessupdates
its sggmentof ¢ usingthe sggmentof ¢* which it input into anothertemporaryvectorin the preceding
step.With currentestimate®f the hardwargarameterthis hidesthe communicatiorbehindcomputation
exceptin thelastiteration. Thetotal costfor the p stepds:

2n 2

n 2 ) 2n
max | Ts + 1., —T, p—1)+ Ty.
( p o ( ) p? 7

If insteada triangularmatrix is storedthencompleterows of the inverseHessiarmustbe gatheredo
theprocessesEachprocessnustoutputall elementst holdsexceptelementsn columnsfor whichit also
holdstherow. Assuminganevendistributionof elementbetweertheprocessethentheelementaprocess
outputsaredistributedequallybetweerthe otherprocessesEachprocessnustalsoinputthesamenumber
of elementdrom the otherprocesseslf eachprocessasn/p rows of the triangularmatrix distributedas
describedbreviously we approximatethe numberof elementsheld by eachprocessasn(n + 1)/2p. Of
these(n/p + 1)n/2p do notneedto be output. Hencethe numberof elementghata processnustsendto

eachotherprocesss
1 n(n+1) _n(n/p—l—l) _n(n—p)
p—1 2p 2p o2

Eachprocessnputs(p — 1) messageandoutputs(p — 1) messagessingall four links giving acommu-

nicationcostof .
The computationof ¢ thentakesplaceas for the full matrix algorithmabaove exceptthat only the upper
triangularelementof the inverseHessianare updated.It may be possibleto arrangefor columnsof the
matrix to be gatheredo the processesit eachstepof the algorithmthus reducingthe storagerequire-
mentand perhapsiding that communicatiorbehindthe computation however for simplicity this is not
consideredhere.

The calculationof z which follows doesnot requireary communicatiorsinceeachprocescancalcu-
latethoseelement®f z for whichit holdscorrespondinglementf s, ¢t andp atacostof (2n/p)T}.

Thetwo innerproductcalculationgor v andd in step2 and3 areexecutedn parallel,but for simplicity
we assumedor the cost modelthatthey are executedsequentially The first stagein the inner product
calculationis for all the processe$o form the partial inner productfor the elementsf the vectorswhich
they hold. Thiscosts(2n/p—1)T}. Thisisfollowedby logs p stepsn eachof whichgroupsof 5 processes
communicateheir partialinner products.Oneof the processemputsthe partialproductsrom the other4
processesnits 4 links andsumsthemwith its own partialproduct.In thenext stepthis processhenoutputs
the new partial productto anothermprocess.The communicationgorm a treestructurewith 4 branchest
eachnode.Eachstepi, i = logg p . . . 1, of theoperatiorinvolvesprocessesnlevel ;: of thetreeoutputting
their partial productgto their parentprocessatlevel i — 1. In thelaststeponeprocesformsthecomplete
innerproductof the distributedvectors. This communicatiorphasehasa costof (477 + T, + 1.) logs p
giving atotal costfor a singledistributedinner productof

(2n/p— )Ty + (4Tf + T, + T¢) logs p.
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We executethetwo inner productcalculationsso thatthe resultsendup at the sameprocesswhich is the
mastemprocessThis procesghencalculates /2y andbroadcastg, togethemwith v, to all theprocesseat
acostof 27 + 2(T, + 1.) logs p. Thecalculationof 2’ followscosting(3n/p)T.

TheinverseHessiarupdateof step6 usesthe sametechniqueof communicatiorhiding asstepl does,
proceedingn p stepsasfollows: In eachstep(exceptthelast)the processepasssegmentsof z’ ands to a
neighbourin aring of processesThesesggmentsareheldin two temporaryvectors.In parallelwith this
eachprocesaipdatests elementof theinverseHessiarusingthe segmentsof 2’ ands whichit inputinto
anotherpair of temporaryvectorsin the precedingstep,alongwith its own segmentsof 2’ ands. For full
matrix storageeachprocessipdates:?/p? elementf i giving atotal costfor the stepof

2n 4n? 4n?
max TS—}——TC,—T) p—1)+ —T%.
( p O pr p=1) p*
If alower triangleis storedonly approximatelyhalf the numberof elementsare updatedat eachstage
giving a costof
2n 2n? 2n?
max TS—}——TC,—T) p—1)+ —T%.
< p O pr ! P=1) p? !

The next two operationswhich calculatey’ andé’ have the samecostasthe earlierdistributedinner
products.Theseoperationsarefollowedby the broadcasof 4’ andd’ costing(7; + 27) logs p readyfor
thecalculationof thenext searctdirectionp*. Thedistributedvectorp* is calculatedatacostof (4n/p)T%.
Thedistributedpartitionsof p* arethencollectedtogetherat the mastemprocessn a similar mannetto the
broadcasalgorithmcosting(p — 1)(Ts + (n/p)1:)/4.

Figurel shows the predictedoerformancef thesemethoddor a variety of problemsizesn andnum-
bersof processorg. Thegraphsshow for eachmethodthepredictedViFlop ratefor agivenn andp. These
ratesshouldbe comparedvith the MFlop rateof asingleH1 processoto seethe speedumchieved. This
paperusesa value of 10 MFlops for a singleH1. The efficieng/ of the parallelalgorithmon p proces-
sorscanbejudgedby comparingts MFlop ratewith the maximumpossibleMFlop ratedeliveredby that
numberof processors.

3 Method |I: factored Hessian update

The factoredHessiarupdateis the mostwidespreadequentiaBFGSupdatemethod. It avoidsthelarge
costof solvingalinearsystemof equationgo find thenext searchdirectionby storingthe Choleskifactors
LLT of theHessiamapproximation3. Methodshave beendevelopedto updatethe factorsdirectly to the
factorsof the updatedHessianapproximation.The papershy Brodlie et al [8] andGill et al [10] give a
goodintroductionto thetechniquewhilst Goldfarb[5] presentsletailsof themostefficient factoredupdate
algorithms.

If we storethefactorsZ L™ of B theHessiarupdatecanbe expressedis

B*=JJ", where J* = (L +vuT),

with thevectorsu andv for the BFGSupdategivenby:

yTS 1/2
— T —
u = y-—- alL S, where o = (m) s

s

VyTssTLITs

If we thencalculatethe factorization@* R* of J** = (R + uv") theupdatedCholeskifactor L* is given
by R*T. The QR factorizationis performedby two sequencesf Jacobirotations. Thefirst n — 1 Jacobi
rotationstransformuv” to the matrix |u|.e;v” and R to anupperHessenbey matrix R”. Thefollowing
n — 1 rotationsthentransformthe matrix R* + |u|,e;v” to the uppertriangularmatrix R* which then
givesthe updatedCholeskifactor L*. An implementatiorof the algorithmdoesnot needto transposé¢he
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matricesL andR*. Insteadgveryreferenceo anelementR;; is replacedy areferencedo theelementZ ;.
HencethefactoredHessiarupdatemethodconsistf calculatingu andwv followedby a @ R factorization
performedby a sequencef Jacobirotations.

OncetheupdatedCholeskifactor L* is known, thenext searctdirectionp* canbe calculated:

B*p*:_g .

SincethefactorsL* of B* arestoredandnottheapproximateHessiaritself thisequationcanbesolvedby
performingtwo Choleskisolves:

L™t —q%,
L*Tp* —

The sequentiafactoredHessiarupdatealgorithmwhichfollowsis basedn Alg A9.4.2. givenin [3].

Method 11 (Sequential)
Calculatex andv

13=19yTs
2v=1Ts
3y=vTvw
4 o=+ ﬁ
Y

S5u=y—alv

1
66d=—
vBy

7 v=24dv

QR factorization

8Fori=n-1...1
J(n1i1ui1_ui+1)

ui = by

9Fori=1...n
Liv=1L;1 4 uiv;

100Fori=1...n—1
J(n,t,Li i, —L; i+1)

Wherethe Jacobirotation.J (n, 7, a, b) is givenby:
J1. a = +v/a? + b2
J2.c=a/a,s=b/a

Jl.Forj=1i...n

B=0Lj;
7= Ljiv
Lji=cB—sy

Ljit1=s0+cy

Calculatenext searchdirection:solve LLT p* = g*



3 Methodll: factoredHessiarupdate 9

11 tl = g*1/L1,1

12 Fori=2...n -

9% — 2= Ligt;
L;;

t; =

13 p*, :tn/Ln,n
l4Fori=n—-1...1 .
ot i Liap”;

15 p* — _p*

When calculatingthe costof this algorithmwe musttake carefulnote of the costof the squareroot
operations.In the pastall floating point operationsvereimplementedn software. Becauseof this mul-
tiplication anddivision costsignificantlymorethanadditionandsubtractionandthe squareroot function
itself hada hugecostcomparedvith multiplication. For this reasormucheffort wasexpendedio design
algorithmswhich requiredno squareroot evaluationsor at leastkepttheseto a minimum. More recent
microprocessadesignsncorporatenardwardloating pointarithmeticunitsto improve the performancef
numericalcalculations With theseunitsthe costof simplearithmeticoperationsuchasaddandmultiply
arecomparable However, even whenthe squareroot function hashardwareassistancé still hasa cost
whichis largerthanthe simpleoperationsin this paperwe modelthe costof the squarerootfunction, 7,
asamultiple of thesimplearithmeticoperatiorcost,i.e. Ty, = a7 . Usingcycle timesgivenin [7] avalue
of 4is givento «.

For a sequentiaimplementatiorof thealgorithm,theinitial calculationof v andv costs(2n? + 7n +
1)Ty 4 2T,4. The @R factorizationwhich updates’. insteadof R, hasa costof (6n* + 18n — 22)7} +
2(n—1)T,,. If eachnegationoperatiorof stepl5costsl T} thenthecalculationof thenext searchdirection
costsn(2n + 1)T}. Thisgivesatotal costfor thealgorithmof (10n? + 26n — 21)Tf + 2nTy,.

The first consideratiorin developingthe parallelalgorithmis the distributedstorageof the Choleski
factor L. We have againrestrictedour consideratiorto storageby rows or columns,excluding block
storage. The expensve stepsin the algorithminvolving L aresteps2, 5, 8, 10, 12 and14. Of the two
matrix-vectormultiplicationsof steps2 and5, oneinvolvesZ andtheother.” sothecombinedcostis not
affectedby the choiceof row or columnstorage.However, it may be worthwhileto store . by both rows
andcolumns,which is identicalto usingthe samestoragemethodfor both Z and 7. This would allow
themoretime-eficientmatrix-vectoralgorithmto beusedfor bothsteps.Thedisadwantage®f this arethe
almostdoublingof the storagerequiremento n? andthe additionaltime costof eithercommunicatinghe
transposef thematrix or updatingboth 7, and L7 . Similarly, the Choleskisolveswhich includestepsl12
and14useboth L andL” sothesameargumentappliesheretoo.

In the @ R factorizationeachJacobirotation operateson 2 rows of R, thatis 2 columnsof L. The
obviousstoragemethodis thusto storel. by rowsallowing all processem parallelto updatetheirelements
of the2 columnswithin asingleJacobrotation. Thisrequiresonly thebroadcasbf ¢ ands ateachrotation.
Alternatively, if columnstorageof L is usedtheneachrotationwould requirethe communicatiorof all
elementgo beupdatedrom oneprocesgo anotherandthenat mosttwo processeperformingtheupdate.
Thisvery poorparallelismcouldbeimprovedby beginningthenext Jacobirotationassoonasthe essential
elementfrom the previous rotation had beencalculated however the large numberof communications
requiredfor eachrotationsuggesthatthis methodwould not performaswell asusingrow storage.

For this paperwe look at the costof a row storagealgorithmfor Method Il. The datadistribution
schemas asfollows: The matrix . hasits rows distributedin the samemannerasusedfor thetriangular
matrix in Method|I. Only spacefor a lower Hessenber matrix is requiredgiving this algorithma great
storageadwantageover the otheralgorithmspresentedn this paperwhich requirespacefor a full matrix.
Thevectorss, y, u, t, g* andp* aredistributedwith a processholding thoseelementf the vectorsfor
whichit alsoholdstherow of L. Eighttemporarywectorsof sizen/p arerequiredon eachprocesdor the
summatiorof vectorsin step2. Finally, ann-vectoris storedin full on eachprocesgo hold partialresults
of v in step2 andto storethe partial sumsfrom the Choleskisolvesin stepsl2 and14. We assumehat at
the startof aniterationof thealgorithmy holdsthe old valueof ¢g*, but all othervectorsareundefined.
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The parallelalgorithmstartsby distributing g* ands from the mastemprocesstacostof (p — 1) (7 +
(n/p)T.)/2. Theny is calculatedrom: y = g* — y, costing(n/p)T. Thedistributedinner productof
stepl storestheresult3 onthemastemprocessandcosts

(2n/p— )Ty + (4Tf + T, + T¢) logs p.

To calculatev eachprocesdirst formsthe partialsumsy; = Z‘Zzl L; ;s; for eachrow, j, of L thatit
holds.Thiscosts(n?/p+ n/p)T. Thep n-vectorsy arethensummedo oneprocessandtheresultvector
distributedto the processesThe summatiorof vectorsproceedsn m stepsasfollows: In eachstep,i, a
processnputsa segmentof thesummationvectory beginningatindex (n/m)i andof sized = n/m from
its 4 childrenin atreestructureinto 4 temporaryectors.In parallelwith this the processaddsthe 4 vector
sgmentsinputin thelaststepto theprocesseswn segmentatindex (n/m) (i — 1) andtheresultsggment
is outputto the parentprocess.This arrangemenéallows communication®f segmentsto be executedin
parallelwith the summation.The costto getthefirst sgmentsummedat theroot processs (7 + d7. +
4dTy) logs p. Readingin the remainingsggmentsandaddingthemcostsmax (7 + dT;,4dTy)(m — 1).
Thevalueof m shouldbechoserwhich give theleastcost;for this papemwe usem = p. Theresultvector
is thendistributedbackto the processeata costof (p — 1)(Ts + (n/p)Tc)/4.

Step3 is anotherdistributedinnerproductleaving theresulton the masteprocessThemasterprocess
next calculatesandbroadcasta for step4 costing7y + Tiq + (75 + T¢) logs p.

The matrix vector multiply of step5 is similar to thatin stepl of Methodl. The sggmentsof v are
cycled rounda ring of processesand at eachstepa procesaupdatedts elementof a temporaryresult
vector Assumingthatat eachstephalf of thefull matrix elementsnvolvedin theupdatearezerothenthe
total costof the matrix vectormultiply is

n n? ) n?
max | T + —T., =T, -+ =T.
( » p2 f (P ) pz !

Therestof thecalculationof u in step5 costs(2n/p)T5.

Thecalculationandbroadcastf § costs27y+ T4+ (75 +1¢) logs p. Inthefinal stepin theinitialization
phasesachprocessipdateghoseelementsf v for whichit alsoholdstherow of L atacostof (n/p)T}.

The secondphaseof the algorithmis the @@ R factorizationwhich is dominatedy the Jacobirotations
J(n,,a,b). We parallelizerotation: asfollows: For step8 the processholdingu;,; communicate# to
the processholding u;. Thenthe processholding u; calculates: ands andbroadcastsheseto the other
processesFor step10, the initial communicatioris not requiredsinceone processholdsboth Z; ; and
L; ;1. Next eachprocessupdatescolumns: and: + 1 for thoserows which it holds. Assumingthe
updatedo L (stepJ3)areevenly distributedacrosgrocessethenthetime takento performall theupdates
in step8 or 10is (3n* + 3n — 6)T} /p. To this we addthe costto calculateand broadcast and s for
n — 1 Jacobirotationswhichis (n — 1)(6Tf + Tsq + (Ts + 271¢) logs p) for step10 andan additional
(n — 1)(Ts + T¢) for step8 to communicate:; ;1. Thereis no additionalcostto updateu; sinceits new
valuewascalculatedwithin the Jacobirotation. Step9 requiresu; to be broadcasgiving a total costfor
thatstepof (2n/p)Ty + (Ts + T¢) logs p.

The calculationof thenext searcldirectionp* in the final phaseof the algorithminvolvestwo parallel
Choleskisolves;oneusingthe matrix L andthe next using L7 . Theserequiretwo differentalgorithmsto
solve becausd. is distributed. For solving .t = ¢* in stepsl1 and12 eachprocesamaintainsa partial
sumL; ;¢; for eachrow ¢ of L thatit holdsandthis is updatedat eachiterationasa new elementof ¢ is
calculated At iteration: in step12 we proceedasfollows: the processoldingrow i calculateg; from its
partialsum.This new elements thenbroadcasandall processespdatetheir partialsums.Assumingthat
the partial sumupdategakesimilar timeson eachprocesshetotal costfor stepsi1 and12is

((n=1)*/p+ 2n = )Ty + (n = 1)(T; + T.) logs p.

In practicewe would expectthe broadcasof ¢; to beoverlappedwith updatingthe partialsumswhich will
give someimprovementin performance.

The secondCholeskisolve involves L7 and henceis similar to a Choleskisolve with L where L is
distributedby columnsinsteadof by rows. For this situationeachprocessnaintainsa partialsumfor every
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row of L. Thesepartialsumshold thevaluesL; ;p*; for every row i of L7 andfor those; for whicha

procesdoldsrow j of L. At thestartof iteration: all processesakepartin a summatiorof their partial

sumsfor row i of L7 with the resultfinishing on the processholding row i of L”. This processhen

calculateg*,; andupdatests partial sumsbeforethe next iterationbegins. Sinceonly oneprocessn an

iterationupdatests partial sumsthe costof this parallelalgorithmasit standss the costof the sequential
algorithmplus the costof thedistributedsummationsin practicethe algorithmshouldbe codedsuchthat

assoonastheproces$asupdatedts sumi— 1 thenext iterationbeginswith the summatiorof partialsums
i — 1. In thisway mary processemay be updatingtheir partialsumsat a time aswell ascommunicating
for the summatiorof distributedpartialsums.Unfortunately this appeargo be difficult to codesincethe

time takento performthe partial updatesariesastheiterationsproceednakingefficient synchronisation
betweerthe communicatingandupdatingprocessedifficult to achieve.

It is alsovery difficult to proposea costmodelfor this algorithmotherthanthe worstcasesequential
one. A workablesuggestiorthat will give arroughideaof the costof this algorithmcanbe obtainedby
comparingthe costof performingan updatein aniterationwith the costof the summingthe partial sums
andcalculatinganew elemenbf p*. Theworstcasefor anupdatenvolvesa processipdatingn — 1 partial
summationsta costof 2(n — 1)T%. In thefollowingp — 1 iterations sincetherows of L aredistributed
cyclically, this procesgloesnot needto performary otherupdates.However it doesneedto takepartin
the summatiorof the partial sumsfor theseiterations.It seemgeasonabl¢hereforeto compareheworst
updatecostwith the costof thefollowing p — 1 summationsaindcalculationsof p*;,j =i —1...i —p
whichcost(p — 1)((7s + Tt + 4T%) logs p + 4Ty ). With the currentvaluesfor the hardwareparameters
the costof the updateis hiddenby the costof communication®n mediumto large networks(p > 32).
Sowe assumehatthe partial sumupdatesexecutein parallelwith the communicationandfinish sooner
allowing usto negglecttheupdatecostin thecostmodel. This givesanestimateaostfor stepsl3and14 of

(2n — 1)T¢ 4+ (n — 1)(Ts + T, + 47%) logs p.

Finally we negatethe vectorp* andgatherthe full vectorto the masterprocessatacost(n/p)7 +

(p— D(Ts + (n/p)Te) /4.
Figure2 shavsthe predictecdperformancef this methodusingthesamevaluesfor problemparameters
asfor Methodl.

4 Method I11: factored inver se Hessian update

This methodhasnot receved asmuchattentionasothermethodspbut hasbeeninvestigatedy Davidon[2]
andPawell[11]. Asin Methodll we expresstheinverseHessiarupdatein productform

H =+ uvT)H(I—}— uvT)T.

If we thenstorethefactors.JJ” of H theupdateof thefactorsis givenby

S

U = sTya
J* = (I +w")J, where, T .
V= T H sy
This canbe simplifiedsince H~'s = —\g andsH~'s = —\sg where) is the steplengthusedin this

iteration of the quasi-Nevton algorithm. Oncethe factorshave beenupdateda new searchdirectionis
calculatedoy performingtwo matrix vectormultiplications:

p* — —J*J*Tg*.
The sequentiahlgorithmis thusgivenby:

Method 111 (Sequential)
Calculatex andv

1a=sTy
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2 3=sTyg
3u=s/a
4 Y =4 /_TM
Sv=-79-y
UpdateJ
6 tT=vTJ
7 J=J+utT

Calculatenext searchdirection
8t=J"g"
9 p* = —J*t

Thetotal costfor the sequentiablgorithmis (8n? + 5n + 2) T + Tg.

The costof a parallelimplementatiorof this algorithmagaindepend®n the storageschemeselected
for thematrix .J. Thecostlystepdn this algorithmarestepss, 7, 8 and9. For steps6 and8 columnstorage
is preferablaallowing the samemethodto beusedasis usedin stepl of Methodl. Step9, however, would
be cheapeto performif the matrix were storedby rows. The costof the rank oneupdatein step7 is not
affectedby theselectiorof row or columnstorage For theleastcost,we choosédo distributecolumnsof ./
to theprocessesithercyclically or in block columns.The storagdor thevectorsis asfollows: s, y, u, v,
t andg* aredistributedto the processewhilst p* is storedin full oneachprocessEighttemporarywectors
of sizen/p arerequiredon eachprocesgor thesummatiorof vectorsin step9. We assumehatat thestart
of aniterationof thealgorithmg holdsthevalueof ¢* from thepreviousiteration.

Thefirst phaseof thealgorithm,startswith thedistributionof s andg* costing(p—1)(Ts +(n/p)Te)/2.
Theny canbe calculatedat cost(n/p)T; fromy = g* — g. Thetwo innerproductsfollow eachcosting
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Figure3: Performancef Methodlll

(2n/p — )Ty + (477 + T, + T¢)logy p. Next, —v is calculatedand broadcasalongwith « costing
ATy + Tyq + (T, + 27¢) logs p. Thisallowsthecalculationsof v andv to beperformedat cost(3n/p)T}.
Steps6 and8 bothusethealgorithmin stepl of MethodI. An additionalcostof (n/p)T} is incurred
in nggatingt atthe endof step8. Therankoneupdateof step? is similar to theranktwo updatein step6
of Methodl andcosts on? on?
n n n
max <Ts + ETC’ p_2Tf) p—1)+ p—sz.

Step9 is similarto step2 of Methodll exceptthatin this caseall elementf the full matrixarenon-
zero. Thisincreaseshe costof theinitial partialsummatioron eachprocessgo (2n?/p)T%. Finally, p* is
gatheredo themastemprocessatcost(p — 1)(7s + (n/p)Te)/4.

Figure3 shavsthe predictedperformancef this methodusingthesamevaluesfor problemparameters
asfor Methodsl andll.

5 Comparison of methods

The graphsin Figuresl to 3 shav the MFlop rate achiezed by the algorithmsfor varying numbersof
processorand problemsizes. This allows usto seehow efficient eachparallelalgorithmis andto see
how well the algorithmsscalewith the numberof processorand problemsize. For large problemsizes
(n = 1000) Methodsl andlIll have very goodefficienciesaround60—70%for the numbersof processors
shavn. For smallernetworksMethodlll hasaslightly greaterefficiengy thanMethodl, whilst Methodl
performsbetterfor the larger networks. This indicatesthat both of thesealgorithmswould scalewell for
big problemson big machineavith Methodl beingpreferredon larger networks.The graphfor Methodll
revealsa very poor performanceEvenfor large problemsthe algorithmachievesmuchlower efficiencies
thantheothertwo algorithms.Particularlyimportantis thefactthatthealgorithmdoesnotscalewell asthe
numberof processorss increased.The MFlop ratepeaksat only 100 processor$or the biggestproblem
sizeshawvn. Also for small networksthe performances not asgoodasfor the otheralgorithms. Hence
Methodsl or Il areto be preferredor all problemandnetworksizes.
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Thereseenmbetwo reasongor this contrasin performancdetweerthealgorithms.Firstly, thegreater
proportionof the sequentiatostsin Methodsl andlll is in level 2 BLAS operations.The computations
requiredby theseBLAS parallelizevery well andleadto efficient algorithmswith few synchronizations
for communicationMethodll, however, containscostly Jacobirotationsandbackwardsolveswhich are
difficult to parallelizeandrequirefrequentcommunicationdetweerprocessesThe secondactorgiving
Methodsl andlll muchbetterperformancethanMethodll is thewayin which mostof themoreexpensve
communicationgn Methodsl andlll have beenhiddenbehindarithmeticoperationsandthereforedo not
contribute muchto the total costof the algorithms. This is not achieved by Methodll sinceit requires
frequentsmall communicationswith only few arithmetic operationsbeing performedin betweeneach
communication.

Figure4 shavs a comparisorof the methodgor two problemsizes. The algorithmsare comparedy
plotting the speedupf eachparallelalgorithmwhencomparedvith the bestsequentiamethod,whichis
Methodl. Thisgivesacomparisorof the‘elapsedimes’ of thedifferentalgorithms.For large problemshe
dominantfactorin determiningthe bestparallelmethodis the costof the methods sequentiahlgorithm.
This factorhasmoreeffect thanthe suitability of the sequentiahalgorithmfor parallelizationor the details
of theparticulaimplementatiorof the parallelalgorithm,suchaswhetherfull ortriangularstorages used.
Hencethetopgraphshavsacleardistinctionbetweerthethreemethodswith performancéncreasingrom
Methodll (sequentiatostas 10n?) to Methodlll (8n%) andthenMethodI (4n?). Thereis relatively little
differencein the performanceof the two implementation®f Methodl comparedwith the othermethods
emphasisingheimportanceof basingthe parallelalgorithmon the bestsequentiaalgorithmunlesshis is
clearlyunsuitabldor parallelization Therapidfall in speedupvhenn = 200 andmorethan50 processors
areusedindicatesthatthe granularityof all thesealgorithmsis quite coarseandeachprocesshouldhold
several (perhapsatleastd) rows of the matrix for goodefficiency.

Anotherimportantfactorto considerwhencomparingthesealgorithmsis the amountof information
which eachalgorithmprovides. All of the algorithmsgive an updatedHessianor inverseHessianmatrix
andthe next searchdirection. In additionMethodll, sinceit storesthe factorsZ.L” of the Hessiancan
easily provide information aboutthe positive-definitenessf the matrix. This is essentiafor practical
problemgo ensurehatthealgorithmis robust. A furtherfactorin favour of Methodll is its lowermemory
requirementMethodsl andlll requiredistributedstoragefor aboutn? wordswhilst MethodIl only needs
aboutn?/2. The maindisadwantageof Methodll is its large sequentiatost. A moreefficient sequential
algorithmwhich storesthe Choleskifactorsis givenin [5]. This algorithmstill hasa highercostthan
Methodl andconsistof mary level 1 operationsnvolving alot of synchronisationsut maywell beworth
futureinvestigatiordueto the advantage®f the methodoutlinedabore.

Theresultsin this papersuggesthatMethodl is thebestparallelalgorithmto usefor thelinearalgebra
sectionsvhensolvingnon-linearunconstrainedptimizationproblemsausinga quasi-N&ton method.The
algorithmgivesgood performanceandscalesvery well asthe numberof processorincreasegspecially
for largerproblems.

It isimportantto view theseresultsin the contet of a completeoptimizationalgorithm.As mentioned
in Sectionl, the calculationof the steplengthalongthe searchdirectionis also costly This operation
normallyinvolvesfunction andgradientevaluationsandwhenthe objective functionis complicatedhese
calculationccandominateover thelinearalgebracosts.Hence aswell asusingparallellinearalgebran a
guasi-Nevton algorithmonemustuseparallelfunctionevaluationsn theline searchof Step?2.
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