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Abstract

This paperinvestigatesthe merits of messagerouting hardware(as proposedwithin the PUMA
project[3]) for theimplementationof Newton’s methodfor unconstrainedoptimisationona local mem-
ory MIMD Transputer-basedarchitecture.The performanceof suchan architectureis predicted,and
comparedwith theperformanceof currentTransputerarchitectures.

1 Intr oduction

As new MIMD architecturesaredevelopedwe areinterestedin therelative meritsof thesearchitectures
for implementingparallelnumericalmethods.Importantconsiderationsarethe computationrateof the
individualprocessorsandthespeedof communicationbetweenprocessors.Thecommunicationcostis a
combinationof threefactors:theraw speedatwhichdatacanbetransmittedor receivedby a processoron
a communicationpath,thenumberof communicationpathsthatcanoperateconcurrentlyon a processor,
andtheconnectivity of processorsby communicationpaths.

This paperconsiderstwo particulararchitecturesbasedon theTransputer:thecurrentstaticconfigura-
tion of T8 Transputers,andtheproposedmessagethrough-routingH1 Transputerarchitecture.Wedevelop
costmodelsfor aparticularalgorithmonbothof thesearchitecturesallowing theperformancesto becom-
pared.Thealgorithmchosenfor thispurposeis Newton’smethod[5] for theunconstrainedoptimisationof
a twicecontinuouslydifferentiablefunction

�������
of � realvariables.Optimisationalgorithmsaredifficult

to parallelisebecauseof the inherentlysequentialnatureof the iterationswherebythe
��	�

���

-th itera-
tion cannotproceeduntil theminimumpoint of the

	
-th iterationhasbeencalculated.However Newton’s

methoddoesallow parallelismto beexploitedwithin eachiterationin theevaluationof thegradientvector� , theHessianmatrix � , andthecalculationof thesearchdirection � .
2 Algorithm

Eachiterationwithin Newton’smethodconsistsof thefollowing steps:� Evaluategradientvector ��� at
� � .� EvaluateHessianmatrix � � at
� � .� Solve linearsystemfor searchdirection � � : � � � ����� � � (1)� Performlinesearchalong� � to findnew estimate

� ����� of theminimumpointof
�������

in thedirection� � : � ������� ����� � ��� � �"!$#&%' ���(� � 
*) � � � (2)+
Manythanksto LenFreemanfor hissuggestions.
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Figure1: Grid configuration

Thefirst threestepswithin eachiterationaresuitablefor parallelisation.For optimumefficiency thedis-
tributeddatastructuresusedby thesethreeparallelstepsmustbecompatible.Without this provision there
would bea requirementto redistributethedatabetweensteps.For Newton’s methodthedatastructureis
determinedby the algorithmwhich solvesthe linear systemto find the searchdirection. The algorithm
chosenis row-orientedGaussianelimination with partial pivoting. This parallelalgorithm is known to
performwell andhasalreadybeenimplementedon thecurrentTransputerarchitecture(see[6] for details
of theparallelalgorithm).Thedistributeddatastructurethereforeconsistsof scatteredrows of � oneach
processoralongwith the associatedelementsof � . Whenthe systemof equationsis solved the search
direction � is alsodistributed,with eachelementof � locatedon the processorthat holdsthe associated
elementof � . The otherparallelsteps,namelythe evaluationof the Hessianmatrix andgradientvector,
mustthereforeproduceadistributeddatastructureof scatteredrowsof � andtheassociatedelementsof � .

The line searchstepof eachiterationis performedsequentiallyasit doesnot seemto have any scope
for parallelism.This stepmustbeprecededby collectingthedistributedelementsof � at oneprocessor.
Similarly, after thenew minimumpoint

�
is foundit mustbebroadcastto all theotherprocessorsbefore

thenext iterationcanproceed.
We assumethata networkof , processorsis available,connectedto a singlemasterprocessor. For the

currentarchitectureweassumefurtherthattheprocessorsarestaticallyconfiguredin asquaregrid topology
(seeFigure1). Theproposedarchitectureis not limited to a staticconfigurationbut allowsdynamicinter-
processorconnectivity (seeSection4).

3 The User Interface

Theuserinterfaceto thealgorithmis throughtheuser-providedfunctionsto evaluatethegradientvector �
andtheHessianmatrix � . SequentialNewton algorithmsexpecttheuserto provide sequentialfunctions
thatwill calculateall of theHessianandgradient.If thissameuserinterfacewereretainedfor theparallel
algorithmthenit would not bepossibleto exploit parallelevaluationof theHessianor gradient.However
with only smallchangesto theuserinterfaceparallelismcanbeachieved.

We modify the Hessianevaluationfunction parameterlist to include a vectorof � elementswhich
specifyto the userfunction which rows of the �.-.� Hessianmatrix it shouldevaluate. This allows the
Newtonalgorithmto utiliseall theavailableprocessorsin parallelto calculatedifferentrowsof thematrix.
Theparameterlist couldbefurtherextendedto allow specificationof whetherthefunctionshouldcalculate
rows or columnsor evenblocksof thematrix. Thegradientevaluationfunctionparameterlist is similarly
extendedto specifyto theuserfunctionwhichelementsof thegradientvectorit shouldcalculate.

The user’s functionsremainlargely unalteredexcept that they shouldperformchecksto ensurethat
they only evaluatethoseelementsspecified.Theuser-providedfunction to evaluate

�
is identicalto that

requiredby currentsequentialalgorithms.
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Figure2: PUMA Transputerarchitecture

4 Modelling the Algorithm

To developcostmodelsfor thealgorithmwe needto identify theparametersthatcharacterisetheperfor-
manceof thearchitectures.For localmemoryMIMD machinestheseparametersrepresentthecomputation
andcommunicationcosts.Thespeedof computationfor anindividualT8 Transputerwill bemodelledby
a parameter/�021 . This parameteris the time takento performa singleREAL32 floatingpoint operation.
Thereareseveral waysin which anactualvaluefor this parametercanbe obtained,however we arenot
interestedherein absolutecostsbut ratherin a comparisonbetweenthearchitectures.Computationon the
H1 Transputerwill similarly bemodelledby theparameter/3054 .

Communicationson the currentgenerationof Tranputerscanbe characterisedby a singleparameter/�651 representingthe costof sendinga REAL32 acrossa link. It hasbeenshown [6, 2] that this single
parametermodelscommunicationcostswell without theadditionof a communicationstartupparameter.

The architectureproposedwithin thePUMA projectsupportsvirtual channelsandmessagethrough-
routing.Ourmodelonly takesaccountof through-routingperformedby switchchips:all communications
betweenTransputersareassumedto bethrough-routedon intermediateswitchchips.We allow a constant
latency time /8794 for thetotal bit delayincurredby theswitchchipson themessagepath,anda communi-
cationcost /�694 to deliver a singleREAL32 acrosstheswitchnetwork.Thetruecommunicationcostmay
benon-deterministic,asit is dependentuponthecongestionin theswitchnetwork,but allowing for this in
themodelsis not practicable.Also /8794 will dependuponthenumberof switchchipson thepathbetween
sourceanddestinationTransputer. This in turn dependsupontheconfigurationof theswitchnetworkand
thepositionof thecommunicatingTransputerson theswitchnetworkandtherandomintermediateswitch
destination.Thesefactorsarenot known andsoweassumefor simplicity thatall communicationshave a
latency costcharacterisedby /:7;4 . For generality, weassumethateachprocessorhas < links (seeFigure2).

We assumefurther that for both architecturescommunicationon all links andcomputationcantake
placesimultaneouslywith noreductionin theperformanceof individualoperations.AppendixA givescost
modelsandtheir derivationsfor someof the commoncommunicationprimitivesbasedon the preceding
assumptions.

5 Gradient and HessianEvaluation

To modelthe costof the user-provided functionsto evaluate
�

, � and � we introducethreeparameters/�= , /3> and /8? . /�= is thecostof a singlefunctionevaluation. /3> and /8? arethecostsfor evaluatingthe
mostexpensive singleelementof � and � respectively. Theseparametersall specifya costin termsof the
numberof floatingpointoperationsrequiredie. a costgivenask /8? meansa realtimecostof k /8?@/30 .

The gradientvectorandHessianmatrix calculationsrequireno communicationandso will have the
samecostexpressionfor both architectures.Eachof the , processorsevaluates�8A2, rows of � and �8AB,
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elementsof � . This hasa costof:

�8C, / ? 
D�, / > (3)

6 Solving the Linear System

6.1 Messagerouting architecture

6.1.1 Forwards elimination

For theforwardseliminationphasethefollowingstepsareperformedwith
	 � ��EGF�FGF5E � � �

:

� Findbestpivotelementoneachprocess.Averagedoverthe
� � � ���

steps�8A�H2, elementsarecompared
ata costof:

�HB, /�0I4

� Collect.maxoperationperformedonindividualprocessors’bestpivotswith
	
-th row holderasdesti-

nation(two itemsarecommunicated,thepivot holderandthepivot value,but comparisonsaremade
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on thepivot valuesonly): JLK&M�NPO �9�(Q � �G� , 

���;R@� / 7 4 
 H�/ 6 4 
S� < � �G� / 0 4 �
(
Q

is thebranchingfactorof thecommunicationstree,which for processorswith < links is givenby< � �
)� Broadcastof bestpivot holderfrom

	
-th row holder:JLK&M�N O �9�(Q � �G� , 

���;R@� /8794 
 /3694 �� Broadcast

� � � 	�

�G�
elementsof bestpivot row andassociatedright-handside(RHS)elementby

its holder: J�K&MPN O �;��Q � ��� , 
T�G�9R@� /:7;4 

� � � 	�
 H � /�694 �� Assumingarow swapis requiredateverystep,send
� � � 	U
.���

elementsof
	
-th row andassociated

RHSelementto pivot row holder: / 7 4 

� � � 	�
 H � / 6 4� Pivotingof
� � � 	V�

rowsandRHSelements:� � � 	V�B� HP� � H 	�
XW��, / 0 4
Thetotalcostfor eachstepis:Y HP�8C, �TZ � 	, 
\[��H2, � W�	, 
DH 	 C, 
S� < � �G� JLK&M�N O �;��Q � �G� , 

���;R;] /3054 
Y W J^K_MPN O �9�(Q � ��� , 

���9R`
S� ] / 7 4 
Y � � � 	�
baP� J(K_MPN O �9��Q � ��� , 
S�G�9Rc
"� � � 	�
 H � ] /3694
Summingover

� � � ���
stepsgivestotaleliminationcostof:Y � � HP� 
*aP�W , 
S� < � ��� J^K_MPN O �9�(Q � �G� , 
"���9RI]d� � � �G� /�0I4 
��W J^K_MPN O �9�(Q � ��� , 

���9R@

���B� � � ��� /8794 
Y � � 
 Z �H 
 � � 

�Ge��H J�K&MPN O �;��Q � ��� , 
S���;R ] � � � ��� / 6 4 (4)

6.1.2 Backwardssubstitution

For thebackwardssubstitutionphasethefollowing stepsareperformedwith
	 � � E�FGFGFIEG� :� Holderof row

	
evaluateselement� � with cost:Hf/3054� Broadcastelement: JLK&M�N O �9�(Q � �G� , 

���;R@� /8794 
 /3694 �� Updatesubtotalsonprocessors: H �(	 � �G�, /3054
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Thetotalcostfor eachstepis:Y H ��	 � ���, 
 H ] / 0 4 
 J(K&M�N O �9�(Q � �G� , 
"���9R`� / 7 4 
 / 6 4 �
Summingover � stepsgivestotalbackwardssubstitutioncostof:Y � � � � ���, 
 H�� ] /�0I4 
 � JLK&MPN O �9�(Q � ��� , 
T�G�9R@� /:7;4 
 /�694 � (5)

6.2 Static configuration architecture

6.2.1 Forwards elimination

For theforwardseliminationphasethefollowingstepsareperformedwith
	 � ��EGF�FGF5E � � �

:� Findbestpivotelementoneachprocess.Averagedoverthe
� � � ���

steps�8A�H2, elementsarecompared
ata costof: �HB, / 0 1� Collect.maxoperationperformedonindividualprocessors’bestpivotswith

	
-th row holderasdesti-

nation(two itemsarecommunicated,thepivot holderandthepivot value,but comparisonsaremade
on thepivot valuesonly): Wg��h , � �G�H � H�/�651 
 Hf/30B1 �� Broadcastof bestpivot holderfrom

	
-th row holder:WV� h , � �G�H /3651� Broadcast

� � � 	�
T�G�
elementsof bestpivot row andassociatedRHSelementby its holder:Wg� � � 	�
 H �2�(h , � ���H / 6 1� Assumingarow swapis requiredateverystep,send

� � � 	U
.���
elementsof

	
-th row andassociated

RHSelementto pivot row holder. Averagedistancebetweensourceanddestinationprocessesis 3
links: Wg� � � 	�
 H � / 6 1� Pivotingof

� � � 	V�
rowsandRHSelements:� � � 	V�B� HP� � H 	�
XW��, / 0 1

Thetotalcostfor eachstepis:Y H��8C, � Z � 	, 
 [��H2, � WP	, 
 H 	 C, 
 Wg��h , � �G�H ] /�021 
Y W�h ,H � � � 	�
*a��8
 WH � � � 	 � �G�(] /�651
Summingover

� � � ���
stepsgivestotaleliminationcostof:Y � � HP� 
*a��W , 
 WV� h , 
S���H ]i� � � �G� /�021 
Y WPh ,Z � � 
T�Ge��8
 WV� � � H �Z ] � � � ��� / 6 1 (6)
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6.2.2 Backwardssubstitution

For thebackwardssubstitutionphasethefollowing stepsareperformedwith
	 � � E�FGFGFIEG� :� Holderof row

	
evaluateselement� � with cost:Hf/ 0 1� Broadcastelement: WV� h , � �G�H /3651� Updatesubtotalsonprocessors: H �(	 � �G�, / 0 1

Thetotalcostfor eachstepis: Y H �(	 � ���, 
 H ] /�021 
 WH � h , � ��� /3651
Summingover � stepsgivestotalbackwardssubstitutioncostof:Y � � � � ���, 
 HP� ] /�021 
 W �H � h , � �G� /�651 (7)

7 Line search

Beforethesequentialline searchcanbeperformed,thedistributedsearchdirectionmustbecollectedfrom
theprocessesat onedestinationprocess.Also aftertheline searchthenew minimumpoint

� � ��� mustbe
broadcastto all theprocessesfor thestartof thenext iteration. On the through-routing architecturethese
operationshave acombinedcostof:j , � �<lk � /8794 
"� �8A2, � /�694 �i
 J�K&MPN O �;��Q � ��� , 
S���;Rc� /:7;4 
 ��/�694 �
For thecurrentarchitecturethecostis:� , � ��� �W , /�651 
 W � � h , � ���H /3651

Wewill assumethattheline searchfits athird-orderpolynomialto thefunctiongiventhefunctionvalue
andgradientat two distinctpoints.Thenumberof stepsrequiredin theline searchis problemdependent,
but in practicereasonableperformanceis attainedwith, on average,

��Fma
steps.This givesanapproximate

costfor theline searchof: WV� /3= 
 /�> �
8 ExampleProblem

To give an ideaof therelative performanceof the two architectures,thecostof a singleiterationof each
algorithmwhenappliedto asimpletestproblemis shown. Therearemany testfunctionsavailable,but one
of thesimplestfunctionsof size � ( � even)is anadaptationof Rosenbrock’sextendedfunction[4]:���(�3� �onp qLr �:s Cq ����� where s q �(�3� �ut ��eg��� q ���v� � Cq �xw

odd� � � q(y � w
even
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This functionhasaJacobiangradientvector � givenby:� q �(�3� � t � Z e�e�� q �(� q ��� � � Cq � � �9� � � q �zw
oddH e�eg��� q � � Cq(y � � w
even

anda Hessianmatrix � :

� q { �(�3� �}|~~� ~~�
� H e�e�� Cq � Z e�e�� q ��� 
T��w

odd, � � wH ePe w
even, � � w� Z e�eP� q w
odd, � � w�
S�

;
w

even, � � w � �e
otherwise

For this functionthecostto evaluatethefunction
�

is /�= � � Z � � ��� /�0 . Themostexpensive elementsof� to calculatearetheoddelements,with a cost /3> �D� /30 , andthemostexpensive elementsof � arethe
diagonalelementsonoddrowswhichhave a cost /8? � a /�0 .

For thethrough-routingarchitectureweassumethattheH1 Transputerhas4 links, ie. < � Z ,
Q � W

.
If all thesevaluesaresubstitutedinto therelevent expressionsof Sections5 to 7 we obtaintotal cost

expressionsfor eachiterationof thealgorithms.For thethrough-routingarchitecturethecostis:Y �W , � H�� C 
 H � � 

��eP�3
 Z � � � �G� JLK&M�N�� � HB, 

���9R@

� Z � 

��a ] /�0I4 
Y H � HP� � ��� J^K_MPN�� � H2, 

���;R@
 � 
 j , � �Z k � ��] /8794 
Y �H � � C 
S�GW � � �Ge�� JLK&MPN�� � H2, 
"���;Rc
 �H � � � �G�2� � 
 Z �i
\�, j , � �Z k ] / 6 4 (8)

andfor thecurrentarchitecture:Y �W , � HP� C 
 H � � 

�Ge��8
 WPh ,H � � � ���8
 WV� �H 
\H�[H ] / 0 1 
Y WZ � � C � a � 
 H �8
 W h ,Z � � C 
"��� � � ��e���] /3651 (9)

Theseexpressionsareonly slightly simpler than the generalexpressions,but give an impressionof the
variationof costwith problemsizeandnumberof processors.

9 Comparisons

In comparingthe algorithmswe assumethat the computationcost / 0 and communicationcost / 6 are
identicalfor botharchitectures.Theconclusionsdrawn areonly basedonorderof magnitudecomparisons
andso aredirectly applicableto the actualTransputersresultingfrom the PUMA projectprovided that
theseparametersarenot variedby morethan,say, anorderof magnitude.

As is expectedthecomputationcostsof the two algorithmsarealmostidentical. Thevariationin the
numberof comparisonoperationsperformedduringcommunicationis only O

� � � andis largely insignifi-
cantcomparedwith theO

� � � � term for thepivoting operation.In thecommunicationthedominantterm
for large � and, is O

� �8C K&MPN�� � H2, �;� for thethrough-routingarchitectureandO
� �8C h , � for thecurrentarchi-

tecture.The
K&M�N

functiongrowsmuchmoreslowly thansquareroot andsofor large , thethrough-routing
architecturewill have a smallercommunicationcost. The new parameterto model the startuptime for
communicationson the through-routingarchitecturehasa termof O

� � K&M�N�� � HB, �;� . Provided that the cost/8794 is notordersof magnitudegreaterthan /�0I4 and /3694 thenthis termwill becomparatively smallfor large� and , andsothestartuptimewill not affect theoverall costof thePUMA algorithmsignificantly.
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10 Conclusions

Thecomparisonshows that for this numericalalgorithmthePUMA architecturewill performbetterthan
thecurrentarchitecturefor largeproblems,andespeciallyfor largearrays,evenwithouttakinginto account
the expectedimprovementin / 0 4 and / 6 4 over / 0 1 and / 6 1 . Also revealedis the needfor a comprehen-
sive library of efficient communicationsprimitivesfor botharchitecturesto improve performance,reduce
developmenttime for codesandimprove portability.

Theaccuracy with whichtheperformanceof thethrough-routingarchitectureis modelleddependscru-
cially on factorsof theinterconnectionof switchchipsandvolumeof traffic on thenetworkwhich affects
startupcosts.More detailsof the proposedarchitecturearerequiredalongwith networkcommunication
performancefigures,especiallylatency figures.

Furtherworkshouldexploit thesymmetryof theHessianmatrixin boththeevaluationof thematrixand
in thesolutionof the linearsystem.The latterwill involve replacingthe Gaussianeliminationalgorithm
by a Choleskifactorisationof thematrix. This factorisationwill needto handleindefinitematrices.The
algorithmsmodelledshouldalsobe implementedashardwarebecomesavailableto establishthevalidity
of thecostmodels.

A Communication Primiti ves

Softwaredevelopedfor localmemoryMIMD architectureswill includecodeto performinter-processcom-
munications.To simplify developmentof software,a library of communicationsprimitivesshouldbepro-
vided. This would ensurethat efficient useis madeof the underlyinghardwareand improve software
portability to otherMIMD architectures.

This implementationof Newton’salgorithmrequiresthreedistinctcommunicationoperations:broad-
cast,collectandcollect.max.Definitionsandcostmodelsfor thesethreeoperationsaregivenin the fol-
lowing sections.

The communicationsalgorithmused,andhencethe costmodel,dependson the connectivity of the
Transputers.In thedesignof the SupernodeII Library [1] themasterprocessonly hasa singlelink con-
nectionto thearrayof slave processes.Hencea differentalgorithmandcostmodelaresometimesrequired
whenthemasterprocessis involvedin thecommunication.Costmodelsfor bothcases(with andwithout
masterprocess)aredevelopedwherethe implementationof Newton’s algorithmmay involve the master
process.

Themodellingparametersusedaredefinedin Section4.

A.1 Broadcast

Definition: Onesourceprocesssendsthesameblockof datato all otherprocesses.

A.1.1 Messagerouting architecture

Thebestprocessconfigurationfor abroadcastisa
Q
-treeof , processorsrootedatthesourceprocess(

Q
is the

branchingfactorof thetreewhich for processorswith < links is givenby < � �
). Thisprovidestheshortest

link pathbetweensourceanddestinationprocesses.At step
	

in thecommunicationalgorithmprocesses
at depth

	
in the

Q
-treewould outputthe block of dataon all their branches.The total numberof steps

requiredto achieve thebroadcastis thusthedepthof the
Q
-tree,which is givenby

JLK&M�N O �9�(Q � �G� , 

���;R
.

Thecostof thebroadcastfor a blockof size � is:J�K&M�N O �;��Q � ��� , 
"���;Rc� /8794 
 ��/�694 � (10)

Thiscostcanbereducedconsiderablyfor largearraysof processorsby utilising packetcommunications
(see[6] for moredetails).In thiseachblockis partitionedinto anumberof packetsof size � andthepackets
areoutputfrom thesourcesequentially. Processorsalongthepathwill inputandoutputpacketsin parallel.
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Thedestinationprocessinputsthepacketsandassemblesthemtogetheragaininto oneblock. Thecostfor
thispacketbroadcastona

Q
-treeis givenby:� �8AP� 
"� J(K_MPN O �9��Q � ��� , 

���9R � ����� / 7 4 
 � � 
 � � JLK&M�N O �9�(Q � �G� , 

���;R � �G�(� / 6 4

In general,whenalgorithmscommunicateblocksacrossintermediateprocessesbetterperformancecanbe
achieved by exchangingblock communicationsfor packetcommunicationsprimitives. Costexpressions
for thesepacket-basedalgorithmsarequiteinvolvedandsoto simplify themodelswehaveassumedin this
paperthatonly blockcommunicationsareused.

A.1.2 Static configuration architecture

In thefirst stepin thebroadcastalgorithm,thesourceprocessoutputsthedataconcurrentlyon all 4 links.
In thesecondandsubsequentstepstheprocessesthathave justreceivedthedataona link outputit ontheir
otherlinks. Therewill beoverheadsassociatedwith preventingmultipleprocessessendingthedatato one
process,but wewill not takeaccountof thisasthecostwoulddependupontheimplementation.

For a squaregrid of , processorsthemaximumnumberof stepsrequired(occurringwhenthesource
processoris atacorner)is H � h , � ���

. Theminimumnumberof stepspossible(occurringwhenthesource
processoris centrallylocated)is

h , � �
. Wewill assumeanaverageof

Wg� h , � �G� APH stepsfor thealgorithm.
To broadcastablockof � REAL32 elementswould thereforehave a cost:W � �(h , � �G�H / 6 1 (11)

A.2 Collect

Definition: Onedestinationprocessreceivesadifferentblockof datafrom eachotherprocess.

A.2.1 Messagerouting architecture

For thePUMA architecturethelimiting factorin thecostof thealgorithmis thenumberof links into the
destinationprocess.Thealgorithmhas

J � , � �G� AP< R stepsin eachof whichthedestinationprocessreceives
directly thedatablocksfrom < differentsourceprocessesin parallel.Thecostfor blocksof size � is:j , � �<�k � / 7 4 
 ��/ 6 4 � (12)

If themasterprocessis thedestinationfor a collectoperationthenits singleinput link is thebottleneckin
thenetwork.Thecostis thenincreasedto , � / 7 4 
 ��/ 6 4 � .

Distribute,thereverseoperationwhereonesourceprocesssendsadifferentblockof datato everyother
process,hasanidenticalcostmodel.

A.2.2 Static configuration architecture

At eachstepof thealgorithmthedestinationprocessinputsadifferentblockof dataoneachlink, beginning
with blocksfrom thenearestprocessesin thegrid. Thesourceprocessesoutputtheir blockstowardsthe
destinationandthenreceive andpasson blocksfrom moredistantprocesses.This routingof blocksby
intermediateprocessesrequiresquitecomplex coding. The numberof links into the destinationprocess
controlsthecostof thealgorithm;thiscanbebetween2 and4 dependingon thepositionof thedestination
processin the grid. Assumingthat, on average,3 links will be availableon the destinationprocessthe
algorithmiccostfor blocksof size � is: � , � �G�W ��/3651 (13)

Again,if themasterprocessis thedestinationthenthecostis affectedin thesamemannerasfor thePUMA
architecturewith a resultingcostof ,3��/�651 .
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A.3 Collect.max

Definition: Eachsourceprocesssendsablockconsistingof asinglenumericvaluedsortfield for compar-
isonandanassociateddatafield. Thedestinationprocessreceivestheblockwhosesortfield heldthe
maximumvalue.

A.3.1 Messagerouting architecture

Thecostof this algorithmis similar to thebroadcastcoston this architecture.At eachstepa block is sent
from a processandat eachintermediateprocessthemaximumvaluedblock receivedis senton. Theonly
additionalcostover thebroadcastis thecostof the comparisonoperationsperformedby eachprocessat
eachstep.At eachstep< blockshavebeenreceivedby intermediateprocessesin thetreeandarecompared.
Let thecostof a singleREAL32 comparisonbe /�0I4 thenthecomparisoncostis

� < � �G� /�0I4 . Thetotalcost
for a blockof size � is: JLK&MPN O �;��Q � ��� , 
T�G�9R@� /:7;4 
 ��/�694 
S� < � �G� /�0I4 � (14)

A.3.2 Static configuration architecture

Thecostmodelfor this operationis againsimilar to that for thebroadcastoperation.At eachstepup to 3
blocksmaybereceivedby anintermediateprocessandrequirecomparingto find themaximumvalue.The
comparisoncostis thusatmost H�/ 0 1 for eachstep.Thealgorithmcostfor a blockof size � is givenby:WV� h , � ���H � ��/�651 
 Hf/30B1 � (15)
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