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Abstract

This paperinvestigateghe merits of messageouting hardware(as proposedwithin the PUMA
project[3]) for theimplementatiorof Newton's methodfor unconstrainedptimisationon alocal mem-
ory MIMD Transputetbasedarchitecture. The performanceof suchan architectureis predicted,and
comparedvith the performancef currentTransputearchitectures.

1 Intr oduction

As new MIMD architecturesre developedwe areinterestedn therelative meritsof thesearchitectures
for implementingparallelnumericalmethods. Importantconsiderationgre the computatiorrate of the
individual processorsindthe speedof communicatiorbetweerprocessorsThe communicatiorcostis a
combinatiorof threefactors:theraw speedat which datacanbetransmittecbr recevved by a processoon
a communicatiorpath,the numberof communicatiorpathsthat canoperateconcurrentlyon a processqr
andthe connectity of processordy communicatiorpaths.

This paperconsidergwo particulararchitecturebasecbn the Transputerthe currentstaticconfigura-
tion of T8 Transputersandtheproposednessagéhrough-routhgH1 Transputearchitecture\We develop
costmodelsfor a particularalgorithmon both of thesearchitecturesllowing the performance$o becom-
pared.Thealgorithmchoserfor this purposds Newton’smethod5] for theunconstrainedptimisationof
atwice continuouslydifferentiablefunction ' (z) of n realvariables Optimisationalgorithmsaredifficult
to parallelisebecausef the inherentlysequentiahatureof the iterationswherebythe (£ + 1)-th itera-
tion cannotproceeduntil the minimum point of the k-th iterationhasbeencalculated . However Newton'’s
methoddoesallow parallelismto be exploitedwithin eachiterationin the evaluationof the gradientvector
g, theHessiammatrix G, andthe calculationof the searchdirections.

2 Algorithm

Eachiterationwithin Newton’s methodconsistf thefollowing steps:

Evaluategradientvectorg;, atzy.

e EvaluateHessiammatrix G, atzg.

Solwelinearsystemfor searchdirectionsy, :
Grsy = —gk 1)

¢ Performline searchalongs; to find new estimatery, ;1 of theminimumpointof F'(z) in thedirection
Sk
Tyl F(zg1) = H}XinF(mk + asg) 2

Manythanksto Len Freemarfor his suggestions.
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Figurel: Grid configuration

Thefirst threestepswithin eachiterationare suitablefor parallelisation.For optimumefficiengy the dis-
tributeddatastructuresisedby thesethreeparallelstepsmustbe compatible Without this provision there
would be a requiremento redistritute the databetweensteps.For Newton's methodthe datastructureis
determinedoy the algorithmwhich solvesthe linear systemto find the searchdirection. The algorithm
chosenis row-orientedGaussiarelimination with partial pivoting. This parallelalgorithmis known to
performwell andhasalreadybeenimplementedn the currentTransputearchitecturgsee[6] for details
of the parallelalgorithm). The distributeddatastructurethereforeconsistf scatteredows of G oneach
processomlongwith the associateclementsof g. Whenthe systemof equationss solved the search
directions is alsodistributed,with eachelementof s locatedon the processothat holdsthe associated
elementof g. The otherparallelsteps,namelythe evaluationof the Hessianmatrix and gradientvectos
mustthereforeproducea distributeddatastructureof scatteredows of G andtheassociateélementsf g.

Theline searchstepof eachiterationis performedsequentiallyasit doesnot seemto have ary scope
for parallelism. This stepmustbe precededy collectingthe distributedelementf s at one processar
Similarly, afterthe nev minimumpoint z is foundit mustbe broadcasto all the otherprocessorbefore
thenext iterationcanproceed.

We assumehata networkof p processorss available,connectedo a singlemasterprocessarfor the
currentarchitecturave assumdurtherthattheprocessorarestaticallyconfiguredn asquaregrid topology
(seeFigurel). The proposedarchitecturas notlimited to a staticconfigurationbut allows dynamicinter-
processoconnectvity (seeSectiord).

3 The UserInterface

Theuserinterfaceto thealgorithmis throughthe userprovidedfunctionsto evaluatethe gradientvectorg
andthe Hessiamtmatrix G. SequentiaNewton algorithmsexpectthe userto provide sequentiafunctions
thatwill calculateall of theHessiarandgradient.If this sameuserinterfacewereretainedor the parallel
algorithmthenit would not be possibleto exploit parallelevaluationof the Hessiaror gradient.However
with only smallchangedgo the userinterfaceparallelismcanbe achieved.

We modify the Hessianevaluationfunction parametelist to include a vector of n elementswhich
specifyto the userfunction which rows of the n x n Hessiamnmatrix it shouldevaluate. This allows the
Newton algorithmto utilise all the availableprocessor@ parallelto calculatedifferentrows of the matrix.
Theparametelist couldbefurtherextendedo allow specificatiorof whetherthefunctionshouldcalculate
rows or columnsor even blocksof the matrix. The gradientevaluationfunction parametetist is similarly
extendedto specifyto the userfunctionwhich elementf thegradientvectorit shouldcalculate.

The users functionsremainlargely unalteredexceptthat they shouldperformchecksto ensurethat
they only evaluatethoseelementspecified. The userprovided functionto evaluateF' is identicalto that
requiredby currentsequentiahlgorithms.
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Figure2: PUMA Transputearchitecture

4 Modelling the Algorithm

To develop costmodelsfor the algorithmwe needto identify the parametershat characteriséhe perfor
manceof thearchitectureskor localmemoryMIMD machinesheseparametersepresenthecomputation
andcommunicatiorcosts. The speedf computatiorfor anindividual T8 Transputewill be modelledby
aparametefly, . This parameteis the time takento performa single REAL32 floating point operation.
Thereare several waysin which an actualvaluefor this parametecanbe obtained however we arenot
interestecherein absolutecostsbut ratherin a comparisorbetweerthearchitecturesComputatioron the
H1 Transputewill similarly bemodelledoy the parametefl,.

Communication®n the currentgeneratiorof Tranputerscanbe characterisetby a single parameter
T., representinghe costof sendinga REAL32 acrossa link. It hasbeenshown [6, 2] that this single
parametemodelscommunicatiorcostswell withouttheadditionof a communicatiorstartupparameter

The architectureproposedwithin the PUMA projectsupportsvirtual channelsand messagehrough-
routing. Our modelonly takesaccountof through-rouing performedby switchchips: all communications
betweenTransputerareassumedo bethrough-routedn intermediateswitch chips. We allow a constant
lateny time 7T, for the total bit delayincurredby the switch chipson the messag@ath,anda communi-
cationcost7,, to deliver asingleREAL32 acrosghe switch network. The true communicatiorcostmay
be non-deterministicasit is dependentiponthe congestiorin the switchnetwork,but allowing for thisin
themodelsis not practicable Also 7, will dependuponthe numberof switchchipson the pathbetween
sourceanddestinatioriTransputerThis in turn dependsiponthe configurationof the switch networkand
thepositionof the communicatinglransputersn the switch networkandthe randomintermediateswitch
destination.Thesefactorsarenot known andsowe assumdor simplicity thatall communicationfiave a
lateny costcharacterisetly 75,. For generalitywe assumehateachprocessohasr links (seeFigure?2).

We assumdurther that for both architecturecommunicatioron all links and computationcantake
placesimultaneouslyvith noreductionin theperformancef individualoperationsAppendixA givescost
modelsandtheir derivationsfor someof the commoncommunicatiorprimitivesbasedon the preceding
assumptions.

5 Gradient and HessianEvaluation

To modelthe costof the userprovided functionsto evaluate 7', ¢ and G we introducethreeparameters
Tr, Ty andTg. TF is the costof a singlefunction evaluation. 7, and7¢ arethe costsfor evaluatingthe
mostexpensve singleelementf ¢ andG respectrely. Theseparametersll specifya costin termsof the
numberof floating pointoperationsequiredie. acostgivenask?; meansarealtime costof k77 .

The gradientvector and Hessianmatrix calculationsrequireno communicatiorandso will have the
samecostexpressionfor both architectures Eachof the p processorgvaluatesn/p rows of G andn/p
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elementof g. This hasa costof:

ST + T, 3)
p P

6 Solvingthe Linear System

6.1 Messageaouting architecture
6.1.1 Forwards elimination

For the forwardseliminationphasehefollowing stepsareperformedwith £ = 1,...,n — 1:

¢ FindbestpivotelemenbneachprocessAveragedverthe(n—1) steps:/2p elementsrecompared
atacostof:

¢ Collect.maxoperatiorperformedonindividual processorshestpivotswith k-th row holderasdesti-
nation(two itemsarecommunicatedthe pivot holderandthe pivot value,but comparisonsiremade
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onthepivot valuesonly):
[logy((b — )p+ D (T5, + 2Te, + (r — 1)T},)

(b is the branchingfactorof the communicationsree,which for processorsvith r links is givenby
r—1)

¢ Broadcasbf bestpivot holderfrom k-th row holder:
[logb((b - 1)p+ 1)-| (Tsz + Tcz)

e Broadcastn — k + 1) elementf bestpivot row andassociatedight-handside(RHS) elementoy
its holder:

[logy((b—1)p+ )] (Ts, + (n— k + 2)Te,)

¢ Assumingarow swapis requiredat every step,send(n — k£ + 1) elementf k£-th row andassociated
RHSelemento pivot row holder:
Ts, + (n—k+ 2)T,,

¢ Pivotingof (n — k) rowsandRHSelements:

(n—k)(2n — 2k + 3)
p

T,

Thetotal costfor eachstepis:

+ -
P p 2p p

In? 4dnk n 3k 2k2 T
[ _ Ank T (r— 1) Tlogy((b— p + 11| Tht

[3 Mlogy (b= 1)p+ 1)] + 1| 71+

[<n ~k45) [logy (b — Np+1)] + (n — k +2)| 2,

Summingover (n — 1) stepsgivestotal eliminationcostof:

I:n(27.1+ 5)

D) 4 (e = 1) Nogy (b= 1+ 11| 0 - T4

(Blogy(b—Lp+ )]+ 1)(n— )T+

n+4 n+ 10
|2 E2 10 gy (0= 4 1| (0= T, @
6.1.2 Backwardssubstitution
For the backwardsubstitutionphasehefollowing stepsareperformedwith £ = n, ..., 1:

o Holderof row k& evaluateslements; with cost:
2Ty,
e Broadcasetlement:
[logb((b - 1)p+ 1)-| (Tsz + Tcz)

¢ Updatesubtotalon processors:
2(k—1)

p

T,
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Thetotal costfor eachstepis:

[@ 2| 7y, + Nlogy (b — 1p+ 1] (T2, + 7o)

Summingover n stepggivestotal backwardsubstitutioncostof:

[% + Qn- Ty, + n[logy((b—1)p+ 1)) (Ts, + T¢,) (5)

6.2 Static configuration architecture

6.2.1 Forwards elimination

For the forwardseliminationphasehefollowing stepsareperformedwith £ = 1,...,n — 1:
¢ FindbestpivotelemenbneachprocessAveragedverthe(n—1) steps:/2p elementsrecompared
atacostof: n
—T
2p f1

¢ Collect.maxoperatiorperformedonindividual processorshestpivotswith k£-th row holderasdesti-
nation(two itemsarecommunicatedthe pivot holderandthe pivot value,but comparisonsiremade
onthepivot valuesonly):

M(QTCI + 27%,)

2
¢ Broadcasbf bestpivot holderfrom k-th row holder:
3 -1
W=,

2 “
e Broadcasf{n — k + 1) element®f bestpivot row andassociatedRHS elementy its holder:

3(n—k+2)(yF—1)
2

T,

e Assumingarow swapis requiredat every step,send(n — k£ + 1) elementf £-th row andassociated
RHS elementto pivot row holder Averagedistancebetweensourceanddestinationprocessess 3
links:

3(n—k+2)T,

¢ Pivotingof (n — k) rowsandRHSelements:

(n—k)(2n — 2k + 3)
P

Ty,

Thetotal costfor eachstepis:

on? Ank n 3k 2k2 3 —1
[———+.———+—+L]Tn+
p p 2p p P 2

Summingover (n — 1) stepsgivestotal eliminationcostof:

[n(??;p—l— 5, 3(@; 1)] (n— )Tyt

[%(n +10) + ‘“”T_Z)] (n— VT, (6)
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6.2.2 Backwardssubstitution
For the backwardsubstitutionphasehefollowing stepsareperformedwith £ = n, ..., 1:

o Holderof row k£ evaluateslements; with cost:

2Ty,
¢ Broadcastlement:
3 -1
(VP )Tcl
2
¢ Updatesubtotalon processors:
2(k -1
( )Tn
p

Thetotal costfor eachstepis:

2(k —1 3
(2D o] 1+ 2 -0,
p 2
Summingover n stepggivestotal backwardsubstitutioncostof:
-1
2D o) 7+ S5 - 0 )

7 Line search

Beforethe sequentialine searchcanbe performedthedistributedsearchdirectionmustbe collectedfrom

the processesat onedestinatiorprocess Also aftertheline searchthe newv minimumpointz; 4, mustbe
broadcasto all the processe$or the startof the next iteration. On the through-routirg architecturghese
operationdave acombinedcostof:

[p — 1} (Ts; + (n/p)Te;) + [logy (b — )p + 1)1 (Ts, + nTe,)

r

For the currentarchitecturghe costis:

— 3 -1
(p 1)nTCl N n(\/p )TCI
3p 2

Wewill assumehattheline searcHits athird-orderpolynomialto thefunctiongiventhefunctionvalue
andgradientat two distinctpoints. The numberof stepsrequiredin theline searchs problemdependent,
but in practicereasonabl@erformances attainedwith, on average,1.5 steps.This givesanapproximate
costfor theline searclof:

3(TF + Tg)

8 ExampleProblem

To give anideaof therelative performanceof the two architecturesthe costof a singleiterationof each

algorithmwhenappliedto a simpletestproblemis shavn. Therearemary testfunctionsavailable,but one
of thesimplestfunctionsof sizen (n even)is anadaptatiorof Rosenbrocls extendedfunction[4]:

IR Sy o [ 10(@ig1 — z?) iodd

F(x) = Z;f (z) where f;() _{ I : aven
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This functionhasa Jacobiargradientvectorg givenby:

(z) = —400z;(zip1 —2}) — (1 —z;) iodd
T = 200(2; — 27 y) i even

andaHessiamrmatrix GG:

12001‘22 —400x;41 + 1 i1odd,j =i

) 200 reven,j =1
Gii(®) =1 400 iodd,j =i+ 1;ieven,j=i—1
0 otherwise

For this functionthe costto evaluatethefunction F is T = (4n — 1)Ty. Themostexpensve elementof
g to calculatearethe odd elementswith a cost7; = 67, andthe mostexpensve elementf G arethe
diagonalkelementon oddrows which have acostTy = 577.

For thethrough-routhgarchitecturave assumehatthe H1 Transputehas4 links, ie. r = 4, b = 3.

If all thesevaluesare substitutednto the relevent expressionf Sectionsb to 7 we obtaintotal cost
expressiondor eachiterationof thealgorithms.For thethrough-routhgarchitecturghe costis:

[%(2712 +2In+10) + 4(n — 1) [logs(2p + 1)] + 14n + 15| T, +

220 = 1) logg(2p+ 0]+ | 2] — 1|7t

4
Lo, . 1 n[p—17]
I:E(n‘ + 13n —10) [logs(2p+ 1)] + E(n —(n+4)+ » [T-‘ T, (8)
andfor the currentarchitecture:
7 gt 4 3P 3ln 21
[3p(2n +21n+10) + 5 (n—1)+ 5 T3 Tt +
: 3
E(# —5n+2)+ %(# + 11n — 10)] T., 9)

Theseexpressiongare only slightly simplerthan the generalexpressionshut give an impressionof the
variationof costwith problemsizeandnumberof processors.

9 Comparisons

In comparingthe algorithmswe assumethat the computationcost7; and communicationcost?, are
identicalfor botharchitecturesThe conclusiongiravn areonly basecn orderof magnitudecomparisons
and so are directly applicableto the actualTransputersesultingfrom the PUMA project provided that
theseparameterarenotvariedby morethan,say anorderof magnitude.

As is expectedthe computationcostsof the two algorithmsarealmostidentical. The variationin the
numberof comparisoroperationgerformedduringcommunicatioris only O(n) andis largely insignifi-
cantcomparedvith the O(n?) termfor the pivoting operation.In the communicatiorthe dominantterm
for largen andp is O(n? logs(2p)) for thethrough-routhgarchitecturendO(n?,/p) for thecurrentarchi-
tecture.Thelog functiongrows muchmoreslowly thansquareroot andsofor large p the through-rouing
architecturewill have a smallercommunicatiorcost. The new parameteto modelthe startuptime for
communication®n the through-routhg architecturehasa term of O(n logs(2p)). Providedthatthe cost
T,, is notordersof magnitudegreatethan?’y, and7,, thenthistermwill becomparatrely smallfor large
n andp andsothe startuptime will not affectthe overall costof the PUMA algorithmsignificantly
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10 Conclusions

The comparisorshaws that for this numericalalgorithmthe PUMA architecturewill performbetterthan
thecurrentarchitecturdor largeproblemsandespeciallyfor largearrays evenwithouttakinginto account
the expectedimprovementin 7, and7., over T}, andT.,. Also revealedis the needfor a comprehen-
sive library of efficient communicationgrimitivesfor both architecture$o improve performancereduce
developmentime for codesandimprove portability.

Theaccurag with whichthe performancef thethrough-routhgarchitecturés modelleddependgru-
cially on factorsof the interconnectiorof switch chipsandvolumeof traffic onthe networkwhich affects
startupcosts. More detailsof the proposedarchitecturearerequiredalongwith networkcommunication
performancdigures,especialljlateny figures.

Furtherwork shouldexploit thesymmetryof theHessiarmatrixin boththeevaluationof thematrixand
in the solution of the linear system. The latterwill involve replacingthe Gaussiareliminationalgorithm
by a Choleskifactorisationof the matrix. This factorisationwill needto handleindefinitematrices.The
algorithmsmodelledshouldalsobe implementedashardwarebecomesvailableto establishthe validity
of thecostmodels.

A Communication Primiti ves

Softwaredevelopedfor localmemoryMIMD architecturesvill includecodeto performinter-processom-
munications.To simplify developmentof software alibrary of communicationgrimitivesshouldbe pro-
vided. This would ensurethat efficient useis madeof the underlyinghardwareand improve software
portability to otherMIMD architectures.

This implementatiorof Newton’s algorithmrequiresthreedistinctcommunicatioroperationsbroad-
cast,collectandcollect. max.Definitionsand costmodelsfor thesethreeoperationsaregivenin the fol-
lowing sections.

The communicationslgorithmused,and hencethe costmodel, dependson the connectvity of the
Transputersin the designof the Supernodél Library [1] the mastemprocessonly hasa singlelink con-
nectionto thearrayof slave processeddencea differentalgorithmandcostmodelaresometimesequired
whenthe mastermprocesss involvedin the communicationCostmodelsfor both caseqwith andwithout
masterprocess)are developedwherethe implementatiorof Newton’s algorithmmay involve the master
process.

Themodellingparametersisedaredefinedin Sectior4.

A.1 Broadcast

Definition: Onesourceprocessendghe sameblock of datato all otherprocesses.

A.1.1 Messageouting architecture

Thebestprocesgonfiguratiorfor abroadcasis ab-treeof p processorsootedatthesourceprocesgb is the
branchingactorof thetreewhich for processorsvith r links is givenby » — 1). This providestheshortest
link pathbetweersourceanddestinatiorprocessesAt stepk in the communicatioralgorithmprocesses
at depthk in the b-treewould outputthe block of dataon all their branches.The total numberof steps
requiredto achieve the broadcasts thusthe depthof the b-tree,which is given by [log, ((b — 1)p + 1)].
Thecostof thebroadcastor ablock of sizen is:

[log, ((b— 1)p+ 1)] (T, + nTe,) (10)
Thiscostcanbereducedconsiderablyor largearraysof processorby utilising packecommunications

(se€[6] for moredetails).In thiseachblockis partitionednto anumberof packetof sizes andthepackets
areoutputfrom thesourcesequentiallyProcessoralongthe pathwill inputandoutputpacketsn parallel.
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Thedestinatiomprocessnputsthe packetsandassemblethemtogetheragaininto oneblock. The costfor
this packetbroadcasbn a b-treeis givenby:

[n/s + ([logy((b — p+ 1)] = D] Ts, + [n + s ([logy((b — Dp + 1)] = D] Te,

In generalwhenalgorithmscommunicatdlocksacrossntermediatgrocessebetterperformanceanbe
achieved by exchangingblock communicationgor packetcommunicationgrimitives. Costexpressions
for thesepacket-basedlgorithmsarequiteinvolvedandsoto simplify themodelswe have assumedh this
paperthatonly block communicationsireused.

A.1.2 Static configuration architecture

In thefirst stepin the broadcasalgorithm,the sourceprocesutputsthe dataconcurrentlyon all 4 links.
In thesecondandsubsequerdtepsheprocessethathave justrecevedthedataonalink outputit ontheir
otherlinks. Therewill be overheadsssociateavith preventingmultiple processesendingthe datato one
processbut we will nottakeaccountof thisasthe costwould dependipontheimplementation.

For a squaregrid of p processorshe maximumnumberof stepsrequired(occurringwhenthe source
processors atacorner)is 2(,/p — 1). Theminimumnumberof stepspossible(occurringwhenthesource
processois centrallylocated)s ,/p— 1. Wewill assumenaverageof 3(,/p—1)/2 stepdor thealgorithm.
To broadcast block of n REAL32 elementavould thereforehave a cost:

3(yB—1)..

— a1

A.2 Collect

Definition: Onedestinatiorprocessecevesadifferentblock of datafrom eachotherprocess.

A.2.1 Messageouting architecture

For the PUMA architecturghelimiting factorin the costof the algorithmis the numberof links into the
destinatiorprocessThealgorithmhas[(p — 1)/r] stepsn eachof whichthe destinatiorprocesseceves
directly thedatablocksfrom r differentsourceprocessem parallel. The costfor blocksof sizen is:

[p — 1} (Ty, + nT.,) (12)

r

If themastemprocesss the destinatiorfor a collectoperationthenits singleinput link is the bottleneckin
thenetwork. Thecostis thenincreasedo p(75, + nTe,).

Distribute,thereverseoperationvhereonesourceprocessendsa differentblock of datato every other
processhasanidenticalcostmodel.

A.2.2 Static configuration architecture

At eachstepof thealgorithmthedestinatiorprocessnputsadifferentblock of dataon eachiink, beginning
with blocksfrom the nearesprocesse the grid. The sourceprocessesutputtheir blockstowardsthe
destinationandthenreceve and passon blocksfrom moredistantprocessesThis routing of blocks by
intermediateprocessesequiresquite complex coding. The numberof links into the destinationprocess
controlsthe costof thealgorithm;this canbe betweer? and4 dependingn thepositionof thedestination
processn the grid. Assumingthat, on average,3 links will be available on the destinationprocesshe
algorithmiccostfor blocksof sizen is:

(rP—1)

3

Again,if themasteiprocesss thedestinatiorthenthecostis affectedin thesamemanneasfor the PUMA
architecturewith aresultingcostof pnT.,.

nTe, (13)
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A.3 Collect.max

Definition: Eachsourceprocessendsablock consistingof a singlenumericvaluedsortfield for compar
isonandanassociatedatafield. Thedestinatiorprocessecevestheblock whosesortfield heldthe
maximumvalue.

A.3.1 Messageouting architecture

The costof this algorithmis similar to the broadcastoston this architecture At eachstepa blockis sent
from a processandat eachintermediatgprocesghe maximumvaluedblock recevedis senton. The only
additionalcostover the broadcasts the costof the comparisoroperationgerformedby eachprocessat
eachstep.At eachstepr blockshave beerrecevedby intermediatgprocessem thetreeandarecompared.
Let thecostof asingleREAL32 comparisorbeTy, thenthecomparisorcostis (r — 1)7y,. Thetotal cost
for ablockof sizen is:

[logy((b — V)p+ D1 (Ts, + nTe, + (r — 1)Ty,) (14)

A.3.2 Static configuration architecture

The costmodelfor this operationis againsimilar to thatfor the broadcasbperation.At eachstepupto 3
blocksmayberecevedby anintermediatgprocessandrequirecomparingo find themaximumvalue.The
comparisorcostis thusatmost27}, for eachstep.Thealgorithmcostfor ablock of sizen is givenby:

73(\/;_ ) (nTe, + 27T7%,) (15)

References

[1] L. M. DelvesandN. G. Brown. The designof the Supernodenumericallibrary. Technicalreport,
Centrefor MathematicaSoftwareResearchiJniversityof Liverpool,March1989.

[2] GabrielN Howard. Solvingsimultaneoudinearequation®ntransputearrays.Working paper Centre
for MathematicaSoftwareResearchiUniversityof Liverpool,1988.

[3] INMOS etal. Paralleluniversaimessage-passirgchitecturesTechnicalnne, ESPRITProjectJuly
1989.

[4] Joge J. Morég, Burton S. Garbav, and KennethE. Hillstrom. Testingunconstrainedptimization
software.ACM Transactions on Mathematical Software, 7(1):17-41March1981.

[5] W. Murray. Numerical Methods for Unconstrained Optimization, page59. AcademicPress] ondon,
first edition,1972.

[6] Tim Oliver. Calculatingeigervectorson transputeiarrays. Working paper Centrefor Mathematical
SoftwareResearchUniversityof Liverpool,February1 988.



