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Abstract

Thispapempresentanoverview of parallelalgorithmsfor unconstrainedptimisation.Thesuitability
of algorithmsto the PUMA architecturearediscusse@ndthe difficultiesinvolved in combiningwithin
an algorithmiccostmodelthe high level function evaluationcostwith low level communicationgost.
Somesectionsof the linear algebraare highlightedasrequiringfurther studyto develop moreefficient
paralleloptimisationalgorithms.

1 Introduction

Thebroadfield of numericaloptimisations usuallysplitinto sub-catgoriesaccordingo certainproperties
of the problemto be solved. Sucha classificationis usefulbecausét is usuallyimpractical,andcertainly
inefficient, to solve a specificproblemusinga generaloptimisationroutine. By identifying categoriesof
optimisationproblem,accountcanbetakenof specialfeaturesof the problemleadingto a moreefficient
optimisationroutine.A corvenientclassificatioris basedn the propertieof the objective function, f(z),
andthe constraintfunctions. This leadsto a large but manageabl@umberof cateoriesincluding linear
functions,smoothnonlinearfunctionsand non-smootmonlinearfunctionswith or without similar cate-
goriesof constraintfunctions. See[7] for an excellentsummaryof numericaloptimisation. Most of the
recentresearchnto parallelalgorithmshasconcentrate@n the problemof unconstraine@ptimisationof
smoothnonlinearfunctions. This cateyory of problemss fundamentato numericaloptimisation,andits
relative simplicity permitseasierinvestigationof the principlesof parallel optimisationalgorithms. For
thesereasonsve restrictourselesin this paperto consideringhis classof functions.
Theunconstrainedptimisationproblemis of theform:
lim f:R" >R
TER™
wheref(z) is atleasttwice continuouslydifferentiable Sequentialinconstraine@ptimisationalgorithms
areusuallybasedn thefollowing algorithm:

Model Algorithm Let z; bethecurrentestimateof z* the minimumof thefunction f(z).

Step 1 Test for convergence.
Terminatethe algorithmif the convergenceconditionsaresatisfiedreturningz, asthesolution.

Step 2 Compute a search direction.
Computea vectorp;, to useasa searchdirection.

Step 3 Compute a step length.
Computeascalaray, suchthat f(z; + axpx) satisfieghe condition

Flxr + arpr) < f(zg).
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Step 4 Update estimate for the minimum.
Setzry1 = zx + arpr, k = k + 1 andgoto Stepl.

Computingthe solutionto an optimisationproblemis often extremely costly This is partly dueto
high costsin evaluatingthe objective function, f(z), which may, for example,be a complex simulationor
a solutionof a systemof equations.Most algorithmsalsousehigherderivative information, suchasthe
gradientvector g(z), andperhapgheHessiarmatrix, G(z), toimprove corvergence. Themostsuccessful
andefficient sequentiablgorithmsusea quadratic model of f(z):

1
Flox+ k) & fze) + 95 P + 5Pk G
wheregy, is the gradient vector and G, the Hessian matrix of f(z) atthe currentpoint z. When f(z)
is expensve, the gradientvector and Hessianmatrix will also be expensve and may not be available
analytically In this situationfinite-differenceapproximationgo higher derivatives may be used. For
example,thegradientvectoratthe currentpoint, 2, maybe approximatedisingforwarddifferencedy:

glay) = 12T hiZ) — f(zx)

whereh; is thestepsizeande; is the:th unit vector Whentheproblemsizeis nottoolarge(n < 100, say)
functionevaluationdominateghe overall cost. For muchlargerproblemghelinearalgebracostsincurred
in Step2 becomesignificantandthis mustbetakeninto accountwhendevelopingparallelalgorithms.We
will considemainly the casewhere f(z) is expensve, althoughtheideaspresentedrestill usefulwhen
thelinearalgebracostsaresignificant.

Two possibleapproachedor developing parallel optimisationalgorithmsare suggestedy Byrd et
al. [2]. Thefirstis to utilise a standardsequentiabptimisationalgorithmbut evaluatef(z) (andperhaps
derivatives)with aparallelalgorithm.Thisreliesontheuserproviding parallelfunctionevaluationroutines
which maynotbepossible Thesecondapproachassumethe userprovidessequentiafunctionevaluation
routinesanda paralleloptimisationalgorithmwhich calculatesnultiple function (andderiative) valuesin
parallelis used.Thesetwo approachearecompatibleandcouldbe combined.Thiswould be particularly
profitablein afull occamernvironmentwheretheuserfunctionprocessesouldbeinstantiatedlynamically
on idle remoteprocessorsAs discussedn [2, p.169]this type of concurreng is well suitedto MIMD
architectureshothwith local memoryandsharedmemory

To beableto assesthe performancef paralleloptimisationalgorithmswe needto selectquantitatve
featuresof the algorithmwhich accuratelyreflectits cost. Usually, in sequentiabptimisation two factors
arespecified:

1 the total numberof equivalent function evaluations (one gradientevaluationis consideredo be
equialentto n functionevaluations)and

2 thetotalnumberof iterations.
For paralleloptimisationalgorithmswe adoptthe criteriausedby vanLaarhaen[20]:

1 thetotal numberof parallel equivalent function evaluations (the total numberof parallelsteps,one
parallelstepbeingdefinedasup to p simultaneousunction evaluationswherep is the numberof
availableprocessorsiand

2 thetotal numberof iterations.

This parallelequivalentfunction evaluationis comparablewith the concurrent function evaluation step
definedby Schnabe[16] which assumegradientsareapproximatedy finite differences Assumingthat
parallelequivalentfunctionevaluationsddominatethe costof the algorithm,Schnabeproposes definition

of speedupas:
total numberof equivalentfunctionevaluations

speedu - . -
P = total numberof parallelequivalentfunctionevaluations
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Efficiengy is thendefinedin theusualmanner:

efficienyy = Mp

Giventheassumptiorthatthe costof evaluatingf(z) is large,theseexpressionprovide agoodindication
of theexpectedperformancef theparallelalgorithmsonrealparallelmachineslf, however, f(z) is cheap
andn is largethenthelinearalgebran Step2 becomesignificantandthesesxpressionawill nolongerbe
valid.

Someof the earliestwork on parallel optimisationwas doneby Chazanand Miranker [3]. They in-
vestigatedhe useof parallelsearchein conjugatedirectionsanddid not needary gradientinformation.
This work wasextendedby Sutti [18, 19] who consideredoth synchronousindasynchronousethods.
He shavedthatthe asynchronousounterpartso his synchronouslgorithmscorvergedto a uniquefixed
point, but this wasnot necessaril{the minimum point. More recentwork haslookedat parallelisingse-
guentialalgorithmswhich makeuseof derivative information.We examinethe Newton andquasi-Newton
family of methodswhich storeeitheranexplicit representationr anapproximatiorof G(z) in Section2.
The performanceof proposedarallelalgorithmsis comparedvith their sequentiatounterpartandwith
oneanother Section3 discussethe conjugate gradient methodwhich doesnot storeGG(z) explicitly, and
parallelalgorithmswhich utilise conjugatesearctdirections.Finally, we suggestreador furtherresearch
in Sectiord.

2 Newton and quasi-Newton methods

This family of methodscomputedhe searchdirection,py, in Step2 of themodelalgorithmdirectly asthe
solutionto:

Grpr = —9k
In Newton’'smethod(, is computedxplicitly eitheranalyticallyor usingfinite differencesQuasi-Ne&vton
methodsdo not computeG. directly but insteadan approximation By, to the Hessiarns maintainedand

updatedn Step4 of the modelalgorithm. The mostwidely usedupdateis the rank 2 Broyden-Fletcher-
Goldfarb-Shanno (BFGS)update:

Bysgst B ykyl

Brtr = By sT By sk ST Yk

wheres, = ap, andyr = gr+1 — g&. If ananalyticHessiaris available,the Newton methodis generally
usedfor its superiorcorvergenceproperties Whenthe analyticHessiaris not availablethe quasi-Neton
methodis usedif functionevaluationis expensve andthe problemsizen is nottoo large,otherwiseif the
functionevaluationis cheapa finite differenceNewton methodis used.

Several papershave looked at methodsfor utilising parallel function and gradientevaluation. van
Laarhaven[20] hasexaminedStraeters parallelvariablemetricalgorithm[17]. During Step4 this method
computesn parallelthegradientatn pointsdisplacedy smallstepsrom z;, alongn linearlyindependent
directions.Thesegradientvaluesarethenusedto sequentiallyupdatethe approximatenverseHessianH
by the symmetricrank 1 update. The resultingalgorithm exhibits quadratictermination. van Laarhwen
alsodevelopsa parallelgeneralisatiomf Broydensrank 1 formula. In addition,he usesparallelfunction
andgradientevaluationduringthe line search.His algorithmcomputesf(z) at multiple pointsalongthe
searcldirectionandchoosestrio of pointswhich bracketheminimum. Theline searchalsoincorporates
aparallelinterpolationprocedure.

Freemar{6] pointsout thatthesealgorithmsarenot guaranteedo producepositive definite matrices
Hg. Hethenproceeddo describea similar algorithmwhich utilisesa parallelsymmetricrank 2 updating
formulabasedn Davidon’supdatingformula[5]. Thisalgorithmhasquadratiderminationandguarantees
thatthe approximatenatricesH,, exist andarepositive definite.

Althoughtheprecedinglgorithmautilise parallelcomputatiorfor gradientevaluationthey donotallow
then matrix updatego be performedn parallel. This operationcould thenbecomethe major costwithin
eachiteration. Thesealgorithmsfind the minimum of a quadratidunctionin oneiteration,comparedvith
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n iterationsfor a sequentiafjuasi-N&ton updatealgorithm. Thisis becauseachiterationof the parallel
algorithmsperformsn quasi-Neton updates Hencethesealgorithmsshav goodperformancehrougha
muchreducechumberof iterations.However, eachindividualiterationhasa greatlyincreasecequivalent
functionevaluationcost,but thisis mainly hiddenby the useof parallelgradientevaluations Nevertheless
thereis still scopefor improved performance.Only a low level of parallelismis achieved in the line
searchstep—mostprocessorsemainingidle, and as alreadymentionedthe updatesmustbe performed
sequentially—alkxtra processorbeingidle.

The normaldescriptionandcostanalysisof thesemethodsassumeshatatleastn + 1 processorsire
available to computeanalytic gradientsor (n + 1)? processorsf gradientsare approximatedoy finite
differenceslIf only n/2, say processorsireavailablethenthe algorithmsin their proposedorms cannot
be executed alsoary processorsvailablein additionto thoserequiredcannotbe utilised. This highlights
ageneraproblemfor ary paralleloptimisationroutine,namelythatthe grainsizeof the parallelalgorithm
will bedeterminedlirectly by n.

Mary of the optimisationtestfunctionsprovide good examplesof this difficulty. Rosenbrocls [12]
functionin 2 variables(n = 2) with analyticfirst derivativescanuseat most3 processor$o calculatethe
gradientvaluesusedto updatethe inverseHessiamapproximation.f gradientsareapproximatedy finite
differenceghen9 processorgould be utilised. Hence,evenif the parallelarray containedmary more
processorthe maximumspeeduppossiblevould belessthen9 sinceonly thatnumberof processorsould
be usedby thealgorithm. A furtherpointfollows from this. The expenseof functionevaluation,although
dependentn n, canbe considerablevenfor smalln sincethefunctionitself maybe,for example,a sub-
optimisationproblemor a simulation. Thusa problemfunction with large costbut only smalldimension
n whichrequiresanimpracticablylargeruntime to solve on conventionalcomputerarchitectureganonly
have the solutiontime reducedby a smallfactorof ordern or perhaps:? but notp. Of coursemary small
dimensionproblemfunctions,including the RosenbrocKunction, are very cheapto solve andin these
casegheparallelmethodsvould probablyhave poorerperformancehantheir sequentiatounterpartsiue
to thehigh communicatiorto computatiorratio.

A well known extensionto Rosenbrocls function givesa generalfunction of dimensionn (n even).
For alargerdimensionproblemof, say n = 20 either21 or 441 processorgouldbe utilised. However, it
is likely thatprocessoarrayswould have someintermediatenumberof processorslf ananalyticgradient
algorithmis executedonly 21 processorgareusedandthe maximumspeedugattainables only 21. The
remainingprocessoraotusedby thealgorithmcouldbemadeavailableto othertasksrunningonthearray
requiringmulti-useroperatingsystemsupporton the machine.To makeuseof all the availableprocessors
on the array executinga finite differencegradientalgorithmcould be achieved in two ways. Firstly, the
441 processesequiredby thealgorithmcouldbe mappedntothe smallernumberof availableprocessors.
This useof excess parallelism would allow the maximumpossiblespeedupgiventhelimited resourcesA
secondapproachwould beto develop algorithmswhich computeonly asmary of the gradientvectorsas
thenumberof availableprocessorallows.

We now describea family of parallelmethodsdueto Byrd, Schnabeland Shultz[2] which follow
this approactandmay usea variablenumberof processorsThesealgorithmsareinterpolationdbetween
Newton’s methodand a quasi-N&vton method. During the line search,Step3 of the modelalgorithm,
thesemethodsutilise idle processorgo calculategradientinformationwhich is thenusedin Step4 to
updatethe HessiamapproximationB; . As in the previous algorithms the useof gradientgo improve the
Hessiamapproximations expectedto decreas¢he numberof iterationsrequired.In their papersByrd et
al. considetthe casewheregradientvectorsarecomputedy finite differencesbut the sameideasmaybe
appliedwhengradientsaarecomputedanalyticallywith only thenumberof processorsitilisedchanging.

The algorithmsdueto Straeterand Freemarcomputethe gradientinformationin Step4 of the model
algorithmaddinganequivalentfunction evaluationto the costof eachiteration.In contrastthealgorithms
dueto Byrd, SchnabebndShultzdo notaddary equivalentfunctionevaluationcostto eachiterationsince
the gradientinformationis computedn parallelwith the line searchof Step3 andonly asmary function
evaluationsasthe numberof processorpermitsare computed.Hencefull useis madeof the available
processorsluring Step3 without increasingheruntime. Schnabetallsthis processpeculative gradient
evaluation.

Thereare alternatve usesof the processorsluring the line searchstep. As alreadymentioned,van
Laarhaowenusesmultiple processor$o brackethe minimumandcomputetheinterpolation.Lootsma[11]
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andothershave alsosuggeste@valuating f(z) atmultiple pointsin thesearchdirectionandevenin other
directionsin parallelwith thecomputatiorof f(z) atthetrial point. However, it doesnot seemlikely that
pointsoff the searchdirectionwill be betterchoicesfor the next iteratethanthoseon thatline. Also the
large body of resultsfrom sequentiatjuasi-N&ton methodsclearly shav thaton averageonly betweenl

and2 trial pointsareselectedeforeanacceptablgointis foundandateachnew accepteghointacomplete
gradientevaluationis performed. This ratio of function evaluationsto gradientevaluationssuggestshat
processorsvould be muchbetterutilisedin computinga speculatre gradienthanin computingadditional
trial pointswhenthe currenttrial pointis likely to beacceptedryway:.

Schnabe[16] makessomesuggestionsaboutthe useof the gradientinformation computedat a re-
jectedtrial point. Onesimpleapproachwould beto usethe searchdirectiongradientto help computethe
steplengthto the next trial point alongthe currentsearchdirection. Somecurrentsequentialine search
algorithmsusegradientsattrial pointsbut thesedo notimprove the algorithm’s performancesignificantly
Anothersuggestions to usegradientinformationto solve a tensormodelof the function ratherthanthe
standardjuadratianodelto find the next iterate[15]. Finally heproposesipdatingthe Hessian7;, imme-
diatelyusingthegradientinformationat therejectedrial pointandcomputinga new searctdirection.

If the numberof processorsvailablep is lessthanor equalto n» + 1 thenByrd et al. recommend
usingthequasi-Ne&ton algorithmwith p — 1 element®of thegradientvectorat thetrial pointspeculatrely
computedn parallelwith thetrial point functionevaluation.Whenatrial pointis acceptedheremaining
elementf g(z) arecomputedn parallel,otherwisea new trial pointis choserandthe processepeated.

Whenp > (n? + 3n + 2)/2 thenthe entireHessiarmatrix canbe approximatedy finite differences
alongwith thetrial pointfunctionandgradientin oneconcurrenfunction evaluationstep. This methodis
aparalleldiscreteNewton method.Morethan(n? + 3n + 2)/2 processorsannotbe utilised.

Themostcommonsituationwill ben+1 < p < (n?+3n+2)/2. Inthiscasen = [(p—(n+1))/(n+
1) | gradientvectorsfrom aroundthetrial pointarecomputedn Step3 of themodelalgorithm.In [2] they
describeand comparell suchalgorithmsincluding the quasi-Neton and discreteNewton algorithms
mentionedabove. Thesealgorithmsall includeat Step4 a multiple updateof the Hessiamapproximation
G, usingthe m gradientvectorsalongthe finite differencedirections. The methoddall into 3 cateyories
basedn the usemadeof the standardjuasi-N&ton updatein the searchdirection:

1 Onlythegradientsalongthefinite differencedirectionsareusedto updateGy.
2 ThesearcHdirectionupdateof GG, is performedafterthefinite differenceupdates.

3 A temporaryupdateof GG in the searchdirectionis madeafterthefinite differenceupdatesandthe
resultingmatrix is usedto computethe searctdirectionfor thenext iteration.

Two differentmethodsareusedto selecthefinite differencadirections.Onemethodsimply cyclesthrough
the unit vectorsandthe othercomputesa setof m directionsthat are orthogonalto the previous m — 1
directions. Also, both the BFGS and PSB updateformulaeare used. The first andthird cateyories of
methodshave m-stepquadraticconvergenceand 1-stepQ-superlineacornvergencerates.Neitherof these
resultshasbeenshaowvn for the seconccateyory in general.

Computationatesultsarepresentedor thecasem = 1. Theseshaw thatthefirst catgory of methods
all perform more poorly thanthe parallel quasi-N&ton methodusing BFGS updatesaven thoughthey
usefinite differenceHessiarninformation. Temporarysearchdirectionupdatemethodsyave betterperfor
mancedut werestill not betterthanthe BFGSmethod. The third categyory of methodsusingbothfinite
differenceandsearchdirectionupdateshasthe bestperformancdeingsignificantlybetterthanthe BFGS
method.Of thethreemethodsn this cateyory the two which utilisedthe BFGSupdateweresuperiorand
Byrd et al. recommendé unit vectorfinite differenceBFGSmethodsinceit doesnothave thecomplication
of calculatingthe conjugatadirectionswhich arerequiredby the otherBFGSmethod.

In [1] simulatedresultsare presentedor the BFGS unit vector finite differencealgorithm and the
parallelBFGSquasi-Ne&vton and Newton methodswhenn = 20. Over the rangeof problemstestedthe
averagespeedupver the sequentiaBFGSmethodof the parallelBFGSquasi-N&ton methodwas17.5,
andfor the parallelINewton methodthe averagespeedupvas82.3. With m rangingfrom 1 to n, theBFGS
unit vectorfinite differencealgorithm gave averagespeedupdetween32.6 and 69.5. Thesesimulated
speedupsassumethat eachalgorithm had sufficient processordo computeall the speculatie gradient
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evaluationsin a singleconcurrenevaluationstep. That paperalsoshavs thatthe BFGSunit vectorfinite
differenceslgorithmhassuperlineacorvergence.

If functionevaluationis notexpensve thelinearalgebranvolvedin Steps? and4 becomesignificant.
It is thusessentiato parallelisethesestepsf possibleto maintaingoodperformanceln [1] four different
implementation®f the linearalgebraareconsideredThis shovs thatan efficient algorithmcanbe devel-
opedby storingandupdatingG,;l, theinverseHessiampproximationpsingonly matrix-vectorandrank
1 updateswvhich parallelisewell. They demonstratéhis by implementinga parallelalgorithmbasedn an
unfactoreds; ', distributedby rows.

3 Conjugatedirection methods

Sequentiatonjugategradientmethodsareusedwhenthe Hessianmatrix is too large to be storedexplic-
itly. With MIMD machineswith large amountsof local memoryper processqrlarger problemswhich
previously weresolved by a conjugategradientmethodon a cornventionalsequentiacomputemrmay now
be solvedby quasi-Nevton methodsona MIMD computer

Theconjugateggradienimethodcomputes searchdirectionin Step2 of themodelalgorithmasfollows:

Pk = —Ggk + Bs—1Pk-1

where:

T T
Y19k 9 9k
Br-1= —= or Br-1= —hE

Tk-19k-1 Jk-19k-1
The methodis generallyonly linearly cornvergent, but large improvementscanbe achieved by precondi-
tioning the matrix to reducethe numberof distincteigervalues.

For aparallelarchitectureheconjugategradientmethoddoesnothave asmuchscopéor parallelisation
as quasi-Nevton methods. However, Han [9] hassuggestedising parallel minimisationsin conjugate
subspacewithin aquasi-Nevton method.In thisalgorithmthe computatiorof thesearchdirection,which
in quasi-Nevton methodss achiered by solving a systemof linearequationsis split into 2 parts:first, m
parallelminimisationsare performedin m conjugatesubspace®o give searchdirectionsd;, = 1,m,
thenthe summationvectorof thesedirectionsis usedasthe searchdirectionto find the next iteratez 1.
Hanusesthe BFGSupdatefor which he developsa methodto updatethe conjugatesubspacesothatthey
remainconjugatewith respecto the BFGSupdatedHessianapproximation.in [14] Pawell improvesthe
conjugatesubspac@ipdateallowing the Hessiano be storedasCholesly factors. The algorithmaimsto
give betterperformancehanthe standardsequentiabjuasi-Nevton methodby computinga moreaccurate
searchdirectionat eachiteration. Thereareno computationaftesultsfor this algorithmsoits performance
cannotbe comparedvith the methodsf the previoussection.However, themethodonly useghe standard
guasi-Nevton updateto the Hessianwithout usingary moreinformation that may be computedin the
parallel step,and so its performancds probablypoorerthanthe parallel BFGSfinite differencequasi-
Newton methods.

Onearean whichtheconjugatesubspacenethochasbeenappliedis in partially separableptimisation
problems[4, 10]. Theseproblemshave sparseHessianmatriceswhich makesit easierto computeand
updatethe conjugatesubspaces.

4 Conclusions

Theresearcho datehasemphasisegarallelisingexisting sequentiahlgorithms.This hasbeenmostsuc-
cessfullyachievedin the work by Byrd et al. on quasi-N&ton anddiscreteNewton methods.They shav
that parallelfunction evaluations,especiallyduring the line searchallow for large reductionsin execu-
tion time. However thesealgorithmsarenot asefficient asthe sequentiahlgorithmsin termsof processor
utilisation: if the parallelalgorithmswere sequentialisethey would have a poorerperformancehanthe
existing sequentiahlgorithms. This doesnot takeinto accountthe additionalcostof communicatioron
the PUMA local memoryarchitectureFortunatelythe communicationgnvolvedareonly ordern for each
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functionevaluationsothiswould notbetoo significantprovided f (z) wasexpensve. If f(z) is cheaphen
communicatiorbecomeslominantandthesealgorithmswould have very poorperformance.

The performanceof optimisationalgorithmsis measuredn termsof function evaluationcost. As the
real cost of the function in floating point operationswill not be known thereis no way of developing
generalalgorithmiccostmodelsin termsof low level floating point andcommunicatiorprimitivesonly.
Hencethe effect of the PUMA local memoryarchitectureon parallelalgorithmscannoteasilybe assessed
guantitatvely. However modelsin termsof both low level primitive operationsfor the linear algebra
stepsandhigh level functionandderivative evaluationscanbe constructed Specificoperationcounts(for
functionandderivative evaluation)of anexampleobjective function,or ‘averagecost’ objective function,
canthen be substitutedinto the generalcost modelto give an idea of the performanceof the PUMA
architecture An exampleof sucha modelis presentedn [13] which developsa parallelNewton method
usinganalyticfirst andseconderivatives.

Furtherworkis neededo developparallelmethoddor incorporatinghe additionalderivative informa-
tion computedn the BFGSfinite differencequasi-Nevton algorithminto the Hessiarapproximatiorand
for computingthe searchdirection. Theselinear algebrastepsare particularlyimportantwhenfunction
evaluationis reasonablyexpensye but still doesnot completelydominatethe algorithmiccost.
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