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Abstract

Thispaperpresentsanoverview of parallelalgorithmsfor unconstrainedoptimisation.Thesuitability
of algorithmsto thePUMA architecturearediscussedandthedifficulties involved in combiningwithin
an algorithmiccostmodelthe high level functionevaluationcostwith low level communicationscost.
Somesectionsof the linearalgebraarehighlightedasrequiringfurtherstudyto developmoreefficient
paralleloptimisationalgorithms.

1 Introduction

Thebroadfieldof numericaloptimisationis usuallysplit into sub-categoriesaccordingto certainproperties
of theproblemto besolved. Sucha classificationis usefulbecauseit is usuallyimpractical,andcertainly
inefficient, to solve a specificproblemusinga generaloptimisationroutine. By identifying categoriesof
optimisationproblem,accountcanbetakenof specialfeaturesof theproblemleadingto a moreefficient
optimisationroutine.A convenientclassificationis basedonthepropertiesof theobjectivefunction,

�������
,

andtheconstraintfunctions. This leadsto a largebut manageablenumberof categoriesincluding linear
functions,smoothnonlinearfunctionsandnon-smoothnonlinearfunctionswith or without similar cate-
goriesof constraintfunctions. See[7] for an excellentsummaryof numericaloptimisation.Most of the
recentresearchinto parallelalgorithmshasconcentratedon theproblemof unconstrainedoptimisationof
smoothnonlinearfunctions.This category of problemsis fundamentalto numericaloptimisation,andits
relative simplicity permitseasierinvestigationof the principlesof paralleloptimisationalgorithms. For
thesereasonswerestrictourselvesin this paperto consideringthisclassof functions.

Theunconstrainedoptimisationproblemis of theform:

�	�	
�
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where
�������

is at leasttwice continuouslydifferentiable.Sequentialunconstrainedoptimisationalgorithms
areusuallybasedon thefollowing algorithm:

Model Algorithm Let
���

bethecurrentestimateof
���

theminimumof thefunction
�������

.

Step 1 Test for convergence.
Terminatethealgorithmif theconvergenceconditionsaresatisfiedreturning

� �
asthesolution.

Step 2 Compute a search direction.
Computea vector  � to useasa searchdirection.

Step 3 Compute a step length.
Computea scalar! � suchthat

�������#" ! �  �
� satisfiesthecondition����� � " ! �  � ��$%����� � � .
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Step 4 Update estimate for the minimum.
Set

����&�')(*���+" ! �  � , , ( , "*- andgo to Step1.

Computingthe solutionto an optimisationproblemis often extremely costly. This is partly due to
high costsin evaluatingtheobjective function,

�������
, whichmay, for example,bea complex simulationor

a solutionof a systemof equations.Most algorithmsalsousehigherderivative information,suchasthe
gradientvector, . ����� , andperhapstheHessianmatrix, / ����� , to improveconvergence.Themostsuccessful
andefficient sequentialalgorithmsusea quadratic model of

�������
:
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where . � is the gradient vector and / � the Hessian matrix of
�������

at the currentpoint
� �

. When
�������

is expensive, the gradientvector and Hessianmatrix will also be expensive and may not be available
analytically. In this situationfinite-differenceapproximationsto higher derivatives may be used. For
example,thegradientvectorat thecurrentpoint,

� �
, maybeapproximatedusingforwarddifferencesby:
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where

: 7
is thestepsizeand

= 7
is the C th unit vector. Whentheproblemsizeis not too large( DFE -HG
G , say)

functionevaluationdominatestheoverall cost.For muchlargerproblemsthelinearalgebracostsincurred
in Step2 becomessignificantandthismustbetakeninto accountwhendevelopingparallelalgorithms.We
will considermainly thecasewhere

�������
is expensive, althoughtheideaspresentedarestill usefulwhen

thelinearalgebracostsaresignificant.
Two possibleapproachesfor developing parallel optimisationalgorithmsare suggestedby Byrd et

al. [2]. Thefirst is to utilise a standardsequentialoptimisationalgorithmbut evaluate
�������

(andperhaps
derivatives)with aparallelalgorithm.Thisreliesontheuserprovidingparallelfunctionevaluationroutines
whichmaynotbepossible.Thesecondapproachassumestheuserprovidessequentialfunctionevaluation
routinesanda paralleloptimisationalgorithmwhichcalculatesmultiple function(andderivative)valuesin
parallelis used.Thesetwo approachesarecompatibleandcouldbecombined.Thiswouldbeparticularly
profitablein afull occam environmentwheretheuserfunctionprocessescouldbeinstantiateddynamically
on idle remoteprocessors.As discussedin [2, p.169]this typeof concurrency is well suitedto MIMD
architectures,bothwith localmemoryandsharedmemory.

To beableto assesstheperformanceof paralleloptimisationalgorithmsweneedto selectquantitative
featuresof thealgorithmwhich accuratelyreflectits cost.Usually, in sequentialoptimisation,two factors
arespecified:

1 the total numberof equivalent function evaluations (one gradientevaluationis consideredto be
equivalentto D functionevaluations),and

2 thetotalnumberof iterations.

For paralleloptimisationalgorithmsweadoptthecriteriausedby vanLaarhoven[20]:

1 thetotal numberof parallel equivalent function evaluations (thetotal numberof parallelsteps,one
parallelstepbeingdefinedasup to  simultaneousfunctionevaluations,where is thenumberof
availableprocessors),and

2 thetotalnumberof iterations.

This parallelequivalent function evaluationis comparablewith the concurrent function evaluation step
definedby Schnabel[16] which assumesgradientsareapproximatedby finite differences.Assumingthat
parallelequivalentfunctionevaluationsdominatethecostof thealgorithm,Schnabelproposesadefinition
of speedupas:

speedup
( totalnumberof equivalentfunctionevaluations

totalnumberof parallelequivalentfunctionevaluations
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Efficiency is thendefinedin theusualmanner:

efficiency
( speedup

 
Giventheassumptionthatthecostof evaluating

�������
is large,theseexpressionsprovidea goodindication

of theexpectedperformanceof theparallelalgorithmsonrealparallelmachines.If, however,
�������

is cheap
and D is largethenthelinearalgebrain Step2 becomessignificantandtheseexpressionswill no longerbe
valid.

Someof the earliestwork on paralleloptimisationwasdoneby ChazanandMiranker [3]. They in-
vestigatedtheuseof parallelsearchesin conjugatedirectionsanddid not needany gradientinformation.
This work wasextendedby Sutti [18, 19] who consideredbothsynchronousandasynchronousmethods.
He showedthattheasynchronouscounterpartsto hissynchronousalgorithmsconvergedto a uniquefixed
point, but this wasnot necessarilytheminimum point. More recentwork haslookedat parallelisingse-
quentialalgorithmswhich makeuseof derivative information.We examinetheNewton andquasi-Newton
family of methodswhich storeeitheranexplicit representationor anapproximationof / ����� in Section2.
Theperformanceof proposedparallelalgorithmsis comparedwith their sequentialcounterpartsandwith
oneanother. Section3 discussestheconjugate gradient methodwhich doesnot store/ ����� explicitly, and
parallelalgorithmswhichutiliseconjugatesearchdirections.Finally, wesuggestareasfor furtherresearch
in Section4.

2 Newton and quasi-Newton methods

This family of methodscomputesthesearchdirection, � , in Step2 of themodelalgorithmdirectly asthe
solutionto:

/ �  � (I@ . �
In Newton’smethod/ � is computedexplicitly eitheranalyticallyor usingfinite differences.Quasi-Newton
methodsdo not compute/ � directly but insteadanapproximation,J � , to theHessianis maintainedand
updatedin Step4 of the modelalgorithm. Themostwidely usedupdateis therank 2 Broyden-Fletcher-
Goldfarb-Shanno (BFGS)update:

J �K&�')( J �9@LJ �BM?�BM 3 � J �M 3 � J �BM?�
"ON � N 3�M 3 � N �

where
M �P( !� � and N �Q( . ��&�'R@ . � . If ananalyticHessianis available,theNewton methodis generally

usedfor its superiorconvergenceproperties.WhentheanalyticHessianis not availablethequasi-Newton
methodis usedif functionevaluationis expensive andtheproblemsize D is not too large,otherwiseif the
functionevaluationis cheapa finite differenceNewton methodis used.

Several papershave looked at methodsfor utilising parallel function and gradientevaluation. van
Laarhoven[20] hasexaminedStraeter’sparallelvariablemetricalgorithm[17]. DuringStep4 thismethod
computesin parallelthegradientat D pointsdisplacedby smallstepsfrom

� �
along D linearly independent

directions.Thesegradientvaluesarethenusedto sequentiallyupdatetheapproximateinverseHessianS �
by thesymmetricrank 1 update.The resultingalgorithmexhibits quadratictermination.vanLaarhoven
alsodevelopsa parallelgeneralisationof Broyden’s rank1 formula. In addition,heusesparallelfunction
andgradientevaluationduringthe line search.His algorithmcomputes

�������
at multiple pointsalongthe

searchdirectionandchoosesatrio of pointswhichbrackettheminimum.Theline searchalsoincorporates
a parallelinterpolationprocedure.

Freeman[6] pointsout that thesealgorithmsarenot guaranteedto producepositive definitematrices
S � . He thenproceedsto describea similar algorithmwhichutilisesa parallelsymmetricrank2 updating
formulabasedonDavidon’supdatingformula[5]. Thisalgorithmhasquadraticterminationandguarantees
thattheapproximatematricesS � exist andarepositivedefinite.

Althoughtheprecedingalgorithmsutiliseparallelcomputationfor gradientevaluationthey donotallow
the D matrix updatesto beperformedin parallel.This operationcouldthenbecomethemajorcostwithin
eachiteration.Thesealgorithmsfind theminimumof a quadraticfunctionin oneiteration,comparedwith
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D iterationsfor a sequentialquasi-Newton updatealgorithm.This is becauseeachiterationof theparallel
algorithmsperformsD quasi-Newton updates.Hencethesealgorithmsshow goodperformancethrougha
muchreducednumberof iterations.However, eachindividual iterationhasa greatlyincreasedequivalent
functionevaluationcost,but this is mainlyhiddenby theuseof parallelgradientevaluations.Nevertheless
thereis still scopefor improved performance.Only a low level of parallelismis achieved in the line
searchstep—mostprocessorsremainingidle, andasalreadymentionedthe updatesmustbe performed
sequentially—allextra processorsbeingidle.

Thenormaldescriptionandcostanalysisof thesemethodsassumesthatat least D "T- processorsare
available to computeanalyticgradientsor

� D "U-V�XW
processorsif gradientsare approximatedby finite

differences.If only D2Y 4 , say, processorsareavailablethenthealgorithmsin their proposedformscannot
beexecuted,alsoany processorsavailablein additionto thoserequiredcannotbeutilised. Thishighlights
ageneralproblemfor any paralleloptimisationroutine,namelythatthegrainsizeof theparallelalgorithm
will bedetermineddirectlyby D .

Many of the optimisationtestfunctionsprovide goodexamplesof this difficulty. Rosenbrock’s [12]
functionin 2 variables( D ( 4

) with analyticfirst derivativescanuseat most3 processorsto calculatethe
gradientvaluesusedto updatetheinverseHessianapproximation.If gradientsareapproximatedby finite
differencesthen9 processorscould be utilised. Hence,even if the parallelarraycontainedmany more
processorsthemaximumspeeduppossiblewouldbelessthen9 sinceonly thatnumberof processorscould
beusedby thealgorithm.A furtherpoint followsfrom this. Theexpenseof functionevaluation,although
dependenton D , canbeconsiderableevenfor small D sincethefunctionitself maybe,for example,a sub-
optimisationproblemor a simulation.Thusa problemfunctionwith largecostbut only small dimension
D whichrequiresanimpracticablylargeruntime to solveonconventionalcomputerarchitecturescanonly
have thesolutiontimereducedby asmallfactorof order D or perhapsD W but not  . Of course,many small
dimensionproblemfunctions,including the Rosenbrockfunction, arevery cheapto solve and in these
casestheparallelmethodswouldprobablyhave poorerperformancethantheir sequentialcounterpartsdue
to thehighcommunicationto computationratio.

A well known extensionto Rosenbrock’s function givesa generalfunctionof dimensionD ( D even).
For a largerdimensionproblemof, say, D ( 4 G either21 or 441processorscouldbeutilised. However, it
is likely thatprocessorarrayswouldhave someintermediatenumberof processors.If ananalyticgradient
algorithmis executedonly 21 processorsareusedandthe maximumspeedupattainableis only 21. The
remainingprocessorsnotusedby thealgorithmcouldbemadeavailableto othertasksrunningonthearray,
requiringmulti-useroperatingsystemsupporton themachine.To makeuseof all theavailableprocessors
on the arrayexecutinga finite differencegradientalgorithmcould beachieved in two ways. Firstly, the
441processesrequiredby thealgorithmcouldbemappedontothesmallernumberof availableprocessors.
Thisuseof excess parallelism wouldallow themaximumpossiblespeedupgiventhelimited resources.A
secondapproachwould beto developalgorithmswhich computeonly asmany of thegradientvectorsas
thenumberof availableprocessorsallows.

We now describea family of parallelmethodsdue to Byrd, Schnabeland Shultz [2] which follow
this approachandmayusea variablenumberof processors.Thesealgorithmsareinterpolationsbetween
Newton’s methodanda quasi-Newton method. During the line search,Step3 of the modelalgorithm,
thesemethodsutilise idle processorsto calculategradientinformationwhich is then usedin Step4 to
updatetheHessianapproximationJ � . As in thepreviousalgorithms,theuseof gradientsto improve the
Hessianapproximationis expectedto decreasethe numberof iterationsrequired.In their papersByrd et
al. considerthecasewheregradientvectorsarecomputedby finite differences,but thesameideasmaybe
appliedwhengradientsarecomputedanalyticallywith only thenumberof processorsutilisedchanging.

Thealgorithmsdueto StraeterandFreemancomputethegradientinformationin Step4 of themodel
algorithmaddinganequivalentfunctionevaluationto thecostof eachiteration.In contrast,thealgorithms
dueto Byrd,SchnabelandShultzdonotaddany equivalentfunctionevaluationcostto eachiterationsince
thegradientinformationis computedin parallelwith theline searchof Step3 andonly asmany function
evaluationsas the numberof processorspermitsarecomputed.Hencefull useis madeof the available
processorsduringStep3 without increasingtherun time. Schnabelcallsthis processspeculative gradient
evaluation.

Therearealternative usesof the processorsduring the line searchstep. As alreadymentioned,van
Laarhovenusesmultiple processorsto brackettheminimumandcomputetheinterpolation.Lootsma[11]
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andothershave alsosuggestedevaluating
�������

at multiplepointsin thesearchdirectionandevenin other
directionsin parallelwith thecomputationof

�������
at thetrial point. However, it doesnot seemlikely that

pointsoff the searchdirectionwill bebetterchoicesfor the next iteratethanthoseon that line. Also the
largebodyof resultsfrom sequentialquasi-Newton methodsclearlyshow thaton averageonly between1
and2 trial pointsareselectedbeforeanacceptablepointis foundandateachnew acceptedpointacomplete
gradientevaluationis performed.This ratio of functionevaluationsto gradientevaluationssuggeststhat
processorswouldbemuchbetterutilisedin computingaspeculativegradientthanin computingadditional
trial pointswhenthecurrenttrial point is likely to beacceptedanyway.

Schnabel[16] makessomesuggestionsaboutthe useof the gradientinformationcomputedat a re-
jectedtrial point. Onesimpleapproachwould beto usethesearchdirectiongradientto helpcomputethe
steplengthto the next trial point alongthecurrentsearchdirection. Somecurrentsequentialline search
algorithmsusegradientsat trial pointsbut thesedonot improvethealgorithm’sperformancesignificantly.
Anothersuggestionis to usegradientinformationto solve a tensormodelof the functionratherthanthe
standardquadraticmodelto find thenext iterate[15]. Finally heproposesupdatingtheHessian/ � imme-
diatelyusingthegradientinformationat therejectedtrial pointandcomputinga new searchdirection.

If the numberof processorsavailable  is lessthanor equalto D "Z-
thenByrd et al. recommend

usingthequasi-Newtonalgorithmwith  @[- elementsof thegradientvectorat thetrial pointspeculatively
computedin parallelwith thetrial point functionevaluation.Whena trial point is acceptedtheremaining
elementsof . ����� arecomputedin parallel,otherwisea new trial point is chosenandtheprocessrepeated.

When  ]\ � D W "_^ D " 4 � Y 4 thentheentireHessianmatrix canbeapproximatedby finite differences
alongwith thetrial point functionandgradientin oneconcurrentfunctionevaluationstep.Thismethodis
a paralleldiscreteNewton method.More than

� D W1"`^ D " 4 � Y 4 processorscannotbeutilised.
Themostcommonsituationwill be D "a- E� aE � D W6"b^ D " 4 � Y 4 . In thiscasec (Ode�  @f� D "a-V�e� Y � D "-V�Xg
gradientvectorsfrom aroundthetrial pointarecomputedin Step3 of themodelalgorithm.In [2] they

describeand compare11 suchalgorithmsincluding the quasi-Newton and discreteNewton algorithms
mentionedabove. Thesealgorithmsall includeat Step4 a multiple updateof theHessianapproximation
/ � usingthe c gradientvectorsalongthefinite differencedirections.Themethodsfall into 3 categories
basedon theusemadeof thestandardquasi-Newtonupdatein thesearchdirection:

1 Only thegradientsalongthefinite differencedirectionsareusedto update/ � .
2 Thesearchdirectionupdateof / � is performedafterthefinite differenceupdates.

3 A temporaryupdateof / � in thesearchdirectionis madeafterthefinite differenceupdates,andthe
resultingmatrix is usedto computethesearchdirectionfor thenext iteration.

Twodifferentmethodsareusedto selectthefinite differencedirections.Onemethodsimplycyclesthrough
the unit vectorsandthe othercomputesa setof c directionsthat areorthogonalto the previous c @T-
directions. Also, both the BFGSandPSBupdateformulaeareused. The first and third categoriesof
methodshave c -stepquadraticconvergenceand1-stepQ-superlinearconvergencerates.Neitherof these
resultshasbeenshown for thesecondcategory in general.

Computationalresultsarepresentedfor thecasec (Z-
. Theseshow thatthefirst category of methods

all performmorepoorly thanthe parallelquasi-Newton methodusingBFGSupdateseven thoughthey
usefinite differenceHessianinformation.Temporarysearchdirectionupdatemethodsgave betterperfor-
mancesbut werestill not betterthanthe BFGSmethod.The third category of methodsusingbothfinite
differenceandsearchdirectionupdateshasthebestperformancebeingsignificantlybetterthantheBFGS
method.Of thethreemethodsin this category thetwo which utilisedtheBFGSupdateweresuperiorand
Byrd et al. recommendaunit vectorfinite difference,BFGSmethodsinceit doesnothavethecomplication
of calculatingtheconjugatedirectionswhicharerequiredby theotherBFGSmethod.

In [1] simulatedresultsare presentedfor the BFGS unit vector finite differencealgorithm and the
parallelBFGSquasi-Newton andNewton methodswhen D ( 4 G

. Over therangeof problemstestedthe
averagespeedupover thesequentialBFGSmethodof theparallelBFGSquasi-Newton methodwas17.5,
andfor theparallelNewtonmethodtheaveragespeedupwas82.3.With c rangingfrom 1 to D , theBFGS
unit vectorfinite differencealgorithmgave averagespeedupsbetween32.6 and69.5. Thesesimulated
speedupsassumethat eachalgorithmhad sufficient processorsto computeall the speculative gradient
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evaluationsin a singleconcurrentevaluationstep.Thatpaperalsoshows that theBFGSunit vectorfinite
differencesalgorithmhassuperlinearconvergence.

If functionevaluationis notexpensivethelinearalgebrainvolvedin Steps2 and4 becomessignificant.
It is thusessentialto parallelisethesestepsif possibleto maintaingoodperformance.In [1] four different
implementationsof thelinearalgebraareconsidered.This showsthatanefficient algorithmcanbedevel-
opedby storingandupdating/Ph

'� , theinverseHessianapproximation,usingonly matrix-vectorandrank
1 updateswhichparallelisewell. They demonstratethis by implementinga parallelalgorithmbasedonan
unfactored/Ph

'� , distributedby rows.

3 Conjugate direction methods

SequentialconjugategradientmethodsareusedwhentheHessianmatrix is too largeto bestoredexplic-
itly. With MIMD machineswith large amountsof local memoryper processor, larger problemswhich
previously weresolvedby a conjugategradientmethodon a conventionalsequentialcomputermaynow
besolvedby quasi-Newtonmethodsona MIMD computer.

Theconjugategradientmethodcomputesasearchdirectionin Step2 of themodelalgorithmasfollows:

 �Q(T@ . �#"ji<� h
'  � h

'

where: i��
h
')( N 3� h

' . �
. 3� h

' . � h
' or

i��
h
')( . 3� . �

. 3� h
' . � h

'
The methodis generallyonly linearly convergent,but large improvementscanbe achieved by precondi-
tioning thematrix to reducethenumberof distincteigenvalues.

For aparallelarchitecturetheconjugategradientmethoddoesnothaveasmuchscopefor parallelisation
as quasi-Newton methods. However, Han [9] hassuggestedusing parallel minimisationsin conjugate
subspaceswithin aquasi-Newtonmethod.In thisalgorithmthecomputationof thesearchdirection,which
in quasi-Newton methodsis achievedby solvinga systemof linearequations,is split into 2 parts:first, c
parallelminimisationsareperformedin c conjugatesubspacesto give searchdirections k 7ml C (T- l c ,
thenthesummationvectorof thesedirectionsis usedasthesearchdirectionto find thenext iterate

� ��&�'
.

HanusestheBFGSupdatefor whichhedevelopsa methodto updatetheconjugatesubspacessothatthey
remainconjugatewith respectto theBFGSupdatedHessianapproximation.In [14] Powell improvesthe
conjugatesubspaceupdateallowing theHessianto bestoredasCholesky factors.Thealgorithmaimsto
give betterperformancethanthestandardsequentialquasi-Newtonmethodby computinga moreaccurate
searchdirectionat eachiteration.Therearenocomputationalresultsfor this algorithmsoits performance
cannotbecomparedwith themethodsof theprevioussection.However, themethodonly usesthestandard
quasi-Newton updateto the Hessianwithout usingany more information that may be computedin the
parallel step,andso its performanceis probablypoorerthanthe parallelBFGSfinite differencequasi-
Newton methods.

Oneareain whichtheconjugatesubspacemethodhasbeenappliedis in partiallyseparableoptimisation
problems[4, 10]. Theseproblemshave sparseHessianmatriceswhich makesit easierto computeand
updatetheconjugatesubspaces.

4 Conclusions

Theresearchto datehasemphasisedparallelisingexisting sequentialalgorithms.This hasbeenmostsuc-
cessfullyachievedin thework by Byrd et al. on quasi-Newton anddiscreteNewton methods.They show
that parallel function evaluations,especiallyduring the line search,allow for large reductionsin execu-
tion time. However thesealgorithmsarenot asefficient asthesequentialalgorithmsin termsof processor
utilisation: if theparallelalgorithmsweresequentialisedthey would have a poorerperformancethanthe
existing sequentialalgorithms. This doesnot takeinto accountthe additionalcostof communicationon
thePUMA localmemoryarchitecture.Fortunatelythecommunicationsinvolvedareonly order D for each
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functionevaluationsothiswouldnotbetoosignificantprovided
�������

wasexpensive. If
�������

is cheapthen
communicationbecomesdominantandthesealgorithmswouldhave very poorperformance.

Theperformanceof optimisationalgorithmsis measuredin termsof functionevaluationcost. As the
real cost of the function in floating point operationswill not be known thereis no way of developing
generalalgorithmiccostmodelsin termsof low level floatingpoint andcommunicationprimitivesonly.
Hencetheeffect of thePUMA localmemoryarchitectureonparallelalgorithmscannoteasilybeassessed
quantitatively. However modelsin termsof both low level primitive operationsfor the linear algebra
stepsandhigh level functionandderivativeevaluationscanbeconstructed.Specificoperationcounts(for
functionandderivative evaluation)of anexampleobjective function,or ‘averagecost’ objective function,
can then be substitutedinto the generalcost model to give an idea of the performanceof the PUMA
architecture.An exampleof sucha modelis presentedin [13] which developsa parallelNewton method
usinganalyticfirst andsecondderivatives.

Furtherwork is neededto developparallelmethodsfor incorporatingtheadditionalderivativeinforma-
tion computedin theBFGSfinite differencequasi-Newton algorithminto theHessianapproximationand
for computingthe searchdirection. Theselinear algebrastepsareparticularlyimportantwhenfunction
evaluationis reasonablyexpensive but still doesnot completelydominatethealgorithmiccost.
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