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Abstract

This thesisdiscussesechniquedor the designandimplementatiorof parallelnu-
mericalalgorithmsfor distributedmemoryMIMD architectures.The algorithmsare
targetedatmachinedvasedntheINMOS transputefamily of microprocessorghich
includethe T4, T8 andT9000processorsWe investigatehow featuresof eachmem-
ber of the transputefamily affectthe designof numericalalgorithms.Run-timecost
modelsare developedto give predictionsof the total executiontime of algorithms.
Thesecostmodelsallow usto studytherun-timecharacteristicsef algorithmsandthe
impactof the computerarchitectureon algorithmrun-time. occamimplementations
of algorithmsare developedandtheir performancas comparedwith the predictions
given by the costmodelsto seehow muchcredenceanbe givento the models.The
algorithmsare designedor both efficiengy and portability betweena wide rangeof
distributedmemoryMIMD architectures.The costmodelscanhelp to estimatethe
performanceof an algorithmon a differentdistributed memoryarchitectureand on
futuregeneration®f machines.

The portability of algorithmsis maximisedby the useof modularprogramming.
Algorithmsuselow-level library routinesfor communicationandcomputationThese
routinesare optimisedfor eachtargetarchitectureo achieve reasonabl@erformance
for thecompletealgorithm.

Algorithmsfrom awide rangeof numericalprogrammindields have beeninvesti-
gated.Eachareahighlightsdifferenttechniqueshatcanbe employedn the designof
goodparallelalgorithms.In linearalgebrawe look at the Gaussiareliminationalgo-
rithm. Thisalgorithmis very importantandillustratesmary techniquespplicableto
parallellinear algebraalgorithms.Anothervery importantfield is sorting. Designing
goodparallelsortingalgorithmsis very difficult becaus®f the low computationcost
comparedvith datasize.Finally, welook attwo algorithmsfrom non-lineamumerical
optimisation.Thesealgorithmsclearlyillustratethe useof low-level communications
andcomputatiorroutinesto achiere portableandefficient algorithms. They indicate
theway in which larger, morecomplicatedprogramamay be developedfrom simpler,
existing routinesthusreducingsoftwaredevelopmentime.
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Chapter 1

| ntroduction

This chapterprovidesa shortovervien of the aimsof the thesis. The remainderof
thechaptethenpresentsnintroductionto scientificparallelcomputing.We startthis
introductionwith a discussiorof the developmentof parallelcomputerarchitectures.
This is followed by anoverviewn of currentMIMD architecturesindin particularthe
architectureof transputesystemsWe thendiscusghetypesof parallelprogramming
modelsandlanguageshatareusedfor MIMD architecturesndthe differentcompu-
tationaltechniqueshatareavailableto the scientificprogrammer

1.1 Oveview

This thesisdiscussegechniquedor the designand implementationof parallel nu-
mericalalgorithmsfor distributedmemoryMIMD architectures.The algorithmsare
targetedatmachinedpasedntheINMOS transputefamily of microprocessorghich
includethe T4, T8 andmostrecentlythe T9000. We investigatehow featuresof each
memberof thetransputefamily affectthe designof numericalalgorithms.Two of the
mostimportantquantitieso consideraretheratio of floatingpointcomputatiorrateto
communicatiorrate,andthe architectureof the communicatiorsubsystem.

We developrun-timecostmodelsfor eachalgorithmstudiedto give aninsightinto
thetotal executiontime of thealgorithm.Thisis anextensionof thewell known tech-
nigueof quantifyingthecompeity of asequentiahlgorithm. Thesecostmodelsallow
usto studythe run-timecharacteristicef algorithmsandthe impactof the computer
architecturenalgorithmrun-time.occamimplementationsf someof thealgorithms
aredevelopedandtheirperformancés comparedvith the predictionggivenby thecost
modelsto seehow muchcredenceanbegivento themodels.

The algorithmsare designedor both efficiengy and portability betweena wide
rangeof distributedmemoryMIMD architectures With thisin mind, the costmod-
elscanbe usedto estimatehe performancef analgorithmon a differentdistributed
memoryarchitectureandonfuturegenerationsf machinesTheportabilityandmain-
tainability of algorithmcodeis maximisedby the useof softwareencapsulationAl-



1. Introduction 2

gorithmsuselow-level library routinesfor communicationand computation.These
routinesare optimisedfor eachtargetarchitectureo achieve reasonabl@erformance
for thecompletealgorithm.

Algorithmsfrom awide rangeof numericalprogrammindields have beeninvesti-
gated.Eachareahighlightsdifferenttechniqueshatcanbe employedn the designof
goodparallelalgorithms.In linearalgebrawve look at the solutionof systemsf linear
equationdy Gaussiarelimination. The Gaussiarliminationalgorithmis veryimpor-
tantandillustratesmary techniquesapplicableto parallellinear algebraalgorithms.
Anothervery importantfield is sorting. Designinggood parallel sorting algorithms
is very difficult becauseof the low computationcost comparedwith datasize. Fi-
nally, we look at two algorithmsfor unconstrainedon-lineamumericaloptimisation.
Thesealgorithmsclearly illustratethe useof low-level communicationsand compu-
tationroutinesto achieve portableandefficient algorithms. They indicatetheway in
which larger, more complicatedprogramsmay be developedfrom simpler existing
routinesthusreducingsoftwaredevelopmentime.

Thethesisis arrangedasfollows: Theremainderof this chaptempresentanintro-
ductionto scientificparallelcomputing. Chapter2 discusseshe calculationof cost-
modelparametersor transputeiarchitecturesTheseparameterarethenusedin the
following chaptergo predictthe performancef the algorithmsexamined.The next 4
chaptersletailthe algorithmsstudiedandpresenperformanceesults:Chapter3 dis-
cussessaussiareliminationandChapter4 coverssorting. Chapters and6 describe
algorithmsfor the Newton and quasi-Ne&vton optimisationmethodsrespectrely. In
Chapters/ and 8, we presenta discussiorand summaryof the resultsobtained,and
indicatedirectionsfor futurework.

In additiontherearefour appendicesAppendixA describeshe communication
routinesdevelopedin this work and Appendix B discusseghe programmingtech-
niguesused.Thelasttwo appendicesontaintherun-timemeasurementsr theGaus-
sianeliminationandsortingalgorithms.

The thesisdescribesvork conductedwithin two EuropearESPRITprojects: Su-
pernodd (P1085)whichranfrom 1986to 1988,andPUMA (P2701)whichranfrom
1989to 1991. The Supernodd projectwas basedon the T8 architecture. Chap-
ters3 and4 describenvork conductedvithin thatprojectin 1988[74, 75]. The PUMA
project was basedon the T9000/C104architecture. Work undertakenduring this
project[77, 7S, 78, 7€, 8(] is presentedn Chapter, 4, 5 and®6.

Parallel computinghasbeendevelopingrapidly over the pastfew years. This is
reflectedn thethesisin severalways:Betterparallelalgorithmshave now (July 1993)
beendevelopedwhich supersedsomeof the algorithmsdescribedhere,mostnotably
the Gaussiareliminationalgorithm.

Architecturedesignshave improvedsignificantlyover theyearsof thisthesis.The
limited connectvity of the T8 architecturdnasbeenreplacedy thepointto pointcon-
nectvity of the T9000/C104architecture The T8 algorithmsdescribedn Chapters3
and4 in factonly useachainof processoransteadof agrid, sincethiswasdictatedoy
theLiverpoolLibrary [32] design.However, theT9000/C104lgorithmsmakefull use
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of thatarchitecturesrich connectity asthesealgorithmswerenotpartof theLibrary.

Parallel softwareenvironmentshave alsoimproved significantly At the start of
thiswork therewereno standardso easeprogramdevelopmentandportability. Now,
we will soonhave a widely acceptedstandardor communication®perationsn the
MPI [44], andstandargoarallelextensiongo Fortranin HPF[43).

With theseadvancesin mind, we trust that the work describedn the following
chapterggivesa reasonablgicture of the stateof parallelcomputingat the time the
work wasundertaken.

1.2 Computer architectures

Ever sincethefirst generapurposeelectronicdigital computeythe ENIAC, wascom-
pletedin 1946 the scientific community has demandedjreaterand greaterperfor
mance[8]. For this community performancas measuredn termsof the time taken
to perform floating point (FP) operationsneededfor scientific calculations. That
first computercould addtwo ten decimaldigit numbersn 200us [58]. Eachvector
processinghodeof a Cray Y-MP C90 supercomputefirst deliveredto customersn
1992, hasa doubleprecisionFP peakperformancef 1Gflop/s.Thelargestcurrentin-
stalledsystemconsistf 16 vectorprocessingnodesgiving atotal peakperformance
of 16Gflop/s.Thisis anincreasen performanceoy afactorof 10¢ over 46 years.The
ENIAC couldperhap$econsideredo bethefirst parallelcomputersinceit hadmary
independentomputingunitswhichcooperateth solvingaproblem.Thustheconcept
of parallelcomputationis not new, but hasbeenexploitedin variouswaysthroughout
theshorthistoryof digital electroniccomputers.

Mostearlycomputersollowedthevon Neumanrarchitecturevheretheprocessor
madeserialaccesse® wordsof datastoredin memory To improve the performance
of this architecturemary parallelprocessingechniquesvere developed. Pipelining
of instructionfetch, decodeand executionwasfirst introducedin the ATLAS com-
puterin 1963. The CDC 6600, producedn 1964, featuredmultiprocessingvith 10
independenperipheralunits which executeddifferentinstructionson differentdata
simultaneouslyln 1976thefirst vectorcomputeythe Cray 1, wasproducedandfea-
turedspecialpurposevectorregistersandfunctionalunits for vectoroperations.All
thefunctionalunitswerehighly pipelined.

Thelevel of integrationof theseold supercomputensaslow andsothey werevery
expensve to manufactureThis situationchangeddramaticallyin the 1980swith the
introductionof VLSI (Very Large Scalelntegration).Improvementsn VLSI technol-
ogyhave givenunprecedentegerformancencreasesverthepastlOyears.Whilstthe
minimum featuresize hasdecreaseffom 50 microns(504) in 1960to 0.5 in 1992,
chip sizehasincreasedrom 2mmin 1960to 13mmin 1990[5€]. Decreasindgeature
size(increasinglensity)leadsto fastercircuit speedandthusfastercycle timesfor mi-
croprocessorshecombinedncreases densityandchip sizegive ahugeincreasen
the numberof componentswvailableper chip. Modernmicroprocessorarenow util-
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ising this silicon areato incorporateall the techniquesievelopedfor supercomputers
overthepast40years.Hencemicroprocessorieaturemultipleindependentunctional
units(calledasuperscalaarchitecturepndpipelined(or superpipelinedpperationas
well aslarge on-chip cachesand advancedmemorymanagementMicroprocessors
suchasthe DEC Alphacanprovide afloating-pointperformancef 150Mflop/swhich
is aboutthe sameasthe Cray 1. This trend of rapid increasesn single processor
performancéooks setto continuefor someyearsto come[8§].

Alongsidethedevelopmentsn singleprocessoarchitecturesluringthe 1970sand
1980sthere was also much work on the designof parallel computerarchitectures.
ThelLLIA C IV (first working systemdeliveredin 1975)consistef an8x8 arrayof
64bit floating point processingelementgPEs)eachwith its own local memoryand
nearest-neighbowsommunication®n a grid topology All the PEswere controlled
by a centralcontrolunit executinga singleprogram.Anothersimilar systemtheICL
DAP, was deliveredin 1980. This had a 64x64 array of single bit PEsagainwith
nearest-neighbowgrid communications.

At thistime, othertypesof parallelarchitecturesverealsodeveloped.Thesearchi-
tectureshadmary independenprocessorgxecutingdifferentprogramswith different
data. We distinguishthesearchitecturesrom pipelinedandsuperscalaprocessoar-
chitecturessincethe latter do not usemultiple distinctinstructionstreams.Thesear-
chitecturesarealsodistinguishedrom earliersystemdy having tightly coupledpro-
cessorsthatis, processorg/hichcancommunicatavith oneanotherrelatively quickly
to cooperaten solvinga problem.For example,the CosmicCube,built in 1983,con-
sistedof 64 Intel 8086/808 hodesconnectedogethelin a six dimensionahypercube.
The processinghodescommunicatedvith their nearneighbourdy passingnessages
alongthe six edgesof the hypercube.This machinewasproducedcommerciallyas
thelntel iPSC.Anotherexampleis the Cray X-MP whichwasintroducedn 1982and
consistedf two Cray 1 computersonnectedo a sharednemory

Thelarge numberof differentparallelarchitectureshathave beendesignednake
classificatiordifficult. Themostwidely known computerclassifications dueto Flynn[42].
This classificationprovidesa useful framework for discussingparallelarchitectures.
Flynndividescomputerarchitecturesto four classeslistinguishedy how thearchi-
tecturedealswith sequencesf programanddatavalues(programanddatastreams):

SISD singleinstructionstream/singlelatastream.This is the classicsequential/on
Neumanncomputerarchitectureand includespipelined and superscalama-
chines.

SIMD singleinstructionstream/multipledatastream. This is a classof parallelar-
chitecturesncluding arrayprocessorsuchastheILLIA C IV andICL DAP. It
shouldperhapsalsoinclude vector processorsuchasthe Cray 1, sincethese
architecturegxecutesingle vectorinstructionswhich operateon multiple data
values.

MISD multipleinstructionstream/singlelatastream.Thiswouldbeaclassof parallel
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P | Processor M | Memory
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M M M M M [ Network ]
Shared memory Distributed memory

Figurel.1l: ThemainMIMD architectures

architectureshut no designhasyetbeenproposed.

MIMD multipleinstructionstream/multiple@latastream.Thisis thepredominanpar
allel architectureclass,including all multiprocessomarchitecturesuchas the
sharednemoryCray X-MP andthedistributedmemoryCosmicCube.

It shouldbe emphasisethatmary architectureslo not fit neatlyinto Flynn’s classi-
fication, but may containelementsof morethanoneclass. This is particularlytrue

of MIMD architecturesvhichcommonlyhave advancedvectorprocessorasprocess-
ing nodes. Hence,for our purposesve shall considervector processorssa special
caseof thecorventionalSISDarchitecturavith highly advanced=PperformanceThe

remainingSIMD architecturesiave beenshowvn to be very efficientfor certainappli-

cationareassuchasimageprocessing.However, in recentyearsmostresearchand

developmentffort into parallelcomputinghasbeendirectedtowardsMIMD architec-
tures. It is now widely acceptedhatthis classof parallelcomputeiis the bestchoice
for high performancegenerapurposecomputing.

1.3 MIMD architectures

The classof MIMD computergncludesall computerghat have multiple instruction
streamgprocessingnultiple stream®f data.Thisdefinitionis far too broadfor general
useandsotheclassis usuallyfurthersubdvided[41]. Thetwo mainMIMD architec-
turesaredistributedmemoryandsharednemoryarchitecture¢seeFigurel.1). There
arealsoseveralotherarchitectureshatdo notfit easilyinto eitherof thesetwo classes.
Thesencludedataflav architecturesteductionarchitecturesandwavefront(systolic)
architectures.

SharedmemoryMIMD architectureave several processorsll connectedo a
sharednemorysubsystenty a network. The memoryis usuallypartitionedinto sev-
eralmodulesto allow simultaneousiccesso memoryaddresses differentmemory
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Binary tree

Grid

Chain

4D Hypercube

Figurel.2: Examplesof distributedmemoryMIMD interconnectiometworks

modules.To improve memoryaccessimeseachprocessowill alsohave alargelocal
cacheput theserequirecomplex hardwarecachecoherenyg protocolsto functioncor-
rectly. Therearemary differentnetworkdesignancluding busescross-baswitches
andmultistagenetworks[96]. Thesearchitecturesisuallyhave only a few, high per
formanceprocessorsincethe memorysubsystenquickly becomesa bottleneckas
the numberof processorss increased.Thereare mary examplesof sharedmnemory
architecturesncludingthe Cray Y-MP C90with upto 16 vectorprocessors.
DistributedmemoryMIMD architecture®iave mary processorgachwith its own
localmemory Thesegorocessorareconnectedogetheby aninterconnectiometwork.
As for sharednemoryarchitecturestherearemary differentdesignsof interconnec-
tion networks(for someexamplesseeFigurel1.2). Theearly CosmicCubeandIntel
IPSCbothuseda six dimensionahypercubenetworktopology Systemsasedaround
theINMOS T8 transputeusuallyusechainor grid topologiegseebelav). Mostof the



1. Introduction 7

newestarchitecturelesignssuchasthelBM PowerPRarallel9076SP1,theConnection
MachineCM-5, theMeiko CS-2,andtheproposed9000architecturgseebelon), use
multistagenetworks. Onenew machine the Intel Paragon,usesa grid topology and
Intel claim theperformancef their networkmatcheshoseof theothermanufacturers.

Although eachmanufactureusesproprietarycustomcommunication$ardware,
mary of theprocessingnodesarebasedn standarcommoditymicroprocessordBM
usesits RS/6000processqrwhilst the Intel Paragonandothersusethe Intel i860 pro-
cessar The old Meiko ComputingSurfaceusedthe i860 but the nev CS-2 usesa
SuperSRRC processosupporteddy two Fujitsu vectorprocessinghips. The Con-
nectionMachineCM-5 alsousesa SFARC processoandoptionalvectorprocessors.
ThelongawaitedCrayMPP (Massvely ParallelProcessomnachine gxpectedowards
theendof this year will usethe new DEC Alpha chip. Thetrendin distributedmem-
ory MIMD architecturess to usecommodity microprocessor$or individual nodes
andcustominterconnecprobablybasedon a multistagenetwork. This choiceallows
parallelsystemsgo benefiimmediatelyfrom developmentsn sequentiaprocessoar-
chitecturedy simply updatingthe processingnodes.In thefuturewhenthereis more
consensusninterconnectiometworkdesignwewill probablyseestandardnterfaces
to the communicationgsetwork.

As well asthe two distinct classeof distributed and sharedmemoryMIMD ar-
chitecturesthere are somesystemswhich are a combinationof both architectures.
Two machinesn this categyory arethe KendallSquareResearciKSR1andthe Alliant
Campus/860.The Campusarchitectureconsistsof clustersof 16 processinghodes
connectedo a sharednemorysubsystemMultiple clustersarein turn connectedy
aninterconnectiometwork. The KSR1 hasphysicallydistributed memory but each
processos memoryis treatedasa cacheanddatavaluesmigrateto a processoasit
requestsaaccesdo them. This allows the programmeto usea sharedmemorypro-
grammingmodel, but hopefully gives betterscalableperformancehana physically
sharednemoryarchitecture.

In this work we focusour attentionon thedistributedmemoryMIMD architecture
offeredby the INMOS transputer However, at all timeswe areinterestedn the ap-
plicability of principlesandthe portability of algorithmsfrom this architectureo the
otherdistributedmemoryMIMD architectures.

1.4 Transputer architecture

The transputefamily of microprocessoproductsare designecand manufacturedby
an Englishcompar, INMOS, basedin Bristol. The first generatiortransputerthe
T4, first appearedn 1985. It hasa novel architecturghatcombinesa standard32 bit
microprocessoiunctionalitywith on-chipsupportfor processcto-processocommu-
nicationsvia four bi-directionalseriallinks. Systemsanbe designedwith very little
gluelogic sincethe processoalsohason-chipsupportfor DRAM memory Networks
of T4 processorsaneasilybebuilt usingthe T4's four hardwardinks. Early systems
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Figurel.3: Block diagramof theINMOS T8 transputer

consistedf processoboardsholdingl or 4 T4 processorsBoardswith 4 processors
hadtheir transputersard-wiredinto a ring usinghalf of the links, andthe remaining
links would be takento the backplane Rackmountedsystemsallowedthe processors
on sereralsuchboardgo beconnectedogetheyby hand,usingtheseremaininglinks.
Reconfiguringsucha systemby handwasa tediousjob andasa resultmostsystems
wereleft configuredasa simplechainof processorgwith perhapsareturnlink atthe
end),or asa grid of processor¢seeFigurel.2). Thesizeof networkswasalsovery
smallwith only around4 to 8 processorsvailable.

One of the main limitations of the T4 processorfor usein scientific “number
crunching” applicationswasits poor floating point performance. This quickly led
to the developmentof the secondgeneratiorof transputersthe T8, in 1988(seeFig-
ure 1.3). Theinstructionsetof the T8 is upwardscompatiblefrom the T4, but the
main adwantageof this processors thatit hasfloating point operationamplemented
in hardware Whencombinedwith effective useof the on-chip4K of memorythe T8
comparedavourablywith the INTEL 1486 processogiving a floating point calcula-
tion rateof around1Mflop/s(seeChaptei2). TheT8 retainedthefour hardwardinks
from the T4 providing maximumtransmissiomatesof eitherl0Mbit/sor 20Mbit/s. At
10Mbit/s a link providesa usableuni-directionaldatabandwidthof about1Mbyte/s
(seeChaptei2) andslightly lesswith bi-directionalcommunicationLarger networks
of processorsvere also being constructeddemandinga solutionto the problem of
hand-wiringthe links. Within the ESPRITSupernode project(P1085)a switchchip
wasdevelopedwhich couldstaticallyconnectl 6 hardwardinks, with only minor lim-
itationson the connecwity permitted. Networksof theseswitch chipscould be used
to provide electronicconfiguratiorof thetransputersThesedevelopmentsulminated
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in the Parsysand TelmatSupernodenachinewhich allows networksof up to several
hundredransputerso beelectronicallyconfiguredseeSectioril.7). TheMeiko Com-
puting Surfaceis anothemachinewith similar capabilitiesthatwasdevelopedat this
time.

All of thesemachinesverestill limited to anessentiallystaticnetworkconfigura-
tion of a chainor grid beforea programrun (althoughthe Supernodeanin principle
be reconfigureddynamically). Hencean entire programcan useonly one network
configuration. This leadsto compromisesn the programdesignand performancef
two section®f aprogramcouldbeimplementednostefficiently ontwo differentcon-
figurations. Therehasbeensomeinvestigationinto the practicality of dynamically
switchingthe network configurationduring run-time[9] but this hashigh overheads
andis cumbersomavith currentsystems.Anotherimportantissueis the routing of
messagewithin thetransputenetwork.With thecurrentgeneratiorof transputema-
chinesamessageanonly be sentdirectly by a processoto oneof its four immediate
neighboursvia the hardwardinks. If the messages destinedor a distantprocessor
not directly connectedo the sourceprocessothenthe messagenustbe forwarded
throughall theinterveningprocessorskFor networkswith alarge diameterthis opera-
tion cantakefar longerthancommunicatiorwith a neighbouringorocessorEfficient
algorithmdesignmusttakedatalocality into accounto avoid asmuchdistantcommu-
nicationaspossibleandinsteadperformmainly nearneighbourcommunication.The
situationis madeworseby the lack of hardwaresupportfor messagdorwardingin
the T8 architecturavhich meanghatall forwardingmustbe performedoy theuserin
software.

Theseconsiderationged to the designof the next generationof transputerthe
T9000[64], andits companionswitch chip, the C104[65]. The T9000 instruction
setis againupwardscompatiblefrom the T8. However the instructiondecodeand
executionlogic hasbeencompletelyredesigned.The T9000is a superscalarsuper
pipelinedmicroprocessoarchitecturavith multiple functionalunits (seeFigure1.4).
To keepthe pipelinedfunctionalunits suppliedwith instructionsanddatathe instruc-
tion decoddogic mustprocessheprograminstructionstreamextremelyquickly. This
arisedrom thedecisiornto maintaininstructioncompatibilitywith oldergenerationsf
transputerThis instructionsetconsistf very simple,singlebyte instructionswvhich
areexecutedn only a smallnumberof cycles. To provide a large enoughinstruction
throughputhe T9000instructiondecodeunit includesa “grouper” which groupssets
of consecutie instructionsn theinput streamwhich canbeexecutedn parallelin the
differentfunctionalunits. A largeandcarefullydesignectacheis alsorequiredin or-
derto provide dataattheraterequired.Thesearchitecturatonsiderationarecommon
to all the currentgeneratiorof superscalasuperpipelinedRISC processors.

Whatdistinguisheshe T9000transputefrom otherprocessors againits commu-
nicationsubsystemThe T9000providesfour serialhardwardinks which implement
avirtual link, packet-basedommunicatiorprotocol. To complementhe T9000links,
the C104switch chip hasinputsfor 32 of thesehardwardinks. The switchchip can
routemessagearriving on onelink to ary of the other31 links. Networksof switch
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Figurel.4: Block diagramof the INMOS T9000transputer

chipscanbe constructedwith T9000processorsonnectedo the networkon the re-

mainingswitchlink inputs. This givesa systemwherea sourceprocessocaninject

a messagento the switch networkand the networkthenroutesthat messagéo the
destinatiorprocessorThe sourceprocessodoesnot needto know thelocationof the
destinatiorprocessonor the routethroughthe switch network;all this is handledoy

the switch networkitself. Detailsof how message&outingis implementedon these
systemss givenin Chaptei2 andin INMOS [51].

Therearemary factorsthatcandeterminghe choiceof switchnetworkincluding
financial cost, network bi-sectionalbandwidth, fault-tolerance size and scalability
The size of the networkis measuredyy the numberof attachedT9000 processors.
This couldrangefrom 16 on smallsystemdo severalhundredon large systems Cur-
rentlarge T8 systemshave betweenl00and400 processorsthe LiverpoolUniversity
ParsysSupernoddas96 T8 processorsandthe Edinturgh Parallel ComputingCen-
tre Meiko ComputingSurfacehas400 T8 processorsilt is predictedthatlarge T9000
systemdor scientificcomputatiorwill have upto 512processorsalthoughlargersys-
temsarepossible.A goodmeasureof the scalabilityof the networkis the degreeto
which theachieved 10 bandwidthof a processinghoderemainsconstantasthe num-
berof processorancreasesA networkwith goodscalabilityallows extra processors
to beaddedwithout significantlydegradingthe achieved 10 bandwidthof the original
processorsFor examplealthougha bus-basedrchitectureallows a large numberof
processor$o be attachedthe bandwidthavailableto eachprocessodecreasesapidly
asmoreprocessorareadded.The bi-sectionabandwidthof the networkis the max-
imum bandwidthavailable betweentwo halvesof the network. This determineghe
capacityof the networkto supportheary communicatiorioads.
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Figurel.5: three-stagéolded Clos-typemultistagenetwork

For large systemst is importantthatfaultswith onecomponenbr anotherdo not
causaunduenterferenceo therestof thesystemput insteada gracefuldegradationn
serviceoccurs.In the caseof the switchnetworkthis meanghatfailure of oneswitch
chip or inter-chip link doesnot bring the whole systemdown, but insteadalternatve
messageoutesareusedthatavoid thefailed componentsOf coursejmprovementsn
all theseareagmustbe balancedgainstheincreasen financialcostof the system.

Considerablestudyof theseissueshasbeendoneby a groupat SiemensAG [56,
60]. They recommendisinga replicatedfolded Clos-typemultistagenetwork. (See
Wilkinson [9€] for a comparisonof the differenttypesof networks.) This type of
networkoffersgoodscalabilityandhasalow cost/performanceatio. Figurel.5shavs
anexampleof asinglethree-stagéolded Clos-typemultistagenetwork. This network
has512 externallinks for connectionto up to 512 T9000 processors.The diameter
of the network,i.e.. the maximumnumberof switch chipsthata messagenustpass
through,is only three. To increasethe network bandwidthand provide good fault
toleranceHofestadtet al. recommendeplicatingthe networkfour times,connecting
alink from eachprocessomto eachnetwork.

Although developmentof thesechipswas partly fundedby the ESPRITPUMA
project(P2701)whichfinishedattheendof 1991 they arenotyetbeingmanufactured
in quantity They areexpectedio becomewidely availablein 1994.
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1.5 Programming models and languages

Accomparing the developmentsin distributed memoryMIMD computerarchitec-
turestherehasbeenmuchresearchnto the designof suitableprogrammingmodels
for thesenew machinesThis hasledto the developmenibf awide rangeof program-
ming language®asen severaldifferentprogrammingmodels[1C].

Thesimplestmodelis thatof a groupof sequentiaprocessesxecutingin parallel
andcommunicatingvith eachotherby explicit messag@assing.This modelwasfirst
introducedby Hoare[57] and called the CSP (CommunicatingSequentialProcess)
programmingmodel. The modelmapsnaturally onto a distributed memory MIMD
architectureandits low level specificationpermitsefficientimplementatioron these
systems.

Othermodelshave a higherlevel abstractiorfrom theunderlyinghardwaredesign.
Two of the mostimportantfeaturesof theseprogrammingmodelsare how the dis-
tributedsystems viewedandhow parallelisms expressedAlthoughthehardwareas a
physicallydistributedsystem someprogrammingnodelshave a non-distritutedview
of the system.Thusthe programmeseesa globalmemoryspacewhich is supported
by the languagemplementation.For examplethe Linda [4] programminganguage
views memoryas a global tuple space. Anotherexampleis Parlog [22], a parallel
Prolog-likelogic language.As well ashaving a non-distritutedsystemview, Parlog
alsoexpressegarallelismdifferentlyfrom CSP In Parlog parallelismis expressedat
thelevel of thelogic clause Parallelismmayalsobeexpressedlifferentlyin functional
andobject-orientedanguagegseeBal [10] for details). However, the mostcommon
way to expressparallelismis at the procesdevel with multiple sequentiaprocesses
executingin parallel, as exemplified by CSP Most parallellanguagedike Ada and
ConcurrentC supportthis style of parallelism. The occam[95] languageakesthis
processnodelonestagefurther by consideringeachindividual programstatemento
beacompleteprocessaandthusallows themto be executedn parallel.

Programmingmodelsbasedon parallelprocessxecutionmay be subdvided ac-
cordingto themodelof interproces€ommunicatiorthatis used.Thesimplestmodel
for distributedmemoryMIMD systemds messag@assingoetweenprocessesmes-
sagedraversethe switchnetworkbetweerthe sourceanddestinatiorprocessors.an-
guageshatsupportaglobalmemoryspacesuchasLinda, allow interprocessommu-
nicationthroughshareddatastructuresThisis the modelmostappropriatdor shared
memoryMIMD systemswhereprocessesxecutingon distinct processorsill access
a commonmemorysubsystem.For this model, processesnustcoordinateaccesses
to shareddatastructureso ensurecorrectprogrambehaiour. This synchronisation
betweerprocessess achieved by the useof suchlanguageconstructassemaphores,
critical regions and monitors. On a physically distributed memorysystem,the use
of a global memoryprogrammingmodelmustbe supporteceitherby virtual shared
memoryhardwargfor examplethe KSR1)or by softwarebuilt on messag@assing.

Messageassingnodelsmayallow only pointto point communication§CSP)or
they mayincludeone-to-mag messagesuchasbroadcastSomemodernarchitecture
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designsprovide hardwaresupportfor broadcastvhich canimprove programperfor
mancesignificantly (for example,the CM-5). Therendezwusandremoteprocedure
call (RPC)constructsare further examplesof messaggassingmodelsalthoughthe
interprocessommunications not explicit.

The point-to-pointmessaggassingmodelis supporteddirectly in the CSPand
occamlanguagesHowever, mary moreparallelsystemsupportthis modelthrough
the useof extensiondo the standardsequentialanguagesuchasFORTRAN andC.
Thereis no standardyet for messaggassingprimitivesand so mary incompatible
systemsexist including MPI [44], PARMACS[54, 55|, Expresq27], PVM [14, 90|,
the proposeBLACS|[7, 40] andCS-Tools[71]. Communicationsystemsnay pro-
vide up to threedifferenttypesof messaggassingsynchronisation:non-blocking,
blockingandsynchronougommunicationsNon-blockingandblockingcommunica-
tionsarebothasynchronousperationsIn anon-blockingcommunicatiorthe source
procesdells the communicatiorsystemthe areaof memoryto be sentandimmedi-
ately continuesprogramexecution. The procesds informedwhenthe messagédas
beensent. Similarly, the destinationprocesscantell the communicatiorsystemthat
it is expectinga messagandprovide anareaof memoryfor the messageThe pro-
cesscontinuesxecutionandis informedwhenthe messagéasarrived. In ablocking
communicatiorthe sourceprocesss blockeduntil the messagdasbeentransferred
from its memoryinto thecommunicatiorsystem A receving processs blockeduntil
the messagarrivesin its memoryarea.ln a synchronougommunicatiorthe source
processs blockeduntil thedestinatiorprocesasrecevedthe message.

All the programsdescribedn this thesishave beendevelopedusingthe point-to-
point synchronougxplicit messag@assingnodelprovided by the occamlanguage.
This languageallows very easyexpressionof parallel constructsand leadsto well
structurecandeasilyunderstoogbarallelprogramsThelanguages alsowell matched
to thetransputearchitectureThereis, however, animportantrestrictionon the point-
to-point communicationsupportedon T8 basedtransputersystems. The standard
occamimplementatioronly allows a singlecommunicatiorchanneko be placedon
eachof thefour transputetinks, andthis channelcanonly connectwo processesn
neighbouringtransputers.Hence,point-to-pointcommunicationdetweenarbitrary
processesre not supportedby the system. This restrictionleadsto the designof
algorithmswhich usea logical processconnectvity which can be mappedonto the
physicalprocessorarray Thus mostoccam programsare designedusinga chain
or grid of processes.The programsin this thesiswhich have beendesignedor T8
architecturesisea chainof processe¢seeChapters3 and4), exceptfor the Newton
algorithm(seeChapter5) which usesagrid.

To overcomethisrestrictiona softwaremessageoutingsystenfor T8 systemsas
beendeveloped[3(]. This system,calledthe VCR (for Virtual ChannelRouter),al-
lows communicatiorbetweerprocessethatarenoton adjacenprocessorsusingthe
VCR incursa substantiatommunicatiorperformancegyenaltyon T8 systemssoit is
not usedwhereefficieng is important. However, the VCR providesan excellenten-
vironmentfor thedevelopmenbof occamprogramgor T9000/C104machineswhich
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will have hardwaresupportor arbitrarypoint-to-pointcommunicationsChapte 6 de-
scribesa BFGSalgorithmwhich hasbeendesignedor the T9000/C104architecture,
but implementedn a currentT8 systemusingthe VCR.

As well aslooking at parallelprogrammodelsandlanguagedesignfrom the per
spectve of procesgparallelismyeryimportantprogresiasbeenmadeusingstructural
parallelism. Structuralparallelismpartitionsdatastructuresacrossthe processeand
exploits parallelismby operatingonthe dataelementsn parallelin eachprocessThis
approachs similar to that takenby languageswvailable on SIMD architecturesand
is often calledthe Single ProgramMultiple Data(SPMD) model. Most commercial
MIMD machineshave FORTRAN dialectswith structuralparallelismextensionsand
the forthcomingHigh Performancd=orum Fortran (HPF [43]) languageattemptsto
standardis¢heseextensiongto aid portability of FORTRAN codes.Structuralparal-
lelism hasbeenoneof the mostsuccessfuprogrammingechniquesndis discussed
furtherin the next section.

1.6 Computational models

Although programdesignfor MIMD systemss still in its infangy, therearealready
a numberof recognisedprogrammingtechniquespr computationaimodels. These
computationaimodelsareconcerneavith theway in which programfunctionalityand
dataareallocatedo differentprocessesTlhedifferentmodelsaresuitablefor different
applicationareas.

The simplestcomputationaimodelis the processfarm. In this modelmary in-
dependenprocessesre generatedndfed with packetsof databy a masterprocess
which coordinateshe work. The processeso not have to beidentical,althoughthey
usuallyare. Sincethe processeareindependenthereis no communicatiorbetween
the processesthe only communicatioroccurswhenthe masterfarmsout datato a
processandwhena procesgeturnsa resultto the master This techniques idealfor
mary imageprocessingasks suchasray tracing.

Anothertechniqueis to exploit the functional parallelismin an algorithm. The
algorithmis partitionedinto several processesvhich performdifferentfunctionsand
datais theninputto theseprocesseslheoutputdataof oneprocessnayberequiredas
inputto anothemprocessn which casewe construct pipelineof processeto keepthe
processebusy and maintainhigh performance.This differsfrom the simplefarmin
thatprocessearenotnecessarilyjndependenbut maycommunicatevith oneanother
The degreeof parallelismthat canbe obtainedfrom pipelinedfunctional parallelism
is limited by thenumberof processingtepsthatthealgorithmcanbe partitionedinto
andthis is frequentlyrathera smallnumber For examplea compilermight perhaps
be partitionedinto four pipelinedprocessesa tokenisey parsey intermediatecode
generatoandback-endcodegeneratar

The third techniqueexploits structural,or geometric parallelismin analgorithm.
In this casethe datais partitionedinsteadof partitioningthe algorithmfunctionality.
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Eachprocessxecuteghe entirealgorithmbut only manipulateghat part of the data
whichit holds. Theprocessewill usuallyexchangedataandintermediateesultswith
oneanotherduringthe courseof the algorithm. This is the type of parallelismthatis
mostfrequentlyusedin scientificprogramsandhasprovedto be very successful As
mentionedn the previoussection thisis alsothe modelof parallelcomputatiorbest
supportedoy mostcommercialFortrandialectsincluding HPE The designof algo-
rithmsusingstructuraparallelismis primarily concerneavith findingadecomposition
of the datawhich minimisesthe amountof interproces€ommunicatiorwithout un-
duly increasingheamountof computatiorrequired.For scientificapplicationsyhich
frequentlyconsistof operationson large densearrays,the decompositions usually
achieved by partitioningthe arraysinto equally sizedblocks of someregular shape.
Thealgorithmsexaminedin thisthesisall makeuseof structuralparallelism.
Othercomputationamodelsincludethedivide-and-conquedataflav, andsystolic
models. The divide-and-conquemodelis ideal for graphoperations. The systolic
model hasbeenusedsuccessfullyfor simulatingmoleculardynamicsand hassim-
ilarities to a fine-grainedstructuralparallelismcomputationaimodel. Dataflav and
systolicmodelsof computatiorboth have very fine-grainedparallelismandso do not
performwell on mostgenerapurposdistributedmemoryMIMD architecturesHow-
ever, specialisedarchitectureshatsupporteachof thesemodelsdo exist, for example
theManchesteData-Flav Computer{53] andtheiWARP [82)].

1.7 Implementation and performance

The algorithmsstudiedin this thesishave beendesignedand implementedfor T8
andT9000basedransputeiarchitecturesThe programshave beendevelopedon the
ParsysSupernodesystemavailableatLiverpool. Thisis amulti-usermachineandcur-
rently hasatotal of 96 T8 processorsEachusermay request domainof processors
from the pool of free processorsandelectronicallyconfiguretheseprocessors$o his
requiredtopology For this thesis the programshave beenbenchmarkedn networks
of up to 48 T8 transputers.Theseprocessorsvere all running at 25MHz, and the
transputetinks wererunningat 10MHz.

Mostof theprogramdor T8 transputesystemsveredesignedor asimplechainof
processorgseeChapters3, 4). Whenthis work wasstartedthis topologywastheone
thatwasmostlikely to beavailableontransputesystemssinceall machinesequired
thelinks to be hand-wired. This considerations not asimportantnonv asmostnew
systemsJike the ParsysSupernodehave electronicreconfiguration.Also, although
the chaintopologydoesnot provide as muchconnecwity asa grid of processorsit
hasbeenfoundthatmary of thecommunicatioroperationsequiredperformedalmost
aswell onachainasonagrid.

Chapter#, 5 and 6 describethe designof algorithmsfor T9000/C104architec-
tures.EventhoughT9000machinesrenotyetavailable,we have implementedsome
T9000programausingthe VCR communicationsystem[3C] on the Supernoddsee



1. Introduction 16

T8 T8 T8 T8 T8 T8 —
(master) (master)
T8 T8 T8 T8 T8 —
T8 T8 T8 T8 T8 —
T8 T8 T8 T8 T8 —
I I I I I
1. T8 chain 2. T8 grid

C104 switch network
[ [ [ [

1 T9000 J { T9000 J { T9000 J { T9000 J

(master)
—— —— —— ——

3. T9 network

Figurel.6: Networktopologiesusedby algorithms

Chapter6). This allows the developmentof programswhich usearbitrary point-to-
pointcommunicationsvhichwill besupportedy the C104switchnetwork.Unfortu-
nately asmentionedpreviously, the VCR introducesa large performanceenalty so
the performanceof theseprogramson the T8/VCR systemcannotbe comparedwvith
the performanceredictedby the T9000costmodels.However, whenT9000systems
areavailableit will bepossibleto simply recompilethe programdor thenen machine
andimmediatelybenefitfrom the improved communicationgapabilitiesof the C104
switch network.

Figure 1.€ shavs the network topologiesusedfor programsin this work. The
programsall usethe samemodelof computatiorwhich consistf a “master”process
coordinatingandcontrollinga numberof “slave” processesThe slave processesan
communicatavith oneanotherandwith the mastemprocess.The mastermprocessalso
communicatesvith the outsideworld to receve input dataandreturnresultsto the
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“user” Thisstructurdeadsto algorithmswith threedistinctstages:
1. masterscattersnputdatato slaves,

2. slavessolve the problem,and

3. mastemgathergesultdatafrom slaves.

In mostinstanceghe “user” will in fact be a programwhich callsthe mastermprocess
passingdataas parametersHencethe calling programand masterprocesswill both
be executingon the sameprocessor

For T8 networksthe needfor communicationwith the outsideworld determines
wherethe masterprocessis placedin the network. We cannotassumehat all the
masterprocessos links are availablefor connectiorto slave processorsincesome
mustbe usedfor connectionto the outsideworld. At a minimum, onelink mustbe
availablefor connectiorto the slave network,andin generalmostT8 machinessuch
asthe Supernodelo have only a singlelink connectiorfrom the masterprocessoto
theslave network.With only asinglelink availablefor T8 networksthemasterprocess
is placedat oneendof the chainof slave processesr hangsoff onecorner(or edge)
of a grid of slave processeg$seeFigurel.€ partsl. and2.). This singlelink may be
a bottleneckfor communicationsespeciallyfor the grid topology andin generalit
is bestif the algorithmmakesminimal useof the masterprocess.This leadsto T8
algorithmswherethe slave processeperformalmostall of the computationandthe
masterprocesgust handlescommunicatiorwith the user For this reasonwe specify
thesize,p, of a T8 networkasthe numberof slave processorandassumehe master
processs runningon anotherprocessor

Communicationsvith the outsideworld on aT9000/C104machinecantakeplace
overavirtual link throughthe C104switchnetwork.Henceall thelinks onaprocessor
may be connectedo the switch networkandavailablefor communicatiorwith other
processors.This meansthat the masterprocesscan be locatedon ary processoin
the array and hasthe samecommunicatiorability asary otherslave processegsee
Figure 1.6 part 3.). For this reason,in the algorithmsdesignedor a T9000/C104
machinethe masterprocesdakesa full partin the solutionof the problem.It handles
communicatiorwith the userandalsoexecutesheslave algorithm. This arrangement
still requireswo programsonefor themasteiprocessandonefor theslave processes,
but makesmore effective useof the masterprocessoinsteadof leaving it idle much
of the time asis the casefor the T8 algorithms. Hence,we specify the size, p, of
a T9000/C104networkasthe total numberof processorsisedincluding the master
processorSeeChaptel7 for adiscussiorof the meritsof thesealgorithmicmodels.

We have choseroc camastheimplementatiodanguagdor theseprogramsoccam
allows very simpleexpressiorof parallelconstructandthe CSPmodel. This leadsto
well structuredandeasilyunderstoogarallelprograms.Unfortunately this language
is not widely availableon otherarchitectures Thusthe desirefor portability of pro-
gramsfrom onearchitecturego anothemhasnow led to theuseof Fortranfor all further
developmentwork (seeChaptei7).
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Measuringandpresentinghe performancesf computemprogramsandespecially
parallel computerprograms hasalwaysbeena contentiougssue. In this thesiswe
have tried to presentdatain a mannerwhich mostclearly demonstratethe analysis
givenin thetext. The elapsedime, or wall-clock time, for trial programrunsis given
in tablesto allow furtheranalysisto be conductedAll otherperformancenformation
is derivedfrom this raw data.

For eachparallelprogramwe areinterestedn how theprogramperformancecales
with changesn problemsize,n (n is avectorof problemparametersgandthenumber
of processorsy. We alsowish to comparethis performancewith thatof the bestse-
guentialprogramfor the sameproblem.Let usdefinethewall-clock executiontime of
the bestsequentiaprogramfor the problemto be 7;(n), andthewall-clock execution
time for the parallelprogramto be 7'(n, p). We now definethe speedupS(n, p), for
theparallelprogramas (n)

T.(n

S(n,p) T(n.p)"

The speedupas definedhere, shavs the variationin performancej.e., the rate of
computationpf a parallelprogramasthe numberof processorsr problemsizevary.
Speedups arelative measurewith no units,andis normalisedsothata parallelpro-
gramwith a speedupf 1 representshe samecomputatiorrate asthat given by the
bestsequentiaprogramfor the sameproblemsize. We presentgraphsof speedup,
S(n, p), againsthenumberof processors, for fixed problemsizesn. Thesegraphs
shaw clearly how well the parallelprogramscaleswith machinesize. Of specialin-
terestis the locationof the peakof the graphwhich shavs the numberof processors
which givesthe maximumperformancédor a givenproblemsize. Sincethis definition
of speedups normalisedo the costof the bestsequentiaprogramfor the problem,
speeduganalsobe usedto compardifferentparallelprogramwhich solve the same
problem(seeChapte6).

In orderto be ableto comparethe performanceof parallelprogramswhich solve
differentproblemswe mustdefinea measurdor the absoluteperformanceof a par
allel program. The absoluteperformanceof scientificcomputerprogramsis usually
expressedn termsof millions of floatingpointoperationpersecondMflop/s). Letus
definef'(n) to bethenumberof floatingpointoperationsequiredoy the bestsequen-
tial programfor agivenproblem.Theabsolutgerformancef theparallelprogramis
thengivenby

F(n)

T(n,p)’

Graphsof R(n,p) againstp for fixed n areidenticalto the speedupgyraphsdefined
above, exceptfor onecrucialdifference:Thescaleon they-axisfor R(n, p) hasunits

of Mflop/s. The performanceof one parallel programin Mflop/s may be compared
with anotherparallelprogramfor a differentproblem. The performanceof programs
running on differentarchitecturesnay alsobe compared.We canget a measureof

theefficiengy of theparallelprogramby comparinghe absolutgperformancevith the

R(I’l,p) =
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maximumperformanceavailable from the numberof processorsised. When mak-
ing thesecomparisonswe mustbe awarethatthis measuref absoluteperformance,
R(n, p), is not constantput varieswith problemsizeandnumberof processorsand
variesbetweerdifferentparallelprograms.

For practicalpurposessuchasestimatinghe run-timefor a particularproblemor
finding the numberof solutionsthat can be obtainedin a given time, we definethe
temporalperformancefr(n, p), to be

1
T(n,p)

This givesusthe numberof solutionsper secondthata programdeliversfor a given
problemsizeandnumberof processors.

To accompan thesepracticalmeasurementsf the performanceof eachparallel
programwe develop analyticalcostmodelsfor eachprogram.Thesecostmodelsex-
pressthe wall-clock executiontime for a programin termsof a numberof problem
parametersn, anda setof hardwareparametersvhich measurehe performanceof
importantcomponent®f the architecturesuchasthe floating point unit andcommu-
nicationnetwork. In the next chapterwe discusssuitableparametergor transputer
systemsandestimatevaluesfor theseparameters.

RT(H, p) =



Chapter 2

Modelling parameters

It is commonfor the descriptionof a sequentiahumericalalgorithmto include an
expressionwhich specifiesthe “cost” of that algorithmin termsof the “size” of the
problemto be solved. This allows differentalgorithmsto be comparedandthe most
efficient for the intendedpurposeto be selected.We canextendthatideato develop
costmodelsfor parallellocal memoryarchitecturesvith point to point communica-
tions suchasthetransputerIn this chaptemwe proposesetsof modellingparameters
for T8 andT9000basedarchitectures.

2.1 Introduction

We are concernechereprimarily with the total executiontime of an algorithmon a
given architectureandgive only secondaryconsideratioro factorssuchasefficient
useof processoandmemoryresourcesHencethe “cost” of analgorithmis the exe-
cutiontime of thatalgorithmandthealgorithmwith thebestperformances thatwhich
hasthe smallestexecutiontime. Wheninvestigatingdifferentalgorithmsfor ary type
of computeyit is very usefulto be ableto predictbeforecodinghow well the algo-
rithm will perform. This would allow usto rejectcostly algorithmswithout spending
time codinganddeluggingthem.Oneway of doingthisis to find a costmodelfor an
algorithm. A costmodelis an expressiorwhich givesthe total costof an algorithm
for differentproblems. It allows you to comparethe performanceof differentalgo-
rithms,andalsoallows youto studythevariationin costof onealgorithmfor different
problems.Costmodelsshouldbe relatively easilyto develop comparedvith thetime
requiredto actuallycodean algorithm. This requiremenmeanshatthe modelmust
be simpleandonly takeaccountof the mostsignificantfeaturesof analgorithmand
architecture. The costspredictedby the modelneednot be accuratebut shouldbe
goodenougtto allow realisticcomparisonsf performancelf moreaccurateostsare
requiredthendetailedmodelsmay be developedor the algorithmmay be codedand
runonasimulator

In traditionalcompleity analysisan algebraicmodelis derived which givesthe

20
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worstcasecostof the algorithm. Eachfeatureof the problemto be solved which af-
fectsthecostof thealgorithmis modelledby a problemparameter In mostnumerical
algorithmstheseparametersneasurehe “size” of the problem. For examplea gen-
eral matrix vectormultiply requirestwo parametersn andn which give therow and
columndimensionof the matrix. The algorithmiccostis thengivenin termsof the
numberof floatingpoint (FP) multiplicationsrequiredasa functionof the problempa-
rametersThisis mn for our matrix vectormultiply example.Thedecisionto include
only the numberof FP multiplicationsis dueto the significantly highercostof these
operationcomparedvith FP additionandsubtractionon older machines.This deci-
sion requirescarefulreconsideratiofior modernarchitecturesuchasthe transputer
(seeSectior2.2).

In morecomplicatechumericallgorithmsthealgorithmiccostis notsoeasilypre-
dicted. The costof iterative algorithmscannotbe given exactly sincethe numberof
iterationsperformedis problemdependent.However, the rate of convergenceof an
algorithmallows somecomparisongo be madebetweendifferentalgorithms. Also
the costof eachindividualiterationis important;evenif moreiterationsarerequired,
analgorithmwith cheapterationsmay performbetterthanonerequiringfewer, more
expensve iterations.Theiterationcostmaybe modelledin termsof problemparame-
ters,e.g.in aneigervalueproblemwe usen the matrix size. For somealgorithmsthe
numberof primitive FP operationsn aniterationis notknown sinceit may, for exam-
ple, dependon a usersuppliedfunction of arbitrarycompleity. The Newton method
for unconstraineaptimisationhasthis feature. In this case the costof an iteration
maybegivenasanestimateof therequirednumberof evaluationsof the usersupplied
function.

For moderncomputersusingthe total numberof FP multiplicationsasthe basis
for the costmodelis not acceptablesinceother FP operationssuchas additiontake
comparablegime and have comparableoperationcounts. For example,the Level 1
BLAS dot producthasonly 1 lessadditionthanmultiplication. Oneearly suggestion
wasthusto usethemultiply-addoperatiorasthebasicFPoperation(flop). However, it
is now generallyacceptedhateachindividual FP operation suchasaddition,subtrac-
tion, multiplication anddivision, shouldbe countedseparatelyand a combinedtotal
numberof FP operationgivenasthe costof analgorithm. An algorithmcanthusbe
saidto have a costof say 10Mflop if it entailsthe executionof a total of 10 million
FP operationsThe computatiorrateof a particulararchitecturdor a givenalgorithm
is thengivenassay1Mflop/sif thatarchitecturexecutesl million FP operationger
second.

In the prior discussiorthe costexpressiongivesvaluesproportionalto the execu-
tion time of thealgorithm.If theactualtime takenis requiredthenthe expressiommust
be multiplied by a constantof proportionalitywhich is the time takento performa
singleFP operation.

Theproblemparametergor analgorithmon a parallellocalmemorymachinewill
includeall thoseusedin sequentiaklgorithmsto specifythe problemsize. The most
importantadditionalparameters the numberof processors,, usedto solve the prob-
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lem.

A costmodelexpressiorfor a parallelalgorithmon alocal memorymachinewill
alsoincludearchitectue constantsArchitectureconstantsreintroducedor eachfea-
ture of themachinearchitecturehataffectsthe costof thealgorithm. Theseconstants
arerequiredsothattermsin the costexpressiondueto eacharchitecturafeatureare
addedin correctproportions.For example,if a unit of communicatiortakestwice as
long asa unit of computatiorthenthecommunicatiorconstanimustbe twice aslarge
asthe computatiorconstantWe choseto give eachconstant valuewhichis anesti-
mateof therealcostof theoperatiorsothatthe costmodelexpressiorgivestheactual
executiontime for the algorithm. By varyingthe valuesgivento the architecturecon-
stantswe canpredictthebehaiour of analgorithmonfuturegeneration®f machines.
For examplewe canstudythe effect of varyingthe communicatiorraterelative to the
computationrate to try andfind the balancethat gives the bestperformancedor an
algorithm.

Therearemary featuresof transputerarchitecturesvhich could be incorporated
into a costmodelas architectureconstants.However to keepthe modelsrelatively
simpleandquickto developwe mustselectonly the mostimportantfeaturesThetwo
fundamentabperationghat mustbe includedin the modelare FP computationand
inter-processocommunicationput eventhesehave hiddencomplications.

2.2 Modeling computation

For simplicity we wish to model FP computationby a single architectureconstant,
T;. As explainedearlier we modelthe computationcostof the algorithmby the to-
tal numberof FP operationsandso our architectureconstantshouldbe an“average”
of theindividual FP operationcostscombinedin proportionto the frequeng of their
use. For somearchitectureghe costof differentFP operationsvariesso muchthat
usinga singlearchitecturgparametemay not be sufficient to modelthe performance
well. For exampleheaily vectorisedarchitecturesuchasthe Cray requiretwo pa-
rametergso modelcomputation.oneparametereflectsthe startupcostfor a FP vector
operatiorandthe otherreflectsthe costof an FP operationon a singlevectorelement.
However for mostmodernmicroprocessoarchitecturescalarFP operationsare per
formedin hardwareandtheoperation$ave comparableost. Thisis trueof the T9000
(doubleprecisionadditionsandsubtractionsake2 cycleswhile multiplicationstake3
cycle [64]) and,to areasonablextent,trueof the T8 (additionandsubtractiorcost7
cycles;multiplication20 cycles[63]).

Thereare other microprocessooperationswvhich takea comparablgime to per
form, for examplereplicatedSEQ constructsandFP comparisonsWe do not wantto
includetheseoperationsnto ourmodelasseparateonstant®r themodelwill become
too complicated Providedanoperations only rarely usedcomparedo normalarith-
metic (for example FP comparisongo control branchingin mary algorithms),then
we canomit it withouttoo muchlossof accurag. To takeaccountof frequentlyused
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programcontrolflow code(like thereplicatedSEQ constructwhich is very common)
we usea valuefor 7y which hasbeenmeasuredxperimentallyfrom an arithmetic
expressionn a programloop. Numericalalgorithmsusuallyoperateon arraysso ar-
ray indexing is alsoincludedin the testarithmeticexpression. It is hopedthat this
methodof estimating?’; will alsotakeinto accountthe advancedpipelining of the
T9000aswell asthe parallelexecutionof the floating point unit andinteger unit. To
measurea value for 7 on a T8 a testprogramwastimed which performeda dot
productbetweenwo vectorseachof 10000doubleprecisionelements.Thetestwas
repeateds timesandthe averagetime of the runscalculated. This givesa valuefor
Ty = 1.62us for doubleprecisionwhichis arateof 0.617Mflop/s.This experimental
measuremerdf 7'y workswell for predictingalgorithmiccostson T8 processorgsee
Chapter3 and[74, 62]). It shouldbenotedthathand-craftedissemblecodefor com-
puteintensve loopscanachieze muchhigherlevels of performanceahana high level
language For example,anassemblecodeddot productroutineachievzes1.14Mflop/s.
If implementationsnakegood use of assemblercoderoutinesthenthe latter value
maybe substitutedWhile suchpracticalmeasurementrenot possiblefor the T9000
we mustestimatethe FP computatiorrate. At a 50 MHz clock frequeng the T9000
is capableof a peakrate of 25Mflop/sdoubleprecision[64]. INMOS estimateghat
sustainedateswill be at least10Mflop/s,andwe expectthat hand-codedssembler
shouldreach20Mflop/s. For this work we will usethe conserative sustainedate of
10Mflop/swhich givesavalueof 7'y = 100ns.

2.3 Modelling communication

Modelling the hardwarecommunicatiorcostfor the T8 architecturas fairly straight-
forward. For numericalalgorithms,we are interestedn the costof communication
of vectorsbetweenneighbouringT8 transputern a singlelink. Experimentation,
and experience shaved that a single parametefr’,, the costof sendingone double
precisionvaluebetweemeighbouringransputerssanmodelcommunicatiorof large
vectorsquite well. To find a valuefor 7. a testprogramwastimed which passeca
vectorof 10000doubleprecisionelementsdown a hardwardink. The testwasre-
peateds timesandthe averagetime of the runscalculated. The resultingvaluewas
T. = 8.80us, which is a rate of 0.909Mbyte/s.Numericalalgorithmsdevelopedfor
T8 networksarein generalspecificto a particularconfigurationof transputersfor
examplea chain,ring or grid topology Thisis dueto thelack of high-level communi-
cationsfunctionalityinitially providedwith transputessystemsandto the significant
improvementn performanceyainedwhenanalgorithmis tunedto exploit a particular
topology Thisimprovementn performanceomesrom the ability to exploit locality
of dataand usenearneighbourcommunicationgnsteadof communicationwith dis-
tant processorsvhich requiresforwardingof messageshroughseveral intermediate
processorbeforereachinghe destination.Hence to retainaccurag, costmodelsfor
algorithmsrunningon the T8 architecturewill be specificto the topologyof the T8
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Figure2.1: PossibleT9000/C104configuration

networkfor which the algorithmis designed.Modelsfor high-level communications
operationgor T8 networksarethusquitecomplicatedseeAppendixA).

Modelling communicationcostsfor the T9000/C104architecturds much more
difficult thanmodellingits computationcost. Again we wish to keepthe numberof
constantsequiredto a minimum. For networksof T8sa singleconstanfits theactual
costquite well. However the more sophisticatedechniqueusedto implementchan-
nel communication®n T9000/C104networks(see[64, 65, 51]) requiresa different
model. For T8 networksan algorithmandaccompaying costmodelwasspecificto
a particularconfigurationof transputersHowever, the physicalconfigurationof C104
switch chipson a T9000/C104machinedoesnot restrictthe logical configurationof
processorsequiredby analgorithmsince,asmentionedn Chapterl, thearchitecture
provides“virtual links” betweenary pair of processesAs analgorithmis now inde-
pendenbf the switchnetworkconfigurationwe would like the costmodelfor theal-
gorithmalsoto beindependenof theconfigurationn generatheconfiguratiorof the
switchnetworkwill beunknovn; machinesvith thesamenumbeyp, of T9000proces-
sorsmay have differentnumbersof C104switch chipsconnectedn differenttopolo-
giesbalancingthe requirement®f network performanceand financial cost. Hence,
for both programmingand modelling purposesave considera T9000/C104machine
to bea setof p processorsvith all links connectedo a generalswitch network (see
Figure2.1).

Unfortunately this flexibility in physicalconfiguratiormakesit difficult to model
thecostof communicatioraccurately Thisis becauseachswitchchip throughwhich
a packettravelsintroducesa significantdelay of about1 s (tentimesthe costof FP
multiplication)andthenumberof switchchipsthatapacketrossess unknaovn. There
arealsomary furthercomplicationsuchasthepossibilityof saturatiorof thenetwork
bandwidth hot-spotsandrandomrouting of messagef6C]. Within the T9000proces-
soritself we shouldconsiderthe costsof messag@acketisationytilisationof thelink
bandwidth processchedulingmemorybandwidthandcaching.

In the following sectionswve examinethe T9000/C104architecturan moredetail
developingcostmodelsthatincludesomeof thearchitecturafeaturesexplicitly. Then
we seehow we candevelopsimplecostmodelsof communicatiorior usein modelling
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numericalalgorithms.

2.4 A Plethora of Parameters

Messagecommunications explainedfully in the INMOS documentq64, 65, 51],
however a brief overview of the processwill be helpfulin understandinghe follow-
ing sections. The sourceprocessnitiates a communicationby settingup a Virtual
Link ControlBlock (VLCB) with informationaboutthemessagsizeandlocationand
the destinatiorprocessorlt is thendescheduledvhile the Virtual ChannelProcessor
(VCP) co-ordinateshe messagéransmissionThe VCP splitsthe messag@énto pack-
etsof 32 bytesin length.Eachpacketis injectedinto the switchnetworkwith aheader
and End Of Packet(EOP)markerattached.The headercontainsthe identity of the
virtual link which the switch networkusesto routethe packetthroughthe networkto
its destination The packetsaresentoneatatime andthe VCP only transmitsanother
packetwhenit hasrecevedfrom thedestinatiorproces@anacknavledgepacket{ACK)
for the last transmittedpacket. This maintainssynchronisec¢ommunicatioranden-
suresthat no datais lost. The last packetmustbe acknavledgedbeforethe source
processs rescheduled.

Let us considerthe following scenario:a sourceproceson a processowishesto
senda multi-packetmessageo a destinatiorprocesn anotherprocessoconnected
to theswitchnetwork.Thereares switchchipsonthepaththatthemessagevill travel
from sourceto destinatiornprocessor We assumehat the bandwidthof the network
is greatenoughto allow us to negglect the possibility of collisions betweendifferent
messagesFor simplicity we alsoassumehatthe destinationprocesss readyto re-
ceive the messagevhenthefirst packetarrives. This avoidsthe needto consideridle
time in sourceanddestinatiorprocessaorHowever, the modelfor a completenumer
ical algorithmshouldtake accountof the idle time dueto synchronisationbetween
processes.

Thefollowing parametersnay be usefulin modellingthe costof this scenario:

n numberof bytesin message
Letusassumehatn is amultiple of b (seebelow).

h numberof bytesin header
We will useavaluel = 3 giving 2** distinctchannelsvhich shouldbe ample
evenfor large networksandalgorithmswhich usemary channels.

b maximummumberof bytesin a padet
Value:b = 32.

s numberof C104switdh chipsa padketpasseshrough
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« transmissioriime
Thetime takento transmita singlebyte on alink. We will useavalueof o =
100ns (i.e.10Mbyte/slink speed).

3 padetinitialise time
Thetime takenfor the Virtual ChannelProcessoVCP) to initialise the output
of apacketonalink. Value: 3 = 200ns.

~ channelinitialise time
Thetimetakenby theintegerunitto setupaVirtual Link ControlBlock (VLCB)
for outputof amessagen avirtual link. Value:~ = 500ns.

6 switch delaytime
Thedelayintroducedy a C104switchchipasapacketpasseshroughit. Value:
0 = 1pus.

(Valuesfor theseparameterareestimate®nly.)

2.5 Packet Transmission

For thetransmissiorof a singlefull packetbetweerprocessorgherearetwo different
expressiongor the cost(asmeasuredby the sourceprocessorfiependingpnthenum-
ber, s, of switchchipsthatthe packetraverseslf s is smallenoughsothatthesource
recevesanacknavledgepacket(ACK) beforeit hastransmittedall of the bytesin the
packethenthecostis simply the time takenfor the sourceprocessos VCP to beini-

tialisedandto transmitthe headerdatabytesand ECP tokeni.e., 5 + (A + b + 1)a.

(For simplicity, we usethe samecostfor communicatinga tokenasfor a singlebyte).
However, as s increaseshe time takento receve the acknavledgeis increasedyy

thedelayintroducedby theinterveningswitch chips. For sufficiently large s thetime

to receve the ACK is largerthanthe costto outputthe packetand sothe costis de-
terminedby the time takento receve the ACK. The time takenfor the VCP on the
sourceprocessoto initialise andoutputthe headeiis 3 + ha. After adelayof sé the
headerhasbeenreceved by the destinationVCP. The VCP processeshe headerto

generatean ACK in time # andthis is transmittedback at cost(h + 1)a. The ACK

is receved by the sourceVCP aftera furtherdelay si. The total costin this caseis

26 4+ (2h + 1)a 4 2s4. Sothecostof transmittinga full packets givenby:

B4+ (h+b+ 1)

Tp:max{ 23+ (2h + 1)ar + 256 (2.1)

Figure 2.2 shaws the costfor transmittinga full packetacrossvarying numbersof
switch chipsusingestimatedor the parametersisgivenin Section2.4. The point at
which the costof transmittinga packetbeagins to dependon s, the numberof switch
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Figure2.2: Costof transmittinga singlepacket

chipstraversedjs derivedfrom Equatior2.1:

(b—h)a —

>
5= 26

(2.2)

2.6 Message Transmission

In this sectionwe are concernedmainly with the communicationof long messages
(n > 100bytes) Thisis commonin numericallibrary codeswhich frequentlycom-
municatelarge matricesandvectors.To simplify themodelswe assumehatn is also
amultipleof b. Giventhetime to transmita packetin Equatiori2.1 thecostto transmit
amessagef lengthn is:

7] 7 EB (b 1)a)
"o v+ $(28 + (2h + 1)a + 2s6)

Figure 2.3 shaws the costfor transmittingmessagesf varioussizesacrossvarying
numbersof switchchips.

(2.3)
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Figure2.3: Costof transmittinga singlemessagen onechannel

Equatior2.2 givesthe point at which the messagéransmissiorcostbeginsto de-
pendon s. With the estimatedraluesfor the parametershis meanghatthe bestutil-
isationof a link for a singlechannelcommunications only obtainedwhenat mosta
singleswitchchipis traversed.If therearetwo or moreswitch chipson the paththen
idle time of thesourceVCP andlink engineareintroducedwhilst the ACK is awaited.
T9000/C104machinesconsistingof morethan 32 T9000 processorgonnectedy a
switch networkwill requiremorethanoneswitchchip andsothebestlink utilisation
will notbe obtainedon ageneraburposemachinewith only onechanneko alink.

Therearetwo waysof improving the utilisation of the link bandwidth. Oneway
would be to introduceexcesgparallelisminto the algorithm,placingm identicalpro-
cesse®n eachprocessor In this casewhile a delayedacknavledgepacketprevents
transmissiorof the next packeton one channelon the link, packetson otherchan-
nelsmappedontothis link may be transmitted.If thereareenoughchannelswishing
to communicateat a time thenthe full utilisation of the link canbe achieved. This
methoddoesnot requirecomplex programmingoy the algorithmdeveloper but only
that the algorithmis fine-grainedenoughto be ableto usemp processeslt should
be notedthatcomputeprocessemayalsoexecutein parallelwith thecommunicating
processesincethey useseparat@xecutionunitswithin theprocessor

Thesecondnethodfor increasindink utilisationis to split thesinglemessagéhat
a processvantsto transmitinto multiple blocksandtransmittheseblockson several
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sone code
- Declare c channel s
[ 4] CHAN OF [] REAL32 chanvec
PLACED PAR
- Source process
[ 1024] REAL32 source. vec
I NT bl ock. si ze
SEQ
sone code
bl ock. si ze : = 256
PARi =0 FCR 4
chanvec[i] ! [source.vec FROM bl ock. size*i FOR bl ock. si ze]
sone nore code
- Destination process
[ 1024] REAL32 dest . vec:
I NT bl ock. si ze
SEQ
... sone code
bl ock. si ze : = 256
PARi =0 FCR 4
chanvec[i] ? [dest.vec FROM bl ock. si ze*i FOR bl ock. si ze]
sone nore code
sone nore code

Listing 1: Full occamCodeto Communicatea MessageisingMultiple Channels

channelsnappedntothesamdink. Thistechniquewill requirecomplicateccommu-
nicationroutinesto divide, transmitandreassembléhe messageorrectly Complete
routinesshouldbe provided aspart of a standarccommunicationgibrary sothatthe
userdoesnot needto considertheirimplementation A collectionof suitableroutines
that have beenrequiredfor the algorithmsdevelopedin this work are describedn

AppendixA.

Listing 1 shows a full occamfragmentthatcommunicates vectorbetweerntwo
processesisingmultiple channels Waysin which this canbeimplementecasa gen-
erallibrary routine are unclear;for example,how cana userspecify the sourceand
destinatiorprocesse® alibrary routine?This requires’/namedprocessfunctionality
in thecompiler

The numberof channelsthat needto be usedto saturatea link dependson the
numberof switch chipsthat the messagenusttraverse. The numberof channels¢
say shouldatleastbe large enoughsothatwhenthefirst channeko transmita packet
hasjustrecevedan ACK thelastchannehasfinishedtransmittingits packet.e.:

time to outputon otherchannels > time from endof outputto receve ACK
(c=1DB+h+b+1a) > 264+ 2h+1)a+2s6—F—(h+b+ 1)
264236 + (2h + 1)
2.4
B+ (h+b+1)a (2.4)

¢ >

Let us considerthe examplethree-stag€los-typenetworkin Chapterl. For this
example machinewith randomrouting of messageslisabledthe numberof switch
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chipsthata messagéraverseswill beatmost3. Usings = 3 in Equatior2.4 suggests
thatabout2 channelswill be requiredto communicatean parallelon a link to fully
utilise the link bandwidth. It shouldbe notedthatif s = 0, i.e., the processorare
connectedogetherdirectly, onechannebnalink saturateshelink bandwidth.

The total costof communicatiorusing multiple channeldor a singlemessages
derivedasfollows. If the numberof channelsusedis not enoughto saturatehe link
bandwidththeneachchannelkransmitsits n/cb packetswith a wait for ACK between
eachone. Thetime betweerthe outputof thefirst packeton thefirst channelandthe
receiptof the last ACK on thatchannelis (n/cb)(23 + (2h + 1) + 2s6). Thelast
channelrecevesits last ACK aftera furthertime (¢ — 1)(3 + (h + b+ 1)a). Onthe
otherhand,if enoughchannelsare usedto saturatethe link bandwidthtransmission
of packetss continuouswith no waiting for ACK packetsandthe transmissiorcostis
(n/b)(B+ (h+ b+ 1)a). In both caseshereis the additionalcost, ¢y, incurredby
theinitialisation of the VLCBs by the integer unit. However, becausef the parallel
executionof the integer unit andthe VCP, communicatiormaytake placeon thefirst
channelsvhile theremainingchannelsrestill beinginitialised. In this thesiswe have
includedthefull costof the channeinitialisationsin the models. Thetotal costfor a
multi-channecommunications:

ey + 228+ (2h + 1)a+2s6)  ife< W
Tne = He—=1)(B+ (h+b+1)a)
Y+ 3B+ (h+b+1)a) otherwise

Figure2.4shavshow thecostof themulti-channetommunicatiorof asinglemessage
varieswith thenumberof channelsaandswitches Figure2.t shavsthatthe costof the
communicatiorwill beindependentf the numberof switch chipstraversedprovided
thatenoughchannelsareused.

At worst, this methodgivesasgooda performanceswhena singlechannelkatu-
ratesa link, exceptfor the costof the additionalchannelnitialisations. However, the
overheaddueto channeinitialisationis smallcomparedvith thefull costof thecom-
munication.For largenetworkswvheretheroundtrip timeto recevethe ACK dominates
the costfor the singlechannelcommunicationthis methodprovidesa significantim-
provementn performanceHencethis methodof communicatiorseemsvorthwhilein
all practicalsituationsvhethere ands areknown or not. If theseroutinesareprovided
aspartof acommunicationdibrary thenafixedvalueof ¢, sayc = 2, would probably
be usedwhich wassufficiently large to saturatethe link bandwidthfor communica-
tions acrossthe largestnumberof switch chipsthatis likely to occuron a machine.
For the examplethree-stageClose-typenetworkin Chapterl Figure 2.5 shavs that
only 2 channelsareneededo saturatehelink.

If smallmessagea few packetdan length)aretransmittedhenthe multi-channel
methodstill provides a significantperformancamprovementover a single channel
communicatiorprovidedthatmorethanoneswitchchipis traversedandthusasingle
channelcannotsaturatethe link bandwidth). Evenwith only one packetper channel
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Figure2.4: Costof multi-channekommunicatioragainshumberof channels

the costof the extra channeinitialisationsis only a small partof thetotal cost. For a
very smallmessagéupto onefull packet.e.,n < 32) thesimplesinglechannekom-
municationis better Most numericallibrary programswill communicatemessages
of a wide rangeof lengths,so both multi-channelcommunicationsand single chan-
nelcommunicationsvill beused.For examplein Gaussiareliminationmulti-channel
communicationsvould be usedfor scatteringhe matrix, anda singlechannelmight
beusedto broadcaspivot informationat eachstepof thealgorithm.

A furtherrefinemento thetechniquefor communicatinga messagéetweerntwo
processorsvould be to makeuseof several, [ say of the links on both the source
anddestinationprocessor Eachlink would have enoughchannelsmappedontoit to
saturatethe link bandwidth. The VCP would first initialise a packetcommunication
on achannelon onelink. After that,in the previous multi-channeimethod,the VCP
mustwait until thatpackethadbeenoutputbeforeit couldinitialise outputof a packet
on a differentchannelmappedonto the samelink. To avoid this VCP idle time, the
nev methodinsteadnitialisesthe transmissiorof a packeton achanneimappecdnto
a differentlink. The VCP cyclesroundthe links outputtingpacketson eachin turn
andreturnsto thefirst link hopefullybeforeit hasfinishedtransmittingits packet.The
VCP thenoutputsa packeton thefirst link again. This methodagaintriesto saturate
the bandwidthof eachlink but usesmultiple links to increasethe outputrate of the
sourceprocessorFull utilisationof eachlink is only attainedf thetime takenby the
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Figure2.5: Costof multi-channelcommunicatioragainshumberof switches

VCPto serviceall four links is lessthanor equalto thetime takenby alink engineto
transmita packet:

< (b+h+1)a
With the estimatedsaluesof Section2.4 this is true andsowe expectthe VCP to be

ableto sustaincommunicatioron all the links at their full bandwidthsimultaneously
Thisreduceshe numberof packetoutputon eachlink by afactor/, giving a costof:

" ) . 55 h a
ley + 75(28 + (2h + 1)a +2s6) i e < 2EHEE)e
Tyt = He—1)(B+ (h+b+1)a)
ley + 23+ (h+ b+ 1)a) otherwise

A comparisonof the predictedcostsof the three methodsof communicatinga
messagés shavn in Figure2.6. This graphshaws thatthe useof multi-channe(and
even bettermulti-link) messageommunicationroutinessignificantly decreaseshe
costof ary communicatioracrossmorethanoneswitchchip.
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Figure2.6: Comparisorof the costsof transmittingamessage

2.7 A Simple Modd for Communications

Thecommunicationsnodelspresente@bove arenot suitablefor usein ouralgorithm
modelsbecausehey arefar too complicatedor our desiredaim of easeof modelde-
velopment. This compleity is introducedto presentan accuratemodelof the true
costsof communicationHowever, it is unlikely thatthe degreeof detailinvolvedwill
give the expectedaccurag in practice. Therearemary otherfactorswhich have not
beenincludedin the modelswhich may be significant. Theseincludethe overheads
of programcodeexecution,inefficiency of theimplementationanguagetransmission
of partially full packetsmemorybandwidth,caching,pipelining and parallel execu-
tion of the processounits. As far asthe switch networkis concernedwo important
unknavnswhich will affectcostsarethe actualnumberof switchchipstraversedand
the presenc®f hot-spotan the networkcausingcollisions.Ontop of all of thesecon-
cernsthereis the problemof measuringdle time asthetwo communicatingprocesses
synchronisenitially. Thisidle time maybe dueto the presencef otherprocessesn
the communicatingorocessorsr to imbalancen the workloadof the two processes.
For all of thesereasonsve needa muchsimplermodelwhichwill predictthecommu-
nicationcostadequatelynoughfor usto be ableto makedecisionsaboutthe general
performancef differentalgorithmson a T9000/C104machine.

Let usconsideffirst a simplemodelfor a singlechannelcommunicationAs men-
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tionedin Section2.3 the simplestmodel 7' = £n doesnot matchthe true costwell
enough sinceit ignoresthe significantstartup time, v, asthe channelis initialised.
ThemodelT = k; + kon includesthis initialisationtime but doesnot takeaccouniof
thevariationin costwith s. Thisvariationis very significant(referto Figure2.3) and
dominateghe costwhena large numberof switch chipsaretraversed.The extra cost
incurredby switch chipsscaleswith the messageizesincea delayis introducedfor
eachpacketnotjustfor thewholemessageHencethe delayis equallysignificantfor
bothsmallandlargemessages.

Oneway to modelthis delayis to introducea furthertermin the costexpression
involving n ands:

T =ki + kon + kssn (2.5)

Unfortunatelytheresultingcostexpressions becomingascomplicatecasthe models
presentedbove. Also, we will notknow thevalueof s to beused;evenfor a specific
machinewith a known numberof switch chipsin a known configurationeachindi-
vidual channecommunicatiorwill crossdifferentnumberf switchchipsdepending
on the locationsof the processorsnvolved and whetherrandomrouting is enabled
or disabled. It hasbeensuggestedhatthe expressions = log p could be usedasan
average assumingheswitchnetworkwasconfiguredasa hypercubeThisis not sat-
isfactory as the dimensionof the hypercubejf a hypercubeconfigurationis indeed
used,will vary dependingon the numberof switch chips, andthis is unlikely to be
the sameasthe numberof processorsn the machinefor reason®f economy Alter-
native configuration®f switchchipswould give differentrelationshipdetweers and
p: agrid configurationwould requires o ,/p; anda linear chain: s o p. A further
complicationin evaluatinga valuefor s occursif analgorithmusesonly onepartition
of a large multi-usermachine:in this casethe numberof switch chipsis morelikely
to dependuponthe total numberof processorsn the entire machineratherthanthe
numberbeingusedfor this particularcomputation A reasonablsolutionseemso be
to useEquation2.5 asa modelandexpecta suitableexpressiorfor s to be specified
by the userwhich reflectsthe sizeandconfigurationof his machine.This expression
for s mustgive an approximatiorto the averagenumberof switch chipsin the path
of a generalmessagefor examplehalf the worstcasenumber This modeldoesnot
satisfyoneof our mainaims,thatthecostmodelbeindependentf the switchnetwork
configurationjut this seemsinasoidable.

A simplecostmodelfor the multi-channelor multi-link communicatiormethods
is much easierto specify sincethis dependencen s is removed provided that the
link is saturatedIn this situationwe canusethemodelT" = k; + k,n withoutlosing
ary accurag. Therelationshipbetweerthe multi-channelcostmodelandour simple
modelis givenby:

ki

cy
B4+ (h+b+ 1)
b

k‘g =
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In practicevaluedor k; andk, wouldbeestimatedy runningtestcommunications
programson areal T9000/C104machineandfitting themodelto theresultsobtained.
This attemptgo takeaccountof the costof programcontrol flow andotherfeatures
notincludedin themodels.

We arenow in thedifficult situationwherewe proposetwo differentcostmodels
for point to point communicationglependinguponthe implementatiorof that com-
munication.The costmodelfor a numericalalgorithmmay containtermsdueto both
typesof communicatiorandwill only be correctif eachindividual communication
in the algorithm implementatiorhasbeenperformedusing the methodexpectedby
themodel. For numericallibrariesthis may not be too muchof a problem;for mary
algorithmsmostcommunicationsre of vectorswhich may be large. In thesesitua-
tionsmulti-channetommunicationsvould beusedthroughoutandtheassociatedost
modelwouldbeindependendf s andthereforeapplicableo machinesvith any switch
networkconfiguration. On the otherhandmary algorithmsinvolve the communica-
tion of smallamountof data.Thesewould beimplementedisingsinglechanneldor
communicatiorandhencethe algorithmiccostwould dependn the switchnetwork.

To summarisehis discussiorof communicationmodelsfor theT9000/C104archi-
tecture we proposedo modelsinglechannecommunicatiorby:

T = kl + ]CQ’I’L + kgSTL.

This expressions dependendn the configurationof the switch networkwhilst the al-
gorithmitself is not. It hasbeenshavn thatutilising the full bandwidthof thelinks is
not possiblewith only a singlechannelon a link whenmultiple switchchipsaretra-
versedoy amessageTo overcomehisinefficiengy, we suggesthatacommunications
library is developedwhich includesa primitive routine to implementmulti-channel
communications$or a singlemessageWe modelthe costof sucharoutine:

T:k4—|—k5n

This costmodelis independenof the switchnetwork. This methodof communication
maybeusedo transmitlongermessagesuchasthevectorsandmatricesn numerical
algorithms. A further setof library routinesimplementinghigherlevel communica-
tionsoperationsuchasbroadcaséndscattercouldusethis primitiveto improve their
performance.

In Chaptel it wasstatedhata multistagenetworkgave thebestcost/performance
ratio of ary networkdesign. We considert very likely that productionT9000/C104
systemwaill indeedbebasednthistype of network.In particular theexampleof the
three-stagéoldedClos-typenetwork(Figurel.5) seemsdealsinceit permitsnetwork
sizesup to 512 processorsvhich is the probableupperboundon networksize over
the next few years. A three-stagaetwork canalso supportalmost1000 processors
(precisely992) thoughwith reducedbandwidth. Hencewe think it very likely that
productionsystemswill be three-stageetworkswhich meansthatin the worstcase
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therewill be only threeswitch chipsalongthe path of a message.In addition,we
considerit unlikely that the necessareffort will be investedin the developmentof
multi-channecommunicatiomroutines.

Taking theseexpectationsinto account,we have chosento usethe first single-
channelcommunicationcostmodel (Equation2.3) with a valuefor s of 3. Hence,
for the T9000/C104architecturenve have a communicationgnodelconsistingof two
constantparameterd’; and7.. WhenT9000/C104machinesare availablethesepa-
rameterswill be estimateddy runningtestcommunicationsandfitting the timingsto
themodel. In the absencef real machinesve makeestimatedor the valuesusing
Equation2.3. This equationgives estimatedvaluesof 7, = 1usand7. = 888ns
for a doubleprecisionvalue, which is equvalentto a sustainedandwidthof about
4.5Mbyte/s.

Thiswork complementshework presentedh [51, Section6] which describeshe
costsof link communicationn termsof the numberof cycles requiredby the vari-
ousprocessingunits to performa communication. That work also shavs the effect
on performanceof partially full packets.It is comfortingto note that thesetwo dif-
ferentapproachebroadlyagreeon the costspredictedfor channecommunicatioron
aT9000/C104machine.Gee[4€] presentsan alternatve communicatiorcostmodel
which he testson the Virtual ChannelRouter(VCR) [31]. The VCR is a software
implementatiorof the T9000communicationsnodelwhich runson a networkof T8
processors.

2.8 Summary

Thefundamentamodellingparameterandexpressiongor computatiorandcommu-
nicationof doubleprecisionvaluesfor transputesystemsareasfollows:

For T8 networks:
computatiormodel T =nTy; where T;=1.62us

communicatioomodel 7' =nT. where T.=28.80us

For T9000networks:
computatiormodel T =nTy where 7, = 100ns

communicatioomodel 7' =T, + nT, where T, = lusandT. = 838ns
In thefollowing sectionghesesimpleexpressionareusedto developcostmodels
for completealgorithms. Examplesof costmodelsusingtheseexpressionsnay also
befoundin severalworking paperd3, 23, 61, 74, 62).



Chapter 3

Gaussian elimination

This chapterdescribessomeof our earliestwork on transputersystemsnamely to
designa parallelalgorithmto solve a setof simultaneouéinearequationsisingGaus-
sianelimination[74]. The original programwas developedandtestedon the RSRE
Protonodan early 1988. This prototypemachineconsistedf sixteenT4 processors
whoseconnectity could be controlledelectronically In its time this machinewas
quite advancedandwasthe forerunnerof the successfuSupernodenachinesin this
chaptemwve describehealgorithmdevelopedandpresenupdatedexperimentalesults
obtainedusingthe ParsysSupernodea memberof the currentgeneratiorof T8 based
SupernodenachinesThechapteprovidesanintroductionto mary of thedesigntech-
niguesthat apply to local memoryMIMD algorithmsandalgorithmcostmodelling.
Theseaechniquesarethenusedandexpandedhroughouthe restof thiswork.

3.1 Introduction

Almostevery areaof scientificprogrammingnvolvestheuseof linearalgebracalcula-
tions. Thesematrix operationgrequentlygoverntheoverall performancef numerical
applicationsSuchwidespreadisehasledto thisfield of numericalcomputingrecev-
ing moreattentionthanary otherfield. Linearalgebracomputationsnay be divided
into two fieldsdependingdn the structureof theunderlyingdata:densdinearalgebra
andsparsdinearalgebra.Denselinearalgebracoversall useof matricesandvectors
which aremainly filled with non-zerovalues. If matricesor vectorscontainonly a
few non-zerovaluesthensparsdinearalgebraalgorithmsareusedto manipulatehese
sparserrays.

Oneof thedominanbperationsn densdinearalgebras thesolutionof asystenof
linearequationsThereareseseralmethodgo solve this problembutthemostcommon
methodis Gaussiarelimination. Gallivan et al. [47] givesan excellentovervien of
parallel algorithmsfor denselinear algebraincluding parallel Gaussiarelimination
algorithms.Muchwork hasbeendoneonthedesignof parallellinearequatiorsolvers.
ChuandGeoge[21] describeaparallelGaussiamrliminationalgorithmthatdistributes

37
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rows of thematrixto processorsHoward[62] describesnalgorithmwhichdistributes

the matrix by columns.Two otherinterestingpaperd 16, 93] discusghe performance
of parallellinearequatiorsolversonverylargesystemslIn thischaptemwe describehe

implementatiorof a row-distributedparallelGaussiareliminationroutineon a chain

of processors.

3.2 Algorithm

Thesolutionof adensesystemof linearequationsanbe expresseds
Ax=Db

whereaq;; is the coeficient of the jth unknowvn in equation, b; is theright handside
valuefor equation, andz; is thesolutionvalueof the:th unknavn variable.
Forareal,densamnatrix A, thebestmethodo solve thesystenof linearequationss
Gaussiareliminationwith partialpivoting. This methodhasthelowestcostandpartial
pivoting maintainsgoodaccurag in A by minimising the accumulatiorof rounding
errors.
Thecalculationof x canbesplit into two separat@perations:

1. reductionof the matrix A to uppertriangularform,

2. forwardseliminationandbackwardsubstitutionof b theright handside(RHS)
vector

Reductionof the matrix hasa costof ordern?, wheren is thedimensionof A, whilst
the calculationof the new vectorx hasa costof ordern?.

Thek:; forwardlooking versionof the Gaussiareliminationalgorithmwith partial
pivoting may be expressedsfollows:

Algorithm 1 (Gaussian elimination)

1. matrix reduction
fori=1,...,n—1
1.1. find p; whichminimises|a,,;|, where: < p; <n
1.2.if p; # ¢ thenfork =1, ..., n performa,; < ai
13.forj=i+1,...,n
1.3.1.setaj;, = aji/ai
1.3.2.fork=141,...,nS€ta;r = a;r — ajia

2. RHSforwardselimination
fori=1,...,n—1
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2.1.if p; # 1 thenperformb,, < b;
2.2. forj =+ 1,...,nsetbj = b]' —ajibi

3. RHS backwards substitution

3.1. setx,, = b, /an,

n
3.2.fori =n— 1, . ,1 setx; = i1 — Z a;;T; /aii
j=it+1
O

More detailsof the sequentiahlgorithmcanbefoundin ary linearalgebratextbook,
for example[52].

3.3 Parallel implementation

TheparallelGaussiareliminationalgorithmwasdevelopedaspartof the Supernodé
LiverpoolParallelLibrary. Compatibilitywith this markof theLLibrary dictatesanum-
berof algorithmdesigndecisions Firstly, the Library assumeshatthe processonet-
work is configuredn a chain(seeSectioril.7). SecondlyparallelLibrary routinesare
calledfrom a sequentiamasterprogramexecutingon a singlemasterprocessorThis
secondlesigndecisionrequireghatatthestartof aparallelalgorithminitial datamust
be scatteredrom the masterto the slave processorsandat the end of the algorithm
themastermustgatherbackthe resultdatafrom the slave processors(SeeChapter7
for adiscussiorof theissuesnvolvedin thedesignof aparallellibrary.)

The Library specificationdoesnot placeary restrictionson the datadistributions
usedin the algorithm. The RHS vectorb will be distributedbetweerthe processors.
We wish to usea distribution for the matrix A which minimisesthe amountof mid-
algorithmcommunicationFirstlet usconsidearow distributionfor A. For eachstep:
in thematrixreductionphaseof thealgorithm,all the processorsnustcommunicateo
find thebestpivot row for thisiteration.Oncechosenthis pivot row mustbebroadcast
to all the processorg¢andswappedvith row : if necessary)The processorganthen
updatetheir rows of the matrixindependentlyThe RHSforwardseliminationrequires
the pivot valueb; to be broadcasat eachstep:. For the backwardsubstitutiorphase,
ateachiteration: thevaluez; is broadcasto all the processorghich thenupdatetheir
partialsums3_7_. ., a;;z; in parallel. The communicatiorrequirementsre different
for a distribution of A by columns.In the matrix reductionphasejn iteration:, one
processochooseshebestpivot, calculateshepivot factorsa;; ; > « andbroadcasts
this columnof pivot factorsto all theotherprocessorsThis avoidsthecommunication
of singlevaluesto chosethe bestpivot by performingthe whole calculationon one
processor The columnbroadcastoststhe sameamountasthe row broadcastn the
row distributedcase but doesavoid ary extra communicatiorto swapthe bestpivot
row androw :. For the RHS operationsthe forwardseliminationrequiresthe column
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a; 10 be scatteredht iteration: to allow the processorso performpivoting on their
elementf b. This is a greatercommunicatiorcostthanfor the row distribution of
A. In the backsubstitutionphasethe algorithmis essentiallysequentialisedat each
iteration: only onenew valuez; is calculatedandthis only contritutesto the summa-
tion3>%_,,, a;;z; ontheprocessowhich ownscolumnjy of A unlessateachiteration
the columnof A is re-distrituted. On balance the communicatiorcostsfor the two
distribution schemeslo not differ by very much. As a routineto perform Gaussian
elimination basedupon a column distribution of A was alreadyavailable [62], for
comparisonthisimplementatiordistributesA by rows.

3.3.1 Matrix reduction

Thealgorithmstartsby scatteringherows of thematrix A from themastetto theslave
processorsEachprocessodoesnot receve a block of consecutie rows but instead
processop—:+ 1 recevesrowss, i +p, ¢ + 2p, etc.. Thisis calledacyclic distribution
with wrapping. This methodof distribution helpsto keepan evenworkloadbetween
the processorshroughoutexecution. To makethis operationasefficient aspossible,
whilst onerow is beingoutputto theright by a slave, it will alsobereceving the next
row from theleft. In this way the total time for a row to be outputandthe next row
to beinputis only slightly greaterthanthatrequiredsimply to outputtherow. All the
rows for the rightmostslave are sentfirst, so that whilst rows are still beingsentto
otherslaves,thoseon theright canbegin their calculations.

The parallel matrix reductionconsistsof a mainloop: = 1,...,n — 1, within
whichthe bestpivot elementor column: is choserandpivoting performed.

Choosingthe bestpivot elements dividedinto two parts. Firstly, eachprocessor
choosests elementwith largestmagnituden column: asa pivot. Then,therightmost
processolp passests pivot choiceto processop — 1. Processop — 1 compares
this pivot valuewith its own choicefor the pivot andpasseshe pivot with the largest
magnitudeon up thechainto processop — 2. Thiscontinuesuntil processol chooses
the bestpivot value, which is then broadcasback down the chain. The pivot row
numbershoserat eachsteparerecordedoy eachprocessofor subsequenisein the
formationof theresultvector

Secondly the owner of the bestpivot row broadcastshe slice of thatrow from
element to n. Thebroadcasis performedasfollows: thesourceprocessooutputsthe
vectorto left andright if thereareary processoren eachside. The otherprocessors
input the vectorand passit on alongthe chainif thereare other processordeyond
them. If arow swapis required,whenthe processoowning row : recevesthe pivot
row it passests row : from element: to » backto the processowith the bestpivot
row for this iteration. Therows areexchangednsteadof beingrenumberedo try to
maintaina goodworkloadbalance.

The pivoting then proceedswith eachprocessomupdatingits rows of the matrix
accordingo Stepl.3.2of thesequentiaklgorithm.
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Whenthis mainloop is completeeachprocessoin the networkhasa sub-setof
rows of thereducedmatrix anda vectorof the pivot rows choserat eachpivoting step.

3.3.2 RHScomputation

At thestartof theseconghaseof GaussiareliminationtheRHSvector b, is scattered
to theprocessorsAs for thefirst phasethedistribution of vectorelementss suchthat
processop —i + 1 receveselements, : + p, : + 2p,etc.. Thisdistribution ensuresghat
all thedatarequiredto performpivotingonaslave’s RHSelementgwith theexception
of the pivot elementor eachstep)is alreadyavailableon thatslave.

The calculationof the resultvectoris split into two phasesforwardselimination
(Step2 of thesequentiablgorithm)andbackwardsubstitution(Steg3).

The first phaseis performedin a mannervery similar to that employedfor the
matrix reduction.

We have aloopin i for: = 1,...,n — 1. The owner of the :;th elementof b
broadcasts; to all the processorslf the pivot row chosenn the matrix reductionwas
not alsothe :th row thenthe correspondinglementf the RHS vector b, arealso
exchanged.This mayrequirecommunicatiorbetweerprocessorso accomplish.The
processorshenperformthe pivoting of Step2.2 of the sequentiahlgorithmon their
RHS elementsuytilising thefactors,a;; calculatedn the matrix reductionphase.

Oncethe pivoting is completedthe new, equivalentsystemof linearequationgs
solvedby backwardsubstitution.Theresultvectorx whichis calculateds distributed
in thesameway asthe RHSvectorb.

Initially, the lastelementof theresultvector x, is calculated:z,, = b, /a,.,. This
valueis thenbroadcasto all theotherprocessors.

A loopinz, with: = n — 1,... 1, is then performedto calculatethe remaining
element®of theresultvector(Ster3.2 of thesequentiaélgorithm). At the startof each
iterationof this loop eachprocessoholdstheresultvectorelementz,,, anda partial
sum: .

tot. = Z ariT;
j=i+2

for eachrow r of thematrixthatit holds.Eachof the partialsumsis updated:
tot. =tot, + a,ip12i41 Vr<i+4 1.
Theprocessowhich ownstheelement:; thencalculates:;:
z; = (b — tot;) /ay;

This valueis thenbroadcasto all the other processorséindthe next iteration of the
loop starts.

After completingtheloop eachslave processopassebackto themasteprocessor
its elementf theresultvectorx.
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3.4 Cost models

We now presentrun-time costmodelsfor the matrix reductionand RHS operations.
Thesemodelsareexpressedn termsof the matrixsize,n, thenumberof slave proces-
sors,p, andthehardwargparameter§’; and 7

T, thetimetakento performadoubleprecisionarithmeticoperation,’y = 1.62us;

T. thetotal time takento communicatea messag®f » doubleprecisionvaluesis
givenby nT,, T. = 8.80usS.

Chapte2 givesfull detailsaboutthehhardwargarameterandtheir valuesfor bothT8
andT9000/C104machines.

3.4.1 Matrix reduction

Thetotal costof the sequentiamatrix reductionis:

(-2 -2

This is the costof the arithmeticoperationsn Stepl.3.2.of the sequentiablgorithm.
In the parallelalgorithmthis workloadis distributedover the processorsincethey all
have rows of the matrix. The cyclic distribution of therows helpsto ensurehateven
towardstheendof the parallelalgorithmwhenfewerrows of A arebeingupdatedhe
workloadis still reasonablyistributedbetweerthe processorsWith this assumption
of a well balancedworkloadwe cansaythat the total time takenby a processoto
updatets rowsis approximately:

The communicatiorcostsfor the parallelalgorithmare moredifficult to estimate.
Assumingthattwo parallelcommunicationsn differenttransputetinks canbothex-
ecuteat full speedthetime takento scatterthe matrix from the mastemwill bern?/T..
Themainloopin : involvescommunicationo find the bestpivot elementndto broad-
castthe pivot row andswapthatrow with the:th row. In eachiterationthe costto find
andbroadcasthe bestpivot elements 2(p — 1)7.. Thisis summedo give thetotal
costto thealgorithmfor this operation:y""=' 2(p — 1) /7. = 2(p — 1)(n — 1)T...

The costof the pivot row broadcasandrow swapwill vary dependingon which
processorswn the pivot row (processol) andthe bestpivot row (processomp;) at
eachiteration.Assumingthatarow swapis requiredon every iteration,whichis most
likely, the numberof consecutie interprocessocommunicationsequiredto broad-
castthe pivot row andperformthe row swapis max(p — p;, p; — 1,2[i — p;|), where
p — p; andp; — 1 arethe numberof communicationsequiredto broadcasthe best
pivot row to eitherendof the chain,and2|: — p;| is the numberof communications
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for processol to receve the bestpivot row from processop; andsendbackthe :th

row. Sincep; is unknaovn we wantto find the averagevalueof this functionover all :

andp;, but we have foundno analyticalsolutionto this function. Insteadwe evaluated
thefunctionover the completerangeof possiblevaluesfor : andp; for severalvalues
of p. Theseresultsgive 2p asanapproximatesaluefor the averagenumberof com-
municationgequiredto broadcasthe bestpivot row andperformthe swap. Thetotal

costto performtherow broadcastandswapdor thewholealgorithmis thengivenby

S — i+ ST, = (5 + 5 — 1) T

Thetotal costfor the matrix reductionis thusgivenby:

3 2

n3 n2 2\ T n? n
(2—— ——g) 7f+n2Tc‘|‘2(p_1)(n_1)Tc+(7+5 1)10pT

or
(22 —%—%) Tf+(20np+n —I—%np—Qn—%p—l—Z)Tc.

3.4.2 RHScomputation

Thenumberof operationdor the sequentiaforwardseliminationis n(n — 1), andfor
the backwardssubstitutionz?. This givesa total costfor the sequentiaRHS compu-
tationsof

n(2n — 1)T}.

Thecostmodelfor theparallelRHSforwardseliminationandbackwardsubstitu-
tion follows the sameprinciplesasthe parallelmatrix reductioncostmodel.

The costto initially scatterthe RHS vector, b, is nT.. The forwardselimination
phasevhichfollowsusesalmosthesamealgorithmasthematrixreductionexceptthat
only singlevaluesarecommunicate@ndupdatednsteadof vectors. Hencethe total
costto broadcasthe bestpivot elemenbf b, b,, andswapb; andbpl in all iterationsis
(n — 1):5pT.. Thecostto performtheupdateis givenby n(n — 1)

For the backwardssubstitutionwe needto modelthe costto calculateand broad-
castthe elementsof the resultvector »; and performthe partial sumupdates. The
numberof consecutie communicationsequiredto broadcasainelemeniof theresult
vectordepend®n the sourceprocessoandvariesin valuefrom p/2 whenthe source
processors atthe centreof thechain,to p — 1 whenthe sourceprocessors atoneend
of the chain. If we againtakethe averagenumberof communicationswhichis 22
andsumover all the iterationswe have a total communicatiorcostfor broadcastlng
theelementf x of Y, 22227, = (n — 1)2222T...

Assuming the workload is well balanced, the partial sum updates cost
S 1 2(n — z')j;f =n(n — 1) . The calculationof eachnew elementz; from the
partialsumscostsan addltlonaIOTf This givesatotal costfor calculatingelementof
x of (2?2 — 1)Tf

Theresultvectoris thenreturnedto the masterata costof n7..
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Thus,thetotal costfor the parallelRHS operationss givenby:
20T, + (n— 1) ZpT +n(n — 1)2L + (n — 1)22T, + n(n — 1)L + (20 — )T},

or
(E_%JrQn—l)Tf—k(%np+%n—%p+%)Tc-

p

3.5 Reaults

Weimplementedoththeparallelalgorithmandanefficientsequentiaalgorithm. The
performanceof theseprogramswasthenmeasuredor a rangeof problemsizesand
numberof processor®n the ParsysSupernodgseeChapterl). We usedproblem
sizesof n = 50, 100,200,400 and600. Thesecover the rangeof problemsizesthat
canbe storedon a mastemprocessowith 4MB of memory The parallelprogramwas
timedfor theseproblemsizesusingp = 1,2, 4,8, 16, 32 and48 slave processorsFor
the sequentiaprogramwe measuredhetime takento reducethe matrix andthetime
takento performthe RHS computations.For the parallel programwe measuredhe
time takento scatterthe matrix, the time requiredto reducethe distributed matrix,
andthetime takento performthe RHS computationsncludingthevectorscatterfrom
andgatherto the masterprocessor The run-timeswere measuredising the built-in
timer on the masterprocessoandaveragedover five programruns. The variationin
run-timebetweerprogramrunsfor the sameproblemis very small. For example,for
n = 400 thevariationin total time wasunder40.005s (under0.1%),andfor n = 50
thevariationwas=+0.001s (underl%). Thetimingsarepresentedn AppendixC.

To testthe accurag of the costmodelsat predictingthe run-time of the parallel
programwe evaluatedthe costmodelfunctionsfor eachproblemsizeandnumberof
processorsisedin theexperimentaimeasurements.

3.5.1 Matrix reduction
T8 architecture

Looking atthesequentiamatrix reductioncosts we seethatthemodelunderestimates
the total costby betweeraround20% for small problemsandaround10%for larger
problems.Thiserroroccursbecaus¢heactualalgorithmtestedhasagreateroverhead
for eacharithmeticoperationperformedhanthe simpletestprogramusedto evaluate
T;. This resultsin lower cost predictionsespeciallyfor small problems. A least-
squaredit of themodelto themeasuredaluessuggestsvalueof 7'y = 1.76 usinstead
of Ty = 1.62us, anincreasedn 7'y of 8%. An errorof 10%for the large problemsis
within reasonabl®oundsfor usingthe modelasa predictorof programcost.

The parallelmatrix reductionmodelexhibits errorsof similar magnitudeto the se-
guentialmodel. For smallproblems(n = 50) theerrorrangesrom 22%for p = 1 to
28%for p = 48, andfor largeproblemdn = 600) theerrorrangegrom 16%for p = 1
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Figure3.1: Matrix reductionmodelcosts

to 9% for p = 48. As for the sequentiatasewe would expecttheerrorin thesmaller
problemsto belargerdueto theincreaseaverheadsomparedo usefulcomputation
performed.Figure3.1 compareshe predictedmodelcostwith the measuredostfor
thelargerproblemsizesrn = 200,400 and600. This shavs the modelto give agood
estimateof the actualrun-timefor the matrix reduction.The largererrorsfor smaller
p is dueto theunderestimatéor 7'y which affectsthe costfor smallp muchmorethan
thecostfor largep. Thisis becauséor smallp thetermin 7'; is muchmoresignificant
thanfor large p wherethe communicatiorcostaddssignificantlyto thetotal run-time.
If we performa least-squarest of the parallelmodelto the measuredimings, using
the fitted value for 7%, to find a bettervaluefor 7. we get7. = 9.79us insteadof
T. = 8.80us, anincreasan 7. of 11%. Figure3.2 shawvs the predictedandmeasured
timesfor n = 200,400 and600usingthesdfitted hardwaregparametersln generalwe
cannotusefitted parametewaluesfor our costmodelssincewe will be usingthe cost
modelsto predictthe performancef algorithmsthathave not yet beenimplemented
andthereforewe cannothave fitted parametewaluesfor thosealgorithms.However,
if we areusinga costmodelto predictthe performanceof an existing algorithmfor
larger problemson largermachineghenwe may usefitted parametewaluesobtained
from measurement®r small problemson small machines.The adwantageof fitted
parameter®ver generalparameteestimatess that they more accuratelyreflectthe
overheadcost per arithmeticor communicatioroperationfor a particularalgorithm.
But by definitionthatoverheads specificto onealgorithmanda particularimplemen-
tationandwill varyfrom onealgorithmto anotheysowe recommendisingonesetof
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Figure3.2: Matrix reductioncostswith fitted model

generaparametewaluesfor all algorithmson a particulararchitecturansteadof dif-
ferentfitted valuesfor eachalgorithm.Sofor the T8 architectureve have two general
parametersaluesfor 7'y andT..

So, the parallelmatrix reductionmodel givesgoodtiming predictionsfor all but
thesmallestproblemsizes keepingthe errorbelon 20%. Comparethis with the most
naive modelpossiblewhich assumegperfectparallelismii.e., ( 2o o)A
graphshaving themeasure@ostsandcostspredictedoy this nave modelfor a prob-
lem sizeof » = 600 is shavn in Figure3.3 This clearlyshavs thatthe smallamount
of effort investedin developinga costmodel producesa muchbettercostpredictor
thanthe naive model. We canalsosimplify the costmodelby droppingtermsin only

n, p or n/p. Thisgivesusa simplifiedcostmodelof

(2%__) Tf+(20np+n +20np)T

This new modelpredictsalmostexactly the samecostsasthe fuller model.

Having establishedhatthe costmodelgivesa goodpredictionof the run-timeof
the parallelmatrix reductionlet us examinethe performanceof the algorithmusing
boththe measuredimingsandtimings predictedoy the model. Figure3.4 shavs the
speedupbor theparallelmatrixreductioralgorithmderivedfrom themeasuredmings.
Thesevaluesare calculatedusingthe costof the efficient sequentiahlgorithmasthe
sequentiatost. (SeeSectiorl.7 for detailsof thesederived quantities.)We aremost
interestedn the point at which the parallelalgorithmachievesthe greatesspeedup
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Figure3.5: Predictedspeedugor parallelmatrix reduction

over the sequentiablgorithm. This tells us the numberof processordo useto get
the shortestun-timefor a given problemsize. The speedugat this point tells us how

muchquickerthe parallelalgorithmwill bethanthebestsequentiaalgorithm.For the
problemsizesmeasuredthe bestperformances achiezed for only smallnumbersof

processorse.g.,betweend and 16 processorandthe speeds at bestonly 5.6 times
quickerthanthe sequentiablgorithm. Theseresultsindicatethatfor problemsin this

sizerangea significantfractionof thetotal time is takenup with communicatioronce
the numberof processorgxceedsaround16. The bestperformances alsoonly a
smallfractionof the maximumfloating-pointperformancevailablefrom thatnumber
of processors.

We canseehow largerproblemsonlargermachinesill performusingcostpredic-
tionsgivenby the costmodel.Figure3.E shavs the predictedspeedugor the parallel
matrix reductionalgorithm. The graphshaws thataswe increasehe problemsizewe
canachieve betterspeedupandusemoreprocessoro getthemaximumspeedupFor
theseproblemsizesthe datawill notfit ona singlemastermprocessqrbut will have to
bereadin from secondarylisk storageandscatteredver the processorsr generated
directly by the slave processorsSuchproblemsizesoccurin the aerospacendustry
wherethereis a desireto solve densesystemsf equationsn upto 100,000variables.

If we comparehis algorithmwith the algorithmby Howard[62] we seethatboth
algorithmshave a very similar performanceThatalgorithmalsousesa chainof pro-
cessorsuut distributesthe columnsof the matrix cyclically. Thusthereis not much
differencein the communicatiorperformanceof a row- or column-distrilutedalgo-
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rithm on the samechaintopology

However, the algorithmby Bisselingandvande Vorst[17, 16] achie&zesa much
betterperformancehanour algorithmand scaleswell to muchlarger networksizes.
For example,Bisselings algorithmachievesa speedumf 219 on 400 transputersor
a problemsizeof 1000. For » = 600 andp = 16 his algorithmtakes15.2sto fac-
torisethe matrix comparedvith 45.2sfor our algorithm. Someof this differencecan
be explainedby the use of assembleBLAS in Bisselings algorithmwhilst our al-
gorithmusesonly occamcode. But the main adwantageof his algorithmis thatthe
communicationoperationan the factorisationphasesendvectorsof lengthat most
n/,/p comparedvith » for ouralgorithm. This is achieved by usinga grid topology
of processoranda double-gclic distribution of the matrix, i.e., elements;; is placed
onprocessof: mod ,/p, j mod /p).

Theresultsindicatethatour parallelmatrix reductionalgorithmrunningon current
generationl8 transputersvill only achieze small speedup$or problemsizesthatfit
onasinglemastemprocessqrandthebestspeedup$or suchproblemswill beachieved
for smallnumbersof processorsHowever, for muchlarger problemswherethe data
is pre-distrilutedor generatedy the slave processorsthe algorithmcanmakegood
useof largerarraysof transputerso achieve higherspeedups.

T9000 and T4 architectures

At this point it is interestingto speculateon the performanceof this algorithmon
differentparallelarchitecturesndalsoon future generation®f transputersWe can
attemptto do this by usingthe matrix reductioncostmodeland substitutingin new
valuesfor the hardwareparameterd’s and 7, thatreflectthe new architecture.This
assumeshatthe processor#n the new architectureareconnectedn a chainandthat
computationand communicationrcan be modelledby a single parameteeach. It is
reasonablenougho assumehata singleparametecanbe usedto modelthecompu-
tationcost.Only vectorprocessingnodesor heavily pipelinedRISCarchitecturesnay
needan extra parameteto modelthe startuptime for a vectorarithmeticoperation.
However, the compleity of communicatiorarchitecturesequiresthatmostarchitec-
tureswill needat leasttwo communicatiorparameterso modelthe communication
costreasonablyvell. Theseparametersvould modelthe datathroughputof the net-
work andthe messagstartupor lateny time. An exampleof sucha communication
modelhasalreadybeenpresentedn Chapter2 for the T9000/C104architecture.
Bearingthe precedingcommentan mind let us considera T9000 machinewith
the processorsonnectedlirectly togetheiin achain.Chapter2 gave avaluefor 7y =
0.1us, andassuminghe full link bandwidthis utilised by directconnectionsve can
useT. = 0.8uS. Now thesetimesarebothabouttentimesquickerthanthe timesfor
the T8 architecturebut still in the sameratio to oneanother This meanghatthe cost
modelwill give very similar run-timecurvesexceptthatall timingswill be aboutten
timesquicker But thesequentiatimingswill alsobetentimesquickersothespeedup
of the algorithmon sucha T9000 machinewill be the sameasfor the T8 machine.
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Figure3.6: T4 matrix reduction

This alsomeanghatthe algorithmwill only be ableto effectively usesmallnumbers
of processoré this new architecture.ln orderto geta betterperformancdrom this
algorithmwe mustuseanarchitecturevith amuchlowercommunicatiorcostrelative
to the computationcost. This will decreaséhe relative costof the communications
operationdn the algorithmgiving betterspeedupsor a given numberof processors
andwill alsoincreaseghe numberof processorsvhich givesthe largestspeedugor a
givenproblemsizeallowing effective useto bemadeof largernetworksof processors.
This is demonstratedby the original timingsfor this algorithmwhich weremade
onaT4 machine Whenthis algorithmwasfirst developedandtestedbnal16 processor
T4 machinethe algorithmworkedwith single precisionfloating-pointnumbers.This
meanghatonly half thenumberof bytesneedto besentfor ary givencommunication
comparedwvith the doubleprecisionversiontestedhere. Also, andmoreimportantly
floating point arithmeticwas performedin softwareby the T4 processoland so the
arithmeticcostwasvery large comparedvith communicatiorandcomparedvith the
hardwareloating-pointarithmeticof the T8. In fact, the T4 processohasvaluesof
Ty = 17.6usand T, = 8.4us which givesa ratio of 7;/7T, = 2.1. This compares
with aratio of 7 /T, = 0.2 for the T8 processorMeasuredand predictedrun-times
for the algorithmon the T4 machinearegivenin AppendixC. Figure3.€ compares
the measuredun-timeswith thosepredictedby the model. The modelexhibits the
sametendeng on the T4 ason the T8 to underestimatéhe cost,but the accurag of
the modelis at leastasgoodasfor the T8 machine. The measuredgspeedupf the
algorithmis shawn in Figure3.7. This graphshaows that evenfor the muchsmaller
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Figure3.7: T4 matrixreductionspeedup

problemsizestestedon the T4 machinebetterspeedupsvere achieved thanfor the
T8 machine.Full detailsof the T4 implementatiorof the algorithmcanbe foundin
Oliver[74].

Anotherway to achieve a lower communicatiorcostfor the algorithmis to usea
richer communicationgopology For examplea T9000/C104machinewith a multi-
stageswitch networkwill provide muchbetterperformancdor broadcasandscatter
operationghana simplechainof processorsThiswill reducehetotaltime spentper
formingcommunicationg thealgorithmandresultin betterspeedupandallow more
processorso be usedeffectively to give the bestperformance.Chaptei5 includesa
costmodelfor GaussiareliminationonaT9000/C104nachineusingcommunications
operationslescribedn AppendixA.

3.5.2 RHScomputation

We now turn our attentionto the RHS computatiorphase.As for the sequentiama-
trix reductionalgorithmwe find that the sequentiaRHS computationmodelunder
estimateghe actualcosts. In this casethe overheadsper arithmetic operationare
even greaterthanfor the matrix reductionandthe error is about38% for all prob-
lemsizes.A least-squareft of themodelto the measuredimingsgivesafitted value
of 7y = 2.23us. Thisis to becomparedvith theinitial approximatiorof 7'y = 1.62us
andthe matrix reductionfitted valueof 7y = 1.76us. The fitted value doesgive a
very goodfit to the measuredlataindicatingthatthe sequentiatostmodelaccurately
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Figure3.8: RHScomputation

modelsthe numberof arithmeticoperationgerformedevenif the initial estimateof
the costof a singlearithmeticoperationis notaccurate.

However, the parallelRHS algorithmmodelgivesa very poorfit to the measured
timings. Individual datapointsarein errorby around100%,but moresignificantlythe
generaltrendof the costmodeldoesnot agreewell with thetimings. This is shavn
clearlyin Figure3.€whichplotsthemodelledandmeasuredostsfor aproblemsizeof
n = 600. Forsmallnumberf processorthemodelagainunderestimatethetruecost
of thealgorithmbut by anevengreatemaimgin thanfor thesequentiaRHSalgorithm.
ThissuggestthattheparallelRHSalgorithmhasevengreateioverheadgerarithmetic
operatiorthanthesequentiahlgorithm.For largernumberf processorthepredicted
timings are greaterthanthe measuredimings andthe trend appeargo increasethis
overestimatefor larger numbersof processorgiving increasinglylarger errors. A
least-squarefit of the modelto the measuredraluesusingthe fitted 7y givesT, =
10.07us. However thesefitted valuesdo not changethe model predictionsgreatly:
for small p the modelstill underestimatethe costby about100%andfor large p the
modeloverestimateghe costfollowing the sametrendasthe unfittedmodel.

A moredetailedexaminationof the practicalrun-timecostsfor the parallelRHS
computationshaws that almostall of the total costof the algorithmcomesfrom the
actualforwardseliminationand backwardssubstitutionand not from the scatterand
gatherof the vector The model predictsthe initial and final communicationcosts
well andso the errorin the modelis an errorin predictingthe costof the forwards
eliminationandbackwardssubstitution.The modellingtechniquesisedfor the RHS
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computationare the sameasfor the matrix reductionwhich predictedthe costvery
well. The differencebetweenthe two algorithmsis that the matrix reductionis a
coarse-grainedlgorithmandthe RHS computations a fine-grainedalgorithm. The
matrix reductionperformsa lot of computationbetweensynchronisationsalthough
the communicationsre also of large amountsof data. For the RHS computationa
processoonly executesafew arithmeticoperationdeforehaving to synchronisevith
otherprocessoragainfor communicationalthoughcommunicationsereareonly of a
few bytesof data.Thesefrequentsynchronisationandsmallamountsof computation
aredifficult to modelusinga global view of the machinewhere,for example,we try
to modelthe costof an algorithmic broadcasby the total time takenby the whole
network of processord¢o performthe broadcast. This meansthe modeltime starts
from the momentthe sourceprocessois readyto startthe broadcasbperationand
finishesonly whenthe lastdestinationprocessohasreceved the broadcastata. In
practice,during the broadcasbperationsomeprocessorsill receve the dataearly
onandcontinueexecutingsubsequertomputatioroperationswhilst otherprocessors
arestill waiting for the broadcastlata. The executionof the broadcasbperationon
theprocessorsnoveslike awave alongthe chainof processorsway from the source
processorDueto thewaveformnatureof thesecommunicationsperationswhichare
especiallynoticeablefor fine-grainedalgorithmslike the RHS computationa better
costmodelmightbe obtainedoby takingalocal view of eachprocessom themachine
and consideringthe costof the broadcasasthe costof the broadcasbperationson
just a single processor Sucha modelwould give a lower costfor communications
operationdike abroadcastandfor the RHS computatiorthis would decreaséhe cost
gradientfor large p andhopefullygive a closerfit to the measuredimingsfor largep.
Figure3.C shavsthemeasuredpeedumchiezed by theRHS computation As for
the matrix reductionthe speedupsire small dueto the large fraction of communica-
tion operationsn thealgorithm. Thehighestspeedups only 4.8 timesfasterthanthe
sequentiablgorithmfor a problemsizeof » = 600. Notice alsothatthe speedups
achieved arelower thanthe speedupgor the matrix reductionalgorithm. This is be-
causéheRHScomputatiorhasalargerfractionof communicatioroperationghanthe
matrix reduction.Anotherimportantfeatureis thatfor a given problemsizen the op-
timum numberof processorso achiee the highestspeedugdor the RHS operationis
differentfrom the optimumnumberfor thematrix reduction.This will betrue of most
parallelalgorithmssincethe optimumnumberof processordepend®nthefractionof
communicationn analgorithm.Whenwe solve aproblemwe wishto usetheoptimum
numberof processorfor thatproblemsize.But if the optimumnumberof processors
variesbetweendifferentparallel algorithmsthat are calledin the processof solving
the problemhow mary processorsio we use?If the datais alwaysgatheredackto
themastemprocessobetweereachparallelalgorithmthenwe canusethedifferentop-
timum numberof processorshateachparallelalgorithmrequires.Unfortunatelythe
overheadn scatteringandgatheringdatato the mastemprocessomaybe a significant
fraction of thetotal run-time. If insteadwe leave the datadistributed over the slave
processorbetweerparallelalgorithmsthenwe caneitherchooseo re-distributedata
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Figure3.9: Speedugor parallelRHS computation

betweenalgorithmsto allow usto usethe optimumnumberof processorer we can
usethesamenumberof processorfor all the parallelalgorithmsandleave the datain
place.Re-distrituting databetweeralgorithmsmayhave alarge costandtheimprove-
mentin performancdrom usingthe optimumnumberof processorsvill rarely offset
there-distribution cost. Hencethe bestapproachs to leave the datadistributedover a
fixednumberof processorsor all the parallelalgorithms. The numberof processors
chosenshouldbe the numberthat givesthe lowestoverall run-time cost. For Gaus-
sianeliminationwe usethe optimum numberof processorgor the matrix reduction
algorithmsincethe costof this algorithmdominateshetotal costof thealgorithm.

If we incorporatethe costmodelfor an algorithminto the implementationthe
programitself can selectthe optimumnumberof processors$o be usedfor a given
problemsize. The RHS computationmodel, even thoughit doesnot give a good
predictionof thetotal costof thealgorithm,still givesa goodestimateof the optimum
numberof processoro use.

3.6 Conclusions

Thischaptethasdescribedheimplementatiorof Gaussiarliminationoncurrentgen-
erationT8 networks.We have shavn the needfor complex communicatioroperations
to achieve goodperformancdérom a chaintopology Theadvantageof usingtherichest
processoconfigurationavailablehasbeenshavn by the high performanceof Bissel-
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ing’sgrid-basedlgorithm.Also we have consideredheeffectof differentdistribution
stratgiesfor thematrix. We have introducedhetechniquedor developingcostmod-
els for parallelalgorithmsusing the parallel Gaussiarelimination algorithm as the
example.Thedifficultiesin modellinghave beenintroducedalongwith anindication
of theaccurayg thatcanbe expectedirom a model. In particular we have shavn that
coarse-grainedlgorithms(suchasthe matrix reduction)canbe modelledvery well,
but otherfine-grainedalgorithms(suchasthe RHS computation)cannotbe modelled
well usingthe simpletechniquesliscussedhere.We have comparedhe performance
of this algorithmon T4 and T8 machinego showv the importanceof the balancebe-
tweencomputatiorrateandcommunicationrate.

In the next chapterwe describea completelydifferenttype of algorithm: parallel
sorting.We will shav how thesameprogrammingandmodellingtechniqueshathave
beenusedfor the linear algebraproblemin this chaptercanbe usedin this different
areaof computationamathematics.



Chapter 4
Sorting

In this chaptemwe look atthe suitability of thetransputearchitecturdor parallelsort-
ing algorithms.We presentwo algorithmswhich implementbitonic sorting;onede-
signedfor the T8 architectureand one for the T9000/C104architecture. Practical
measurementsf the performanceof the T8 algorithmare given and comparedwith

the costmodel. We thenusethe costmodelsfor the two algorithmsto comparethe
performancef thealgorithmsfor largeproblems.

4.1 Introduction

Sortingis animportantoperationn dataprocessingndtherehasbeenalot of actwity
in the designof parallelsortingalgorithms. Most of the earlierwork wasconcerned
with the designof algorithmsusingsimplecomparatorsuitablefor VLS| implemen-
tation. Akl [5] givesa gooddescriptionof mary of the algorithmsdesignedor use
in VLSI sorting networks. Thesealgorithmsinclude Batchers classicodd-e/en sort
andbitonic sort[12]. With thewidespreadwailability of massvely parallelcomputers
recentwork hasfocusedon designingalgorithmsfor thesearchitecturesMuch of this
work hasbeentheoreticaln nature with algorithmsbasednthe PRAM sharednem-
ory parallelcomputationrmodel. In practice,mostmachinesdo not exhibit the fixed
costcommunicatiorassumedyy thePRAM model,butinsteadtheinterprocessocom-
municationhasa high costwhich affectsthe performancef algorithmssignificantly
Designingsortingalgorithmsfor distributedmemoryarchitecturess difficult. One
approachs to partitiontheunsortedlatabetweertheprocessorgperformasequential
sortandthenmeigethe sortedsubsetsLootsand Smith|6€] describeanimplementa-
tion of this methodfor smalltransputenetworks.Onedifficulty with this basicalgo-
rithm is thelarge costof thefinal merge phaseln [97] the melge phasds avoidedby
initially partitioningtheunsortediatainto p bucketswhichareordered.Thesequential
partitioningphasenow represents significantproportionof the total algorithmcost.
Parallel partitioningalgorithmshave beensuggestedfor example[4£]. Algorithms
which usedatapartitioninghave the disadwantagethat the datadistribution might not

56
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be very well balancedetweerthe processorsThis impactson the memoryrequire-
mentsof eachnodeandthe processindime ateachnode.

Parallel algorithmssuchas odd-e/en sortingand bitonic sortingdo not have this
problem.Themainproblemwith thesesortingalgorithmsis thatthe sequentiatostis
muchgreaterthanthe costof goodsequentiablgorithmssuchasquicksortb€]. For
example,the costof bitonic sortis nlog, n(log, n + 1) comparedwith n log, n for
quicksort. The adwvantageof bitonic sortis thatit shouldscalewell to large arraysof
processorsinceit is inherentlyparallel.Bitonic sortalgorithmsfor a meshof proces-
sorsaredescribedn [2€] and[5]. In thischaptemwe look atbitonic sortalgorithmsfor
achainof T8 processoranda T9000/C104machine.

In the next sectionwe describethe genericbitonic sort algorithmfor distributed
memoryMIMD architectures.The two sectionsfollowing that presentetailsof the
designof thealgorithmfor the specifictransputearchitecturesSectiord.3 describes
the T8 algorithmand Section4.4 describeghe T9000/C104algorithm. This is fol-
lowedin Sectiord.t by adiscussiorof the performancef thetwo algorithmsandour
conclusionsn Sectioré.€.

4.2 Bitonic sort
A bitonic sequencef n (= 2*) elementyz, 21, ..., z, 1} is suchthat
o<1 <. ST ST 2T 2 2 Ty 2 Ty

or thesequenceanbeshiftedcyclically to satisfythis condition.
At the heartof the bitonic sortalgorithmis a routinewhich memgesa bitonic se-
guenceo give asortedsequenceTo meigea bitonic sequencef » elements:

Algorithm 2 (Bitonic merge)

1. let: =n
2. whilei > 2

2.1. for eachelementz; in the sequencesf elements
Lo---Tifa—1, Ti---T34/2-1, --+3 Tn—i---Tn_jj2-1

compareeachelementz; with theelementz;;/,;
for ascendingrder  if z; > x;,/, thenexchang€(z;,z;i/2),
for descendingrder if z; < x;4,/, thenexchang€(z;,z;1i/,)
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2.2. leti =1/2

O

To constructa sortedsequencérom an unsortedsequencef lengthn the bitonic
meige proceduras usedto producesuccessely largersequencesf sortedelements:

Algorithm 3 (Bitonic sort)

1. leti=2
2. whilei <n

2.1. for eachbitonic sequencef elements
Xo.. - Ti—1, Ti.. . T2%—-1, ceey Tp—s . .Tp_1

sortthesequencesingbitonic meiging (Algorithm 2) with alternatingsort
ordet

For ascendingsortorder sortfirst sequencento ascendingrderandsec-
ondinto descendingrder, etc.,andvice versafor descendingortordet

22. leti =2

d

Theadaptatiorof thisalgorithmto sortn element®nadistributedmemoryMIMD
machinewith p (= 2™, m < k) processorss asfollows:

Initially the unsortedvectoris scatteredlock-wiseto the processeswith each
procesgeceving n/p elements.To build up a sortedsequenc®n eachprocessa se-
guentialquicksortroutineis usedasit hasa betterperformancehansequentiabitonic
sorting. Alternateprocesseperformsortingin ascendinginddescendingrder Now
eachpair of adjacenprocesses;, pr+1 holdsabitonic sequence.

Next themeiging stages enteredasfollowed:

Algorithm 4 (Parallel bitonic sort)

l. letj =2
2. whilej <p

21. leti =
2.2. while; > 1
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2.2.1. for eachprocess;, in theblocksof processes

Po---Pij2—15 Pi---P3ij2—1, --+3 DPp—i---Pp—ij2—-1

processeg; and p;y/; performa compare-gchangeoperationon
their vectorelements:
form=1ton/p
ascending: if pi(m) > pryi/2(m) then
exchangegx (m),pr4ij2(m))
descending: if pi(m) < pryi/2(m) then
exchangegx (m),pr+ij2(m))
(Theelementatindex m of thevectoron procesy; is comparedvith
elementn of thevectoronp;.;/,.)

2.2.2.leti =i/2

2.3. performbitonic mewging (Algorithm 2) on eachprocess
2.4. letj =2j

d

The completesequencdasnow beensortedand eachprocesgeturnsits vector
backto themasterprocess.

We arealsointerestedn a versionof the bitonic sort algorithmwhich usespre-
distributeddata. In this situationthe sortedvectoris left distributedandthereis no
needfor theinitial scatteror final gatheroperations.

Step2.2.1.of the parallelalgorithmcontainsall the communicationgor the algo-
rithm exceptfor theinitial scatterandfinal gatherof the vector Hence,the detailed
codefor this stepwill beoptimisedto reduceor hidethecommunicatiorcostasmuch
aspossiblefor eacharchitecture.This resultsin differentimplementatiordetailsfor
this stepfor the T8 andT9000/C104algorithms.

4.3 T8algorithm

4.3.1 Algorithm

Theprocessoconfigurationusedfor the T8 algorithmis a chainof p slave processors
connectedht oneendto a mastemprocessorThe selectionof this configurations dis-
cussedn Chapterl. With suchaconfigurationsteg2.2.1.of the parallelalgorithmwill
involve mary communication®f long vectorsbetweerdistantprocessorslin orderto
reducethe costof theseoperationsa packet-basegointto pointcommunicationsou-
tinewasdeveloped.This routinesplitsthe communicatiorof a singlelargevectorinto
mary small packetswvhich aretransmittedbneafteranother This hasa muchsmaller
costthana singlecommunicationFor sufiiciently large vectors of sizen, thecostfor
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thepacket-basedommunicatiorapproaches ™, for communicatiorbetweerslavesa
distanceof p apart. This comparesvith a costof np7. for the singlecommunication.
Full detailsof thealgorithmaregivenin AppendixA.

The bitonic sort algorithmfor the T8 architectureproceedsasfollows. Initially
the mastemprocessscatterghe vectorto the p slavesusingthe packet-basedommu-
nicationroutine,sendingthe block for the furthestprocesdirst. Oncethe slaveshave
receved their blocksthey sortthem using an efficient sequentiaquicksortroutine.
Next the mainphaseof the parallelbitonic sortstarts.

Step2.2.1. of Algorithm 4 breaksdown into threeoperations:an initial commu-
nication,the compare-echangeanda final communication.Within oneiteration of
step2.2.1.all the communicationsre betweenprocesse a block of adjacentpro-
cessese.g.,po---pi—1 andp; ...py_1. Eachblock of processeperformsthe same
operationswithin its own block. We will considerthe casefor the processblock
Po - - . pi—1 - First,eachprocesg;, in thefirst half of theprocesblock,i.e.,po . . . pij2-1,
recevesthevectorfrom proces9y./, in thesecondalf of theprocesslock. Vectors
from the lower numberedprocessearesentfirst, with all communicationsisingthe
packet-basetbutine. Onceeachprocessp;, in thefirst half of the procesdlock has
receveda vectorit thenperformsthe sequentiatompare-gchangeoperationon ele-
mentsin its own vectorandthe vectorrecevedfrom procesg,. /.. If ascendingort
orderis requiredthenthe processkeepsin its own vectorthe smallerof eachpair of
elements; (m) andpx4i/2(m) andplacesthe largerin the vectorreceved from pro-
cesyy.ise- If descendingrderis requiredthe proceskeepghelargerelement After
the compare-gchangeoperationthe updatedvector from process;..;/, is returned.
Thevectorsaresentfrom highernumberegrocessesrst. Thesethreeoperationsare
repeatedor eachiterationof step2.2.1.

Oncethe parallelbitonic sorthascompleteceachslave processasa sortedvector
andthesevectorsarein sortedorderover the processes,e., for anascendingorder
sort,thelargestelemenion procesg;. is smallerthanthe smallestelementon process
pr+1 andall subsequenprocessesTo finish the algorithmthe mastemprocesgathers
thedistributedvector Eachslave processendsts vectorbackto the mastermprocess
startingwith the slave nearesthe masterprocess.

This algorithmrequiresstorageon eachslave procesdor 2n /p datavalues.

4.3.2 Modd

In orderto predictthe performancef thealgorithmwe developarun-timecostmodel.
As for the Gaussiareliminationalgorithm of Chapter3 the modelwill be givenin

termsof a setof hardwareand problemparametersin that chapterwe modelledthe
computationcostby 7. Thisis thetime takento performa single doubleprecision
floating point arithmeticoperationsuchas multiply or add. For a sortingalgorithm
the “computation”operationis the comparisorandexchangeof pairsof datavalues.
The costof this comparisorwill vary dependingon the type of the datavalueswhich
may includeintegers,floating point valuesand characters.In this chapterwe model
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the comparison-echangecostby a nev hardwargparameter’., whichrepresentshe
time takento performa single compare-echangeoperationon a pair of datavalues.
Theotherhardwareandproblemparametersemainthe sameasin thelastchapter:7,,
thecostof communicatingasingledatavalue;n, the problemsize,i.e., thesizeof the
unsortedvector;andp, the numberof processorsPresentedh its simplestform, the
parallelbitonic sortalgorithmrequiresbothrn andp to have valuesthatarepowersof
two, i.e.,n = 2 andp = 2™, (m < k). Theseconstrainton n andp areassumed
throughouthis chapter

We now develop a cost modelfor the T8 algorithm. In this modelwe usethe
simplifiedform of the costof the packet-basedommunicationi.e., nT..

Scatteringhevectorto slave processeandgatheringhesortedvectorusingpacket-
basedcommunicationsostsapproximately2n7.. The costof the initial sequential
quicksorton eachprocesss (n/p) log,(n/p)T..

In eachiterationof the parallelbitonic sortalgorithmwe have the following. For
slave k to geta vectorof n/p valuesfrom slave k + 2:~! in step2.2.1.involvesfirst
readingandpassingon (2:~! — 1) vectorsbeforereceving its own. Usingthe packet-
basedoutinethis costsapproximately2=!(n/p)T.. Thisis followedby the compare-
exchangeata costof (rn/p)T.. Sendingherejectedvectorbackto slave k + 2! costs
2= (n/p)T..

Toformsortedsequenceacrosg processestef2.2.lisrepeatedor: = 1...log, j.
To this costwe addthecostof thebitonic meilgeon eachprocessn step2.3. Thiscosts
(n/2p) log,(n/p)T..

To completelysortthe unsortedsector we needto form sortedsequenceacross
processefor j = 2,4,8,...,p.

Thetotal parallelbitonic sortcostfor the T8 architecturas thusgivenby:

2nT, + ; [2(2p —log, p — 2)T. + (log,(n/p) + L(logy n + 1)log, p)T. |

For largen andlarge p the costmaybesimplifiedto 6»7.. The costfor asequen-
tial quicksortof n itemsis 7.n log, n andhencethe speedugdor largen andp hasa

simplifiedform of - log, n.

4.4 T9000/C104 algorithm

44.1 Algorithm

The implementationof the parallel bitonic sort algorithm for the T9000/C104ar-
chitectureis similar to that for the T8 architecture. A significantadvantageof the
T9000/C104architecturdor this algorithmis thatthe switchnetworkwill give agreat
reductionin the costof communicationdetweennon-neighbouprocessesvhich is
the dominantcostof step2.2.1.of thealgorithm. In the T9000/C104algorithmdirect
point to point communicationare usedfor step2.2.1.of the algorithm. This should
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allow the performancef the T9000algorithmto scalewell to largearraysizeswhich
is nottruefor the T8 algorithm.

A secondlisadantageof the T8 algorithm,aspresentedbove, is thatstep2.2.1.
only useshalf of the available processe$or computationthe otherhalf remainidle
waiting to receve backtherejectedvector In the T9000/C104algorithmwe remedy
this situationby splitting the vectoron eachprocessanto two halves. Step2.2.1.then
proceedsasfollows. Eachpair of processeg; andp;..;/, exchangenhalf of their vec-
tors: process;. sendsts high half vectorto process;,,» andrecevesthelow half
vectorof p;.;/, in exchange. Thesetwo communicationsanbe executedin paral-
lel provided the communicatedectorsareinputinto temporaryectorsof sizen /2p.
Procesg;. thenperformsa compare-gchangeoperatioron elementdromits low half
vectorandthelow half vectorrecevedfrom p.;/,. Similarly, procesg;._.;/, performs
acompare-gchangeoperatioronthehigh half vectorsit holds. Thestepis completed
by returningthe high half vectorto p, andthe low half vectorto p;,,/, in parallel.
Hencethis methodhastwo communication®perationger step,eachoperationcon-
sistingof thecommunicatiorof two half vectorsin parallel.

This methodkeepsall the processebusy, but the total amountof communication
performedis greaterthan necessarythe half vectorsare returnedto their sourceat
the end of the iterationandthen at the beginning of the next iteration outputagain
if the sourceprocesshasthe samestateasin the previousiteration(eitherexpecting
high or low half vectors). The communicationcostcan be reducedby fetchingthe
half vectorsat the beginning of the stepdirectly from their locationin the previous
iteration. This removesthe needto returnhalf vectorsat the endof the step,but may
insteadequiretwo half vectorsof aprocesgo beinputatthestartof thestep:boththe
half vectorit would input underthe previous methodandits own half vectorfor this
iterationif this wasstoredon a differentprocesdn the previousiteration. The total
amountof communicationn the worst caseis as muchasfor the previous method,
i.e., 4 half vectorsperiteration,but all 4 communication€anbe executedn parallel
in oneoperatiomat no additionalcostin storagespacecomparedvith 2 operationgor
the previousmethod.

Simple expressionsspecify the location of the 2 half vectorsthat processp;. re-
quiresin iteration: of Algorithm 4. We definethe stateof processy., oddk, as

oddk = (kdivi/2) mod 2.

If oddk, 1.e.,oddk = 1, thenproces®; requireshigh half vectors,otherwisdt requires
low half vectors.Proces;, is pairedwith process; where

El =Fk+1/2 — (1 % oddk).
In the previousiterationthe stateof proces®;.;, oddk1p, was

oddklp = (k1div i) mod 2,
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Figure4.1: Locationsof half vectors

andit waspairedwith procesy.,
k2 = k1 41 — (2i * oddk1p).

If oddk1p thenp,; holdshigh half vectorsfrom the previousiterationand p, holds
low half vectors.Hence from theseexpressiongachprocessancalculatewhetherit
needgo input vectorsfrom p;; or px; andwhetherthesevectorsarestoredin low or
high half vectorson thoseprocesses.
To find its own half vector similar expressionsareused.In the previousiteration
pr hadstate
oddkp = (k divi) mod 2,

andwaspairedwith processy.; where
k3 =k + 1 — (2i % oddkp).

If oddkp thenp, holdshigh half vectorsfrom the previous iteration and p3 holds
low half vectors.Hence from theseexpressiongachprocessancalculatewhetherit
needgo inputits own high or low half vectorfrom procesgys.

Theseexpressionaremoreclearly shavn in Figure4.1 astwo tableswhich give
thelocationof the 2 half vectorsthat procesy;. requiresatiteration: for the various
valuesof oddk, oddkp andoddk1p.

Similar expressionsanbefoundfor the destinatiorprocesse$or the half vectors
heldby a processatthe startof aniteration.

This operationis repeatedor theloop in Step2.Z of the algorithm. On exit from
this loop the half vectorsmustbe returnedto their correctprocessedeforethe next
step.

This secondmethoddecreasethe communicationcostof the algorithmby per
formingcommunicationg parallel,howvever, evenbetterperformanceanbeachieved
by overlappingcommunicationsvith comparisonsStep2.Z2 mayberearrangedo use
parallelthreadsvhichoperateonquartenectors,.e.,halvesof thehalf vectors.Whilst
onethreadperformsthecompare-gchangeon a pair of quartervectors,anothetthread
inputsthe next pair of quartervectors.Step2.2 becomes:

Algorithm 5 (Multi-threaded T9000/C104 main loop)
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2.2.1 procesyy getsfirst 1/4 vectorfrom py;/,
2.2.2 whilez > 1

2.2.3 par
performcompare-gchangeonfirst 1/4 vector
getsecond /4 vector

2.2.4 par
performcompare-gchangeon secondi /4 vector
getfirst 1/4 vectorfor next iteration(if : > 2)

2.25 leti = i/2
2.2.6 return1/4 vectorsto ownerprocesses

O

Thisthird methodrequireghe sameamountof storageasthe previousmethod but
hidesmostof thecommunication®ehindcompare-rchangeoperations.

Theotherphase®f theparallelalgorithmarethescattergatherandquicksort. The
T9000/C104lgorithmdiffersfrom the T8 algorithmin thatthemastemprocesss also
aslave procesgseeChapterl). Hencein theinitial scatterof the unsortedvectorthe
masterproceskeepsn /p elementof the vectorfor itself, distributing the remainder
over the p — 1 slave processes.We also use communication®perationshat have
beenoptimisedfor the T9000/C104rchitectureThescatterandgatheroperationsare
describedn AppendixA. The quicksorton eachprocesss the sameasfor the T8
algorithm.

442 Mode

The costmodelfor this algorithmon a T9000/C104machineusesthe samehardware
and problemparameterssthe T8 algorithmwith the additionof an extra hardware
parameter’’, for communicationsThe hardwareparametersre: 7., the costof the
compare-gchangeoperatiorfor a singlepair of datavalues;7, the startupcostfor a
communication?’, thecostof communicatinga singledatavalue.(SeeChapte2 for
detailsof the hardwargparameters.JTheproblemparametersre:n, theproblemsize,
i.e.,thesizeof theunsortedvector;andp, the numberof processors.

If the vectorto be sortedis storedon one masterprocesshenwe mustinclude
the costof theinitial scatterof the unsortedsector andthe gatherof the sortedvector
backto themasterattheendof thealgorithm.Thealgorithmandcostmodelfor these
standardperationsaregivenin AppendixA. They have acombinedcostof

p;l (Ts + ETC) ]
2 p
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If thevectoris alreadydistributedbeforethealgorithmstartswe leave thesortedvector
distributedalso.

Themainalgorithmbeginswith eachprocesgerforminganinitial quicksortonits
vectorcosting(n/p) log,(n/p)T..

The parallelthreadsin Step2.2 costmax (7 + (n/4p)T., (n/4p)T.). Theloop
in 7 executeslog, j times,andon the lastiterationthe secondthreadonly performs
a compare-rchangeoperation.Beforethefirst iterationa 1/4 vectoris input at cost
Ts + (n/4p)T.. At the endof the loop two 1/4 vectorsarereturnedto their owner
processn parallelatcost7; + (n/4p)T.. This givesatotal costfor the: loop of:

n

n
T. —T..
4p ) +

4p

(2log, j — 1) max (Ts + e

., lTe) + 2T, +
After this loop endseachprocesgperformsa bitonic meige (Algorithm 2) onits own

vectorat cost(n/2p)log,(n/p)T.. All of thiswork in the loop of Step2 is repeated
over 7, with j = 2¥ wherek = 1...log, p. Thetotal costof this stepis thus

n

n n\ n
T., iTe (log, p)Q—I—Q(TS—I——TC) log, p+| 1+ 2log, — | — log, pT..
4p 4p p) 4p

max (Ts + 1

This givesthetotal costfor a pre-distrilutedbitonic sortas
%log2 > Te + max (Ts + &7 f—pTe) (logy p)?+

2(T,+ 2T.) log, p + (1 + 2log, 2) 2 log, pT..
Thetotal costfor a parallelbitonic sortof avectorinitially onasingleprocesss:

2’2;1 (Ts + %Tc) + %log2 %Te + max (TS + f—pTc, f—pTe) (log, p)*+
2(T, + £T.) logy p + (1 + 2log, 2) £ log, pTe.

4.5 Performance

45.1 T8algorithm

We have implementedhe parallel T8 algorithmandan efficient sequentiablgorithm
ontheParsysSupernod¢seeChapter). Theseprogramssortvectorsof 32 bit integer
values.Programdo sorttheotherdatatypesareeasilygeneratedyy sourcdevel global
replacementsf thedatatypename(e.g.,replace NT by REAL32). Theperformance
of theprogramsvasmeasuredor a rangeof problemsizesandnumberof processors.
Theproblemsizer waslimited by thenumberof valuesthatcanbe storedon amaster
processowith 4MB of memoryandtherequirementor » to bea power of two. This
allowedproblemsizesupto 524288.Sincethe slave processesequirespacdor twice
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Figure4.2: Measuredspeedumf algorithmfor T8 architecture

the amountof datathey initially receve, this largestproblemsize cannotbe usedon
only asingleslave processorTheparallelprogramwastimedusingp = 2,4, 8, 16 and
32 slave processors.

We recordedhetotal time takenby the algorithmasmeasuredby the masterpro-
cessorIn additionwe measuredhetime takenby four partsof the parallelalgorithm
to illustratethe proportionof the total time thatthey consumed.Thesefour partsare
theinitial scatterof theunsorteddata,the sequentiafuick sorton eachprocessqrthe
parallelbitonic sort, andthe final gatherof the sorteddata. Thetime givenfor these
phasef the algorithmis the time measuredy the first slave processor The times
measurednotherprocessors thearrayvary asfollows: As theprocessonumbetin-
creases,e., theprocessorgetfurtheraway from the masterprocessaqrthe costsvary
asfollows: the scattercostdecreaseghe sequentiabuick sortcostremainsconstant,
andthe bitonic sortandgathercostsincrease Hencethesefiguresare presenteanly
to illustrateapproximatelythe proportionof the total time spentin eachphaseof the
algorithm.All thesetimingsaregivenin AppendixD.

Figure4.2shavsthespeedupf thealgorithmoveranefficientsequentiagjuicksort
algorithm. Theseresultsare very disappointingshaving that the parallelalgorithm
doesnot give ary speedupt all for mostproblemsizestested.Insteadthe sequential
quicksortalgorithmis shavn to bequicker Looking atthetimesfor thefour phase®f
thealgorithmgivenin TableD.2 shavs that,for all but thesmallestarrays the costof
thebitonic sortphasedominateghetotal cost. The costof theinitial scatterandfinal
gatheralsomakeup a significantproportionof thetotal cost. This poorperformances
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dueto severalfactors.Themostimportantfactoris thehigh costof communicationg
thebitonic sortphasecomparedvith the amountof computatiorperformed.For each
comparisoroperatiorthe communicatiorof two datavaluesis required.

Thecostto communicatesingle32bit integeris 7. = 4.40uS. Thisvaluewasob-
tainedby measuringhetime takento sendalargevectoracrossalink (seeChapte 2).
It is not so easyto obtaina reasonablestimatefor the costof a single comparison
operation. In this case,we decidedto estimatea valuefor 7, by fitting the sequen-
tial timingsto the sequentiatostmodelusinga leastsquaredit. This givesa value
of T. = 1.9us. This estimatefor 7, takesinto accountthe costof the IF language
constructandthe exchangeof datavaluesaswell asthe comparisoroperation. No-
tice thatthis valueis higherthanthe averagecostof an integer arithmeticoperation
(Tf = 12,LLS)

Fromthesevaluesfor 7. and7. we seethatthecommunicatiorcostin thecentral
bitonic sortphaseis about5 timesgreaterthanthe computationcost. Sowe cansay
thattherun-timecostof theparallelalgorithmis dominatedy the costof thecommu-
nications. Henceas more processorsre used,small reductionsn computationcost
are hiddenby the muchlarger, and almostconstantcommunicationcosts. At best
thecostsof thepacket-basedommunicationsvill remainconstantsnetworksizein-
creasesfor constanproblemsizen, but for smallproblemgsuchasthosemeasured)
communicatiorcostsincreasenith networksize. Thusthe speedupif onecancall it
such,reachesa maximumandthenfalls asfurther processorareadded.Sofor prob-
lemsof similar sizeto thosetestedhere the parallelalgorithmwill provide almostno
benefitandwill probablycostmorethanagoodsequentiatjuicksort.

Anotherfactor which affectsthe speedupf the algorithmis the useof only half
the processore thebitonic computatiorsteps But this only hasa smalleffectonthe
total costof thealgorithmsincewe have alreadydetermined¢hatcommunicatiorcosts
dominatetotal costs. To reducethe communicatiorcostswe could implementsome
of the techniquesusedin the T9000/C104algorithm. Splitting the vectorsinto half
vectorsandsendinghalf vectorsin bothdirectionsdown links mightreducecommuni-
cationcostsslightly, but for theT8 architectureghereis notmuchspardink bandwidth
for this extra communicationon eachlink. Using quartervectorsand overlapping
communicationand computationwould also improve the performanceof the algo-
rithm slightly. With thegivenvaluesfor 7, andT.. all thecomputatiorcouldbehidden
behindcommunication.However, sinceit is the communicatiorcostthatdominates
thisagaingivesonly a slightimprovement.Theonly otherway to improve the perfor
manceof this algorithmwouldbeto usearichertopologysuchasagrid of processors.
This would increasethe available bandwidthand decrease¢he diameterof the net-
work. Unfortunately the currentimplementatiorwaslimited to a chaintopologyfor
compatibilitywith theLiverpoolParallelLibrary (seeChapterd).
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Figure4.3: Comparisorof measuredime andmodeltime for T8 algorithm

4.5.2 Comparison with T8 model

We have shawvn thatfor problemsizesthatcanbe storedon a singlemastemprocessor
a sequentiafuicksortalgorithmwill give comparablaf not betterperformancehan
the parallelalgorithm. Now, we comparethe measureaostswith the costspredicted
by themodelandusethemodelto indicatethe performancehatmightbe obtainedor
very large pre-distritutedproblems.

Figure4.3 shaws a graphof the measuredun-timesand predictedrun-timesfor
theparallelalgorithm.For thelargerproblemsizesandfor smallnetworksfor smaller
problemsizesthe modelpredictslower run-timesthanwere actuallymeasured.The
large divergencebetweenpredictedtimes and measuredimes for smallerproblems
andlarger networksizesis difficult to explain. Onefactoris thatthe communications
modelbecomesnvalid for suchsmallproblems Howeverthis shouldleadto predicted
timingswhich arelessthanthemeasuredimings, but in factthe predictedimingsare
muchgreaterthanthe measure@nes.Theerrorin the costmodelfor largerproblem
sizess about25%. Theseobsenationsleadusto concludehatthecostmodelcanonly
be usedto give a roughguideto the actualrun-timeof the algorithm,but it doesnot
modelthetruecostsof thealgorithmaccuratelyenoughto placeary greaterconfidence
init.

Bearingin mind theseconsiderationskigures4.4 and4.5 shav the speedupshat
the modelpredictsfor very large problemsizesand large arraysof processorsFig-
ure4.4shovsthepredictedspeeduf thealgorithmif theunsorteddatawereinitially
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storedon a single masterprocessor Figure 4.5 shows the speeduf the algorithm
whenthe unsorteddatais pre-distributed over the slave processordeforethe algo-
rithm beagins, and the sorteddatais left distributed over the array In practice,the
volume of datathatthe largestof theseproblemsizesrepresentould not be stored
on a single processombut canonly be processedn a distributed manner The only
differencein costbetweerthe two algorithmsis the costof scatteringandgathering
thedata,but it is clearthatthis extra costreduceghe performancef the singlesource
algorithmconsiderably The modelfor the pre-distributedalgorithmpredictsthatthe
performanceaeaches plateawery quickly asthe numberof processorss increased
andthereaftemo improvements achiezed by addingmore processorsThis supports
the obserationmadein the previous subsectionthatthe run-timecostof the parallel
algorithmis dominatedby the costof the communicationsThe communicatiorcost
is constantor constanproblemsize (assuminghe simplerpacket-basedommunica-
tion modelis valid) andthe smalldecreasem the computatiorcostobtainedoy using
additionalprocessorarehiddenby the muchhighercommunicatiorcost. Noticealso
thateven for thesevery large problemsizesthe run-timeis only reducedby a small
factor Eventhealgorithmicimprovementsuggesteth the previoussubsectionwvould
only give asmallincreasan performance.

Theseresultsleadto the conclusionthatfor a chainof T8 processorshe parallel
bitonic sortalgorithmis not worth using. Instead,a goodsequentiafuicksortalgo-
rithm shouldbeused.If the problemis too largeto beheldon a singleprocessarthen
the parallelalgorithmcanbe usedto allow the datato be sortedbut the performance
will not be good. The poorperformancef the algorithmis fundamentallydueto the
large ratio of communicationcostto computationcostfor the bitonic sort phaseof
the algorithm. This ratio is determinedby the hardwareparametersandthe ratio of
communicatioroperationgo computationoperationan this phaseof the algorithm.
Thus a betterT8 algorithm mustdecreasehe ratio of communicatiomoperationso
computatioroperations.This cannotbe donewith the bitonic sortalgorithmso other
sortingalgorithmsmustbe considered.The otherway to achieve betterperformance
is to changeheratio of the hardwareparametewalues. The next subsectioriooks at
the performancef the algorithmon the T9000/C104architecturevhich doesindeed
have adifferentvaluefor thisratio.

4.5.3 T9000/C104 algorithm

In the absencef the T9000 processowe mustmakean estimatefor the costof the
compare-gchangeoperation. Herewe have madethe assumptiorthat this costwill
bethe sameasthe costfor doubleprecisionfloating pointoperationsi.e., 7, = Ty =
100ns (seeChapter2). The true costis probablyhigherthanthis if the example of
the T8 architecturas relevantto the T9000aswell. The costof communication®n
the T9000/C104architecturas detailedin Chaptei2. For 32 bit datavalueswe use
Ts = lusandT, = 444ns.

Neglecting the communicationstartuptime the ratio of communicationcost to
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computationcostis 7./7T. = 4.4 for the T9000/C104architecturecomparedwith
T./T. = 2.3 for the T8 architecture. The T9000/C104ratio is worsethanthe T8
ratio, suggestinghatthe performancef the T9000/C104lgorithmwill alsobeworse
thanthat of the T8. However, this is not the case. In the bitonic sort phaseof the
T9000/C104algorithmthe exchange®f quartervectorstakeplacein parallelinstead
of sequentiallywithin eachblock of processorsasfor the T8 algorithm. This is a
considerabladwantageespeciallyfor large networkswherethe numberof vectorex-
changedecomedarge. Thisfactorallows the T9000/C104algorithmto scalewell to
large networks. Figure 4.6 shavs the speedupachieved by the pre-distritutedalgo-
rithm for very large problemsizes. This shows that the algorithmdoesscalewell to
large networks. The algorithmalsobenefitsfrom the overlapof communicationsind
computationgssentiallyhiding the computatiorentirely behindcommunications.
Eventhoughthe pre-distritutedT9000/C104algorithmscaleswell for large prob-
lemsandlargenetworksts efficiengy is very small. Thisis becausef themuchhigher
costof the sequentiabitonic sort algorithmcomparedwith sequentiabuicksortand
alsobecausef the dominantcommunicatiorcostsin the parallelalgorithm. If the
hardwareparameteratio waslessthan 1, the communicationsvould be hiddenbe-
hind computatiorandthe efficiengy of the algorithmwould be muchhigher For the
fundamentatlatatypessucharatiois very unlikely for ary architecturesincecommu-
nicationbetweerprocessorsvill alwaystakelongerthanlocal memoryaccesseand
thecomparisontself hasaverylow cost.Ontheotherhand,sortingstringelementsn
adatabasevould have a betterbalancebetweercommunicatiorandcomparisorcost.
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The low efficiengy of the T9 parallel algorithm can be improved someavhat by
the useof a variationin the bitonic sort algorithm. Insteadof performingcompare-
exchangeoperationson the vector pairs, this improved algorithm megesand splits
the sortedvectors. The communicatiorpatternremainsthe sameasfor the original
algorithm.This changedoubleghearithmeticcostin the parallelthreadsandremoves
the needfor the bitonic sorton eachprocessoat the endof eachloop. Hence given
the currentratio betweercommunicatiorandcomparisorthe extrawork performedn
thethreadss still hiddenbehindcommunicationandtheoverall costof thealgorithm
is reduced.

Figure 4.7 shows the speedugdor the algorithmwhendatais initially heldon a
single sourceprocessar This clearly shavs that the scatterand gatherof the vector
doesnot scalewell for large networksandsincethis is a large proportionof the total
coststheoverall speedups greatlyreducedrom thatof the pre-distritutedalgorithm.
Thescatteoperationcannotscalewell becaus¢hereareonly 4 links out of thesingle
sourceprocessorPre-distritutedparallelalgorithmsin otherfieldsof numericaimeth-
odsoftenhave a muchhighercostcomparedvith problemsizewhich meanghatthe
scattercostis muchlesssignificantandbothformsof thealgorithmwill give asimilar
performanceHowever, thetotal costfor all pre-distributedparallelsortalgorithmsis
low comparedwith the problemsize andso this scatterbottleneckwill affect all the
sortalgorithmsandresultin poorspeedups.
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4.6 Conclusions

TheT9 pre-distritutedparallelalgorithmgivesreasonablperformanc@ndscales/ery
well ontolargenetworks.Thisis dueto theability to communicatelirectly betweerall
T9 processorin the network. Unfortunately the relatively high costof initial scatter
meangthat the single sourcealgorithmhasa very poor performance.In conclusion,
the parallelT9 bitonic sortalgorithmcanberecommendetbr applicationsvherethe
datais pre-distriluted,especiallyfor extremelylargevectorswhich cannotbe heldon
asingleprocessarfFor smallervectorswhich areinitially storedonasingleprocessar
a sequentiafuicksortis easierto useandis only a few timesslower thanthe single
sourceparallelalgorithm.Otherparallelsortalgorithmsmayyield agreaterefficiency
thanthe bitonic sortalgorithm, but all will give only a poor performanceon the T9
wheninitial scatteris required.

For the T8 architecturea good sequentialquicksortalgorithm is preferablefor
small problemsizes. Very large problemswhich canonly be storeddistributed will
have to usea parallelsortalgorithm,but the parallelbitonic sortalgorithmon a chain
of processorsannotberecommended.



Chapter 5

Newton

In the lasttwo chaptersve have examinedparallelalgorithmsfor two importantar-
easof numericalmethods:linear algebra(Gaussiarelimination)andsorting (bitonic
sorting). We now turn our attentionto parallelnumericaloptimisation. In previous
work [78] we presentedn overview of paralleloptimisationalgorithmswhich high-
lighted two algorithmsfor detailedstudyon the transputerarchitecture.The two al-
gorithmsare the Newton methodand quasi-N&ton method. Thesetwo algorithms
illustratethe problemsthat arisewhendesigningparalleloptimisationroutines. The
Newton methodhighlightsthe useof parallelevaluationsof the objectve functionto
utilise arraysof processorsThe quasi-Nevton methodemphasizethe needfor effi-
cientparallellinear algebraroutinesfor the Hessianupdates.This chapterdiscusses
theNewton methodin detailandthe quasi-Neton methodis coveredin Chaptei6.

In this chaptewe describeparallelimplementation®f the Newton algorithmfor
both T8 machinesand T9000/C104machines. The chapterhighlightstwo main is-
sues:parallelfunction evaluationsand communicatiometwork performance.Paral-
lel evaluationsof the users objective function, gradientvector and Hessianmatrix
areessentiato achieve good performancdrom a parallelmachinesincein practice
theseevaluationsareoften very expensve. The algorithmalsoincludestypical com-
municationprimitivesin the linear algebraphase. We examinethe improvementin
communicationgerformancehatthe C104switch networkachie/esover the bestT8
configuration—agrid of processorsWe develop run-time costmodelsfor the algo-
rithmsandcompareheir performanceaisinganexamplefunction.

We usethefollowing notationthroughouthe next two chapters:

e [, acontinuousiwice differentiablefunctionin » variableswith value f(x) at
thepointx,

¢ g(x) = Vf(x), thegradientvectoratthepointx,
e (i(x) = V*f(x), theHessiammatrix atthepointx,

e p, asuitablesearchdirectionvector

74
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e B(x), anapproximatiorto theHessiammatrix G;(x), and
e [ (x), anapproximatiorto theinverseHessiammatrix G(x)~".

Usuallythesenotationsareabbreviatedby droppingthereferenceo x, anda subscript
is usedto indicatethevalueat a particulariterationk, e.g., By.

5.1 Newton and quasi-Newton methods
Theunconstrainedptimisationproblemis of theform:

min f(x): R" = R

xXeR”

where f(x) is at leasttwice continuouslydifferentiable. Sequentialunconstrained
optimisationalgorithmsareusuallybasedn thefollowing algorithm:

Algorithm 6 (M odel algorithm)
Let x;, bethecurrentestimateof x* theminimumof the function f(x).

1. Testfor corvergence
Terminatethe algorithmif the corvergenceconditionsaresatisfiedreturningxy
asthesolution.

2. Computea seach direction
Computea vectorp;, to useasasearchdirection.

3. Computea steplength
Computea scalara; suchthat f(x; + axpx) satisfieghe condition
J(Xr 4 arpr) < f(xz).

4. Updateestimatefor theminimum
Setxyy1 = Xi + axpk, K = k + 1 andgoto stepl.

d

The Newton andquasi-Nevton family of methodscomputeghe searchdirection,
Pk, in step2 of themodelalgorithmdirectly asthe solutionto:

Grpr = —8k

In Newton’s method(;, is computedexplicitly eitheranalyticallyor usingfinite dif-
ferences Quasi-N&vton methodsdo not computed;. directly but insteadan approxi-
mation, By, to theHessians maintainedandupdatedn step4 of themodelalgorithm.
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Themostwidely usedupdatds therank2 Broyden-FletcheGoldfab-Shano (BFGS)
update:

BkSkSTBk k T
Bk+1 — Bk . k YeYi

T T
s; Bisk S Yk

wheres;, = ap;, andy, = gr+1 — g If ananalyticHessians available,the Newton
methodis generallyusedfor its superiorconvergenceproperties.Whenthe analytic
Hessianis not available the quasi-Nevton methodis usedif function evaluationis
expensve andthe problemsizen is nottoo large,otherwiseif thefunctionevaluation
is cheapafinite differenceNewton methodis used.

Several papershave lookedat methoddor utilising parallelfunctionandgradient
evaluation. van Laarhaoen [94] hasexaminedStraeters parallel variablemetric al-
gorithm[8S]. During step4 this methodcomputesn parallelthegradientat» points
displacedy smallstepsrom x; alongr linearlyindependendirections.Thesegradi-
entvaluesarethenusedto sequentialljupdatethe approximatenverseHessiant; by
the symmetricrank 1 update.The resultingalgorithmexhibits quadratictermination.
vanLaarhaoenalsodevelopsaparallelgeneralisatiomf Broydensrank1 formula. In
addition,he usesparallelfunctionandgradientevaluationduringtheline search.His
algorithm computesf(x) at multiple points along the searchdirectionand chooses
threepointswhich bracketthe minimum. Theline searchalsoincorporates parallel
interpolationprocedure.

Freemar{4€| pointsout thatthesealgorithmsarenot guaranteedo producepos-
itive definite matricesH,. He thenproceedso describea similar algorithmwhich
utilises a parallelsymmetricrank 2 updatingformula basedon Davidon’s updating
formula[28]. This algorithmhasquadraticterminationand guaranteesghat the ap-
proximatematricesH,;. exist andarepositive definite.

Althoughtheprecedinglgorithmsutilise parallelcomputatiorfor gradientevalua-
tion they do notallow ther matrix updatego beperformedn parallel. This operation
could then becomethe major costwithin eachiteration. Thesealgorithmsfind the
minimum of a quadraticfunction in oneiteration,comparedwith n iterationsfor a
sequentiafjuasi-Nevton updatealgorithm.Thisis becauseachiterationof the paral-
lel algorithmsperformsr. quasi-N&vton updates.Hencethesealgorithmsshov good
performancehrougha muchreducedhumberof iterations.However, eachindividual
iterationhasa greatlyincreasedunctionevaluationcost, but this is mainly hiddenby
theuseof parallelgradientevaluations.Neverthelesghereis still scopefor improved
performanceOnly alow level of parallelismis achievedin theline searchstep—most
processorsemainingidle, andasalreadymentionedthe updatesnustbe performed
sequentially—alkextra processorbeingidle.

The normal descriptionand costanalysisof thesemethodsassumeshat at least
n + 1 processorsire availableto computeanalyticgradientsor (n + 1)? processors
if gradientsare approximatedy finite differences.If only n/2, say processorsre
available then the algorithmsin their proposediorms cannotbe executed,also ary
processorsvailablein additionto thoserequiredcannotbe utilised. This highlightsa
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generaproblemfor any paralleloptimisationroutine,namelythatthe grainsizeof the
parallelalgorithmwill bedeterminedlirectly by r.

Marny of the optimisationtestfunctionsprovide goodexamplesof this difficulty.
Rosenbrocls[72] functionin 2 variablegrn = 2) with analyticfirst dervativescanuse
atmost3 processorto calculatehegradientvaluesusedto updatetheinverseHessian
approximation.If gradientsareapproximatedy finite differenceghen9 processors
couldbeutilised. Hence gvenif theparallelarraycontainednary moreprocessorghe
maximumspeedupossiblewould belessthen9 sinceonly thatnumberof processors
couldbeusedby thealgorithm.A furtherpointfollowsfrom this. Theexpenseof func-
tion evaluation,althoughdependenon », canbe considerablevenfor smallrn since
the functionitself may be, for example,a sub-optimisatiorproblemor a simulation.
Thusa problemfunctionwith large costbut only smalldimension: which requiresan
impracticablylargerun timeto solve on corventionalcomputerarchitectureganonly
have the solutiontime reducedyy asmallfactorof ordern or perhaps:? but notp. Of
coursemary smalldimensionproblemfunctions,includingthe RosenbrocKunction,
arevery cheapto solvwe andin thesecaseghe parallelmethodswould probablyhave
poorerperformancehantheir sequentiatounterpartslueto the high communication
to computatiorratio.

A well known extensionto Rosenbrocls function givesa generafunction of di-
mension: (n even). For alargerdimensionproblemof, say n = 20 either21 or 441
processorgould be utilised. However, it is likely thatprocessolarrayswould have
someintermediatenumberof processorslf ananalyticgradientalgorithmis executed
only 21 processorareusedandthe maximumspeedugttainablas only 21. There-
mainingprocessorsot usedby the algorithmcould be madeavailableto othertasks
runningon the array requiring multi-useroperatingsystemsupporton the machine.
To makeuseof all the available processor®n the array executinga finite difference
gradientalgorithmcouldbe achievedin two ways. Firstly, the 441 processesequired
by the algorithmcould be mappedonto the smallernumberof available processors.
This useof excessparallelismwould allow the maximumpossiblespeeduggiventhe
limited resourcesA secondapproactwould beto developalgorithmswhich compute
only asmary of the gradientvectorsasthe numberof availableprocessorallows.

We now describea family of parallelmethodsdueto Byrd, Schnabebnd Shultz
[19] whichfollow this approachandmay usea variablenumberof processorsThese
algorithmsareinterpolationsbetweerNewton’s methodanda quasi-N&ton method.
Duringtheline searchstep3 of themodelalgorithm,thesemethodautiliseidle proces-
sorsto calculategradientinformationwhichis thenusedn step4 to updateheHessian
approximationB;. As in the previousalgorithms,the useof gradientgo improve the
Hessianapproximationis expectedto decreas¢he numberof iterationsrequired. In
theirpaperByrd etal. considethe casewvheregradientvectorsarecomputedy finite
differencesput the sameideasmay be appliedwhengradientsarecomputedanalyti-
cally with only the numberof processorsitilisedchanging.

Thealgorithmsdueto StraetemandFreemanncur anextra costin eachiterationin
the computatiorof the gradientinformationin step4 of the modelalgorithm. In con-
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trast,thealgorithmsdueto Byrd, Schnabe&ndShultzdo notincreasehe costof each
iterationsincethe gradientinformationis computedn parallelwith theline searchof
step3 andonly asmary functionevaluationsasthe numberof processorpermitsare
computed.Hencefull useis madeof the available processorsluring step3 without
increasingheruntime. Schnabetallsthis processpeculatre gradientevaluation.

Therearealternatve usesof the processorgluringtheline searctstep.As already
mentionedyanLaarhaenuseamultiple processorso brackethe minimumandcom-
putetheinterpolation.Lootsma[ 7C] andothershave alsosuggeste@valuating f(x)
at multiple pointsin the searchdirectionandevenin otherdirectionsin parallelwith
thecomputatiorof f(x) atthetrial point. However, it doesnot seenlikely thatpoints
off the searchdirectionwill be betterchoicesfor the next iteratethanthoseon that
line. Also the large body of resultsfrom sequentialquasi-Nevton methodsclearly
shav thaton averageonly betweenl and?2 trial pointsareselectedbeforeanaccept-
able point is found and at eachnew acceptedooint a completegradientevaluation
is performed. This ratio of function evaluationsto gradientevaluationssuggestshat
processorsvould be muchbetterutilisedin computinga speculatre gradientthanin
computingadditionaltrial pointswhenthe currenttrial pointis likely to be accepted
anyway.

Schnabe[87] makessomesuggestiongboutthe useof the gradientinformation
computedat arejectedrial point. Onesimpleapproaclwould beto usethe searchdi-
rectiongradiento helpcomputehesteplengthto thenext trial pointalongthecurrent
searchdirection. Somecurrentsequentialine searchalgorithmsusegradientsat trial
points but thesedo not improve the algorithm’s performancesignificantly Another
suggestions to usegradientinformationto solve atensormodelof thefunctionrather
thanthe standardquadraticmodelto find the next iterate[8€]. Finally he proposes
updatingthe Hessian(z;, immediatelyusingthe gradientinformation at the rejected
trial pointandcomputinga new searchdirection.

If the numberof processorsvailablep is lessthanor equalto » + 1 thenByrd et
al. recommendisingthe quasi-Nevton algorithmwith p — 1 elementof the gradient
vectoratthetrial pointspeculatrely computedn parallelwith thetrial pointfunction
evaluation. Whena trial pointis acceptedhe remainingelementsf g arecomputed
in parallel,otherwisea new trial pointis choserandthe processepeated.

Whenp > (n* + 3n + 2)/2 thenthe entire Hessianmatrix canbe approximated
by finite differencesalongwith thetrial pointfunctionandgradientin oneconcurrent
functionevaluationstep.Thismethods a paralleldiscreteNewton method.Morethan
(n? + 3n + 2)/2 processorsannotbe utilised.

The mostcommonsituationwill bern + 1 < p < (r? 4+ 3n + 2)/2. In this case
m = |(p—(n+1))/(n+1)] gradientvectorsfrom aroundhetrial pointarecomputed
in step3 of themodelalgorithm.In [1€] they describeandcomparel 1 suchalgorithms
includingthe quasi-Nevton anddiscreteNewton algorithmsmentionedabore. These
algorithmsall include at step4 a multiple updateof the Hessianapproximation(zy,
usingthe m gradientvectorsalongthe finite differencedirections. The methoddall
into 3 catgoriesbasedon the usemadeof the standardyuasi-Nevton updatein the
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searchdirection:
¢ Only thegradientsalongthefinite differencedirectionsareusedto updatey.

e The searchdirectionupdateof G is performedatfter the finite differenceup-
dates.

e A temporaryupdateof (& in the searchdirectionis madeatfterthefinite differ-
enceupdatesandthe resultingmatrix is usedto computethe searchdirection
for the next iteration.

Two differentmethodsareusedto selectthefinite differencedirections.Onemethod
simply cyclesthroughthe unit vectorsandthe othercomputesa setof m directions
thatareorthogonato the previousm — 1 directions.Also, the BFGSandotherupdate
formulaeare used. The first andthird cateyoriesof methodshave m-stepquadratic
cornvergenceand 1-stepQ-superlineaconvergencerates. Neitherof theseresultshas
beenshavn for the seconccateyory in general.

Computationatesultsarepresentedor thecasemn = 1. Theseshav thatthefirst
catgyory of methodsall performmorepoorly thanthe parallelquasi-Nevton method
usingBFGSupdatesventhoughthey usefinite differenceHessiarinformation. Tem-
porary searchdirection updatemethodsgave betterperformancesut were still not
betterthanthe BFGSmethod. Thethird category of methodsusingbothfinite differ-
enceandsearchdirectionupdateshasthe bestperformancéeingsignificantlybetter
thantheBFGSmethod.Of thethreemethodsn this cateyorythetwo which utilisedthe
BFGSupdateweresuperiorandByrd etal. recommend unit vectorfinite difference,
BFGS methodsinceit doesnot have the complicationof calculatingthe conjugate
directionswhich arerequiredby the otherBFGSmethod.

In [18] simulatedresultsare presentedor the BFGSunit vectorfinite difference
algorithmandthe parallelBFGS quasi-Ne&vton and Newton methodswhenn = 20.
Over the rangeof problemstestedthe averagespeedupover the sequentiaBFGS
methodof the parallel BFGS quasi-Nevton methodwas 17.5, and for the parallel
Newton methodthe averagespeedupwas 82.3. With m rangingfrom 1 to n, the
BFGSunit vectorfinite differencealgorithmgave averagespeedupbetweer32.6and
69.5. Thesesimulatedspeedupsissumehat eachalgorithmhadsufficient processors
to computeall the speculatre gradientevaluationsin a single concurrentevaluation
step.Thatpaperalsoshavs thatthe BFGSunit vectorfinite differenceslgorithmhas
superlineacornvergence.

If functionevaluationis notexpensve thelinearalgebrainvolvedin steps?2 and4
becomesignificant.It is thusessentiato parallelisethesestepsf possibleo maintain
good performance.In [1§] four differentimplementation®f the linear algebraare
considered.This shows that an efficient algorithm can be developedby storingand
updatingG; ', theinverseHessiamapproximationusingonly matrix-vectorandrank
1 updateswhich parallelisewell. They demonstratehis by implementinga parallel
algorithmbasedn anunfactored=; ', distributedby rows.
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In the next chaptermwe discussthe designandimplementatiorof a parallelBFGS
algorithmfor transputesystemsin therestof this chaptemwe look at the designof a
paralleINewton methodfor transputers.

5.2 Newton algorithm

Iterationk of Newton’s methodconsistf thefollowing steps:

Algorithm 7 (Newton method)

1. Evaluategradientvectorg; atxj.
2. EvaluateHessiamatrix (¢, at xj.

3. Solwelinearsystenfor searchdirectionvectorpy:

Grpr = —8k

4. Performline searchalongp;. to find new estimatex;; of theminimumpoint of
f(x) in thedirectionpy:

Xpyq f(Xpy1) = main f(xx + apy)

O
Thefirstthreestepswithin eachiterationaresuitablefor parallelisatiorandthelaststep
canalsobe parallelisedo a lesserextent. For optimumefficiency the distributeddata
structuresisedby theseparallelstepamustbecompatible Withoutthis provisionthere
would be arequiremento re-distributethe databetweersteps.For Newton’s method
thedatastructures determinedy thealgorithmwhich solvesthelinearsystemto find
thesearchdirection. The parallelalgorithmwe have choseris row-orientedGaussian
eliminationwith partial pivoting. This parallelalgorithmis known to performwell
andhasalreadybeenimplementedn the currenttransputearchitecturgsee[ 74] and
Chapter3 for details). The distributed datastructurethereforeconsistsof scattered
rowsof ¢ oneachprocessoalongwith theassociateélement®f g. Whenthesystem
of equationgs solvedthe searchdirectionp is alsodistributed,with eachelementof
p locatedon the processothatholdsthe associate@lementof g. The otherparallel
steps,namelythe evaluationof the Hessianmatrix, (, and gradientvectot g, must
thereforeproduceadistributeddatastructureof scatteredows of (¢ andtheassociated
elementof g.

Methoddto paralleliseheline searchof step4 have beendiscusseah thepreceding
section.In this sectionwe usea sequentiatontrolthreadio determinea nev minimum
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point with parallelfunction evaluationsto calculaterequiredgradientvectors. This
stepmustbe precededy gatheringthe distributedelementsof p, at oneprocessor
Similarly, after the nev minimum pointx;.; is foundit mustbe broadcasto all the
otherprocessorbeforethe next iterationcanproceed.

We assumehata networkof p slave processorss available,connectedo a single
mastermprocessorThe T9000/C10setworkis configuredasa threestagefolded Clos
networkasdescribedn Chapter. In orderto makeafair comparisorbetweertheper
formanceof the T9000/C104communicatiorarchitectureandthe currentgeneration
T8 architectureve assumehatthe T8 machineis configuredasa grid of processors
with nowraproundof edgelinks. For simplicity of therun-timecostmodelwe assume
furtherthatthe T8 processorareconfiguredn a squaregrid.

5.3 Theuser interface

The userinterfaceto the algorithmis throughthe userprovidedfunctionsto evaluate
theobjectie function, f, thegradientvector g, andtheHessiammatrix, G. Sequential
Newton algorithmsexpectthe userto provide sequentiafunctionsthatwill calculate
all of theHessiarandgradientin asinglecall. If thissameuserinterfacewereretained
for the parallelalgorithmthenit would not be possibleto exploit parallelevaluation
of the Hessianor gradient. However with only small changego the userinterface
parallelismcanbeachieved.

We modify the Hessiarevaluationfunction parametefist to includea vectorof »
elementsvhich specifyto theuserfunctionwhich rows of thern x n Hessiarmatrix it
shouldevaluate. This allows the Newton algorithmto utilise all the availableproces-
sorsin parallelto calculatedifferentrows of the matrix. The parametefist could be
further extendedto allow specificationof whetherthe function shouldcalculaterows
or columnsor even blocksof the matrix. The gradientevaluationfunction parameter
list is similarly extendedo specifyto theuserfunctionwhich elementf thegradient
vectorit shouldcalculate.

The users functions remain largely unalteredexcept that they should perform
checksto ensurethatthey only evaluatethoseelementsspecified. The userprovided
functionto evaluatef is identicalto thatrequiredby currentsequentiahlgorithms.

54 Moddling thealgorithm

To developrun-timecostmodelsfor the algorithmwe needto identify the parameters
thatcharacteris¢he performancef thearchitecturesFor distributedmemoryMIMD
machinegheseparametersepresenthe computationrand communicatiorcosts. We
useT’s to modelthecomputatiorcostfor botharchitecturesThis parameters thetime
takento performonedoubleprecisionfloatingpointoperation.Eacharchitectureactu-
ally hasadifferentvaluefor thecomputatiorcostbut the useof a singleparametef’’;
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makesthe costmodelsclearer It shouldbe clearfrom the context which architecture,
andhencewhichvaluefor 7, is beingreferredto in this chapter

We modelthe communicationsusing a similar group of parametersFor the T8
architecturave useasingleparametefl . to modelthe costof sendinga doublepreci-
sionvalueacross link. It hasbeenshavn [74, 62] thatthis singleparametemodels
communicatiorcostswell without theadditionof a communicatiorstartupparameter
The costof communicatiorover the switch networkof the T9000/C104architecture
canbemodelledby two parametersa messagéateng or startuptime, 7, anda cost
for eachvaluetransmittedhroughthe network, 7... Again we usethe sameparame-
ter 7. for boththe T8 andT9000/C104architecturebut the context shouldmakeclear
which valueis intended.Full detailsof the communicationsietworksandmodelling
parametersanbefoundin Chaptel2.

5.5 Gradient and Hessian evaluation

To modelthe costof the userprovidedfunctionsto evaluatef, g andG we introduce
threeparameterd’,, 7, and 7. T, is the costof a single function evaluation. 7,
and Ty arethe costsfor evaluatingthe most expensve single elementof g and &
respectrely. Theseparametersll specifya costin termsof the numberof floating
pointoperationsequired|.e.,acostgivenask’; meansarealtime costof £7:7%.

ThegradientvectorandHessiarmatrix calculationgequirenocommunicatiorand
sowill have the samecostexpressiorfor botharchitecturesEachof the p processors
evaluates:/p rowsof G andn /p elementf g. This hasacostof:

n? n )
— T+ =T, |Ty.
(p D g f

5.6 Solvingthelinear system

Step3 of the Newton methodrequiresthe solutionof a systemof linearequationgo
find a new searchdirectiong,. This is achieved usinga parallel Gaussiarelimina-
tion algorithmwith partial pivoting. The algorithmconsistsof two phasesforwards
eliminationof the full matrix G andright-hand-sidgRHS) vector —g, followed by
backwardssubstitutionof the RHS vector Full detailsof the algorithmaregivenin
Chapter3, but a summaryof the parallelalgorithmis givenbelow:

Algorithm 8 (Forwar ds elimination)

For theforwardseliminationphasehefollowing stepsareperformed:
For:=1,...,n—1

1. find bestpivot elemenion eachprocess,
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2. global max operationperformedon individual processorsbestpivots with :th
row holderasdestination,

3. broadcasbf bestpivot holderfrom :th row holder

4. broadcastn —: + 1) elementf bestpivot row andassociate@RHS elementy
its holder

5. send(n — ¢ 4+ 1) elementsf ;th row andassociatedRHS elementto pivot row
holderif row swaprequired,

6. pivot (n — ¢) rowsandRHSelements.

Algorithm 9 (Backwar ds substitution)

For thebackwardsubstitutionphasehefollowing stepsareperformed:
Fori=mn,...,1

1. holderof row : evaluateslementp;,
2. broadcaselementp;,

3. Updatesubtotalson processors.

O

Essentiallythe sameparallel algorithmis usedfor both the T8 architectureand
the T9000/C104architecture The only differencebetweerthe programsconcernghe
implementationof communicationoperations. We have beencarefulto specify the
algorithmin termsof reasonablyigh-level communicatiorprimitivessuchasbroad-
castandglobal operations.This ensureghatthe programcodefor botharchitectures
is almostthe same.Slave codesn both programsexecutecommunication®perations
by calling communicationsubroutines.The T8 programwill link in versionsof the
communicatiorsubroutinespecificallyfor the T8 architectureandthe T9000/C104
versionwill link in aT9000/C104ibrary of communicatiorsubroutinesAppendixA
describeghesecommoncommunicatiorprimitivesandgivescostmodelsfor both T8
andT9000/C104architectures.

The following two subsection®riefly describethe stepsin the forwardselimina-
tion and backwardssubstitutionalgorithmsandpresentmodelsfor the run-timecost
for the T8 andT9000/C104architectures.
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5.6.1 Forwardseimination

The problemof finding the bestpivot valuefor eachiterationis dividedinto two steps
(stepsl and?2). First,eachprocessofindsthebestelemenit holdsin stepl. Letussay
for simplicity thatthe averagenumberof elementpairscomparedn eachiterationis
n/2p thenthecostof thisstepfor botharchitecturess 72 7. Thesecondstepinvolvesa
globalcommunicatioroperationn which theprocessorsommunicateheir local best
pivot valuesto find the globalbestpivot value. This operations codedasa subroutine
sothateacharchitecturecanusea routinewhich is optimisedfor its communication
network. Eachinterproces€ommunicatiorconsistof two datavalues:a pivot value
and the pivot owner processnumber The communicationalgorithmsare given in
AppendixA. Thedestinatiorfor the global operationis the processoowning row ¢
where; is theiterationnumber Thecostfor the T8 architecturas W(ZTG +3T}),
andfor the T9000/C104architecture:[log,((b — 1)p+ 1) — 1] (T + 2T. + bT%). In
thelattercostexpressiorb is the branchingactorof thecommunicationsreeusedfor
thebroadcastlgorithm.We useavalueof b = 4. SeeAppendixA for details.

The bestpivot valueowneris thenbroadcasto all slavesfrom the processoown-
ing row : in step3. Again this stepusesa communicationsubroutinedescribedn
the appendix. For the T8 architecturethe costof this stepis WTC andfor the
T9000/C104log,((b—1)p+ 1) — 1] (T, + Tv).

In step4 the owner of the bestpivot row broadcastelementsof thatrow andthe
RHSelemento all theslave processorsT8 cost: 2*=*20/2=1 7 T9000/C1040st:
[log,((b—1)p+1) —1](Ts + (n — ¢ + 2)T%). In iteration: the row containingthe
bestpivot valuemay not be row ;. Hencea row swapmay be requiredbetweernrow
» andthe bestpivot row. In this situationstep5 needsto be performedto sendthe
elementsof row : to the processoowning the bestpivot row. In theory the Hessian
matrix shouldbe positive definiteandno swappingshouldbe necessaryHowever, let
usassumehatarow swapis requiredon every iteration. For the T8 architectureghe
maximumdistancebetweerthe sourceanddestinatiorprocessorss 2(,/p — 1) when
the sourceanddestinationarein oppositecornersof the squaregrid. The minimum
distances 0 whenthe sourceanddestinationprocessorsrethe same.Let ususean
averagedistancebetweensourceanddestinationof (,/p — 1). This givesa costfor
step5 for the T8 architectureof (\/p — 1)(n — ¢ + 2)7.. The costof step5 for the
T9000/C104architecturas T + (n — ¢ + 2)7T...

Now thateachprocessohasa copyof the pivot row, they updatetheir rows of the
matrixandRHSelementsn step6. This pivoting operatiorhasthesamecostfor both
architectures,e., "=0Cr=25 7,

Thetotal costfor the forwardseliminationon eacharchitecturas found by sum-
mingthecomponentostsover:. Forthe T8 architecturehetotal costfor theforwards
eliminationis:

n(2n +5) N 9(\/ﬁ— 1) (

3p 2

n — 1)Tf—|-
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P (V- 1) - D

For the T9000/C104architectureghetotal costfor theforwardseliminationis:

22255 4 (o (6 — o+ 1) = 1] = 0 — )7+
(3 logs((b— 1)p+ 1) =11 = 2)(n — )Tt

[M [log,(b—1)p+1)—1] — 3] (n—1)T..

5.6.2 Backwardssubstitution

The backwardssubstitutionis muchsimplerthanthe forwardselimination. In stepl
the next unknavn elementof s;, is calculatedby its owning processoiat a cost of
2T. Step2 involvesthe broadcasbf this valueto all theslave processorsothatthey
canupdatetheir partial sums.For the T8 architecturehis costs@ﬂ, andfor the
T9000/C104log,((b— 1)p+ 1) — 1] (Ts+T.). In step3 eachprocessouseshenew
elemenbf s, to updateits partialsums.This costs@ﬂ.

Thetotal costfor the backwardsubstitutionron eacharchitectures foundby sum-
ming the componentostsover :. For the T8 architecturehe total costfor the back-
wardssubstitutions:

For the T9000/C104architectureghetotal costfor the backwardsubstitutions:

=

U] 1+ floes(b— -+ 1) =11 = (T T2

5.7 Linesearch

After solvingthesystemof linearequationgo find a new searchdirectionthelaststep
in aniteration of Newton’s methodis to searchalongthis new searchdirectionfor
an updatedestimateof the minimum point of the function. This is implementedoy
a sequentiatontrol threadrunningon the masterprocessokhich determinesa new
minimumpoint,alongwith parallelfunctionevaluationgo calculaterequiredgradient
vectorsperformedoy the slave processors.

Beforethe line searchcan be performed,the distributed searchdirection vector,
pk, mustbe gatheredrom the slave processorso the masterprocessaor On the T8
architecturethis hasa costof »7. andfor the T9000/C104architecturethe costis

(22| (T + (n/p)T).
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We will fit a third-orderpolynomialto the function given the function valueand
gradientat two distinct points along the searchdirection. The numberof stepsre-
quiredin sucha line searchis problemdependentbut in practicereasonablgerfor
manceis attainedwith, on average,1.5 steps. In eachstepthe gradientevaluations
are performedin parallelon the slaves with eachslave calculatingr /p elementsof
the gradientvector To calculatethe gradientat thesetwo points, the positionvec-
tors of thesepoints must be broadcastand after eachslave has calculatedits el-
ementsof the gradientvectors,the gradientvectorsmust be gatheredback to the
masterprocessor Thesecommunicationsost4, /prT. onthe T8 architectureand
2([logy((b—1)p+1) — 1] (Ts +nT.) + [251] (T + (n/p)T.)) onthe T architecture
perstep. The function evaluationsaredoneby the masterprocessor The costof the
functionandgradientevaluationds approximately2(7, + (n/p)T,) perstep.

After the line searchthe nev minimum point x;,; mustbe broadcasto all the
slave processorsor the startof the next iteration. This costs(2,/p — 1)nT, for aT8
architectureand(log,((b — 1)p + 1) — 1] (T +nT.) for theT9000/C104rchitecture.

5.8 Performance

To assesthe overall performancef a parallelalgorithmwe wantto examinetherun-
time costof thealgorithmfor problemdrom arangeof problemsizes.In thepreceding
chapterghe problemsize hasbeenspecifiedin termsof a single parameter. which
uniquelydetermineshe compleity of the problem.For optimisationalgorithms,and
especiallythe Newton methodtheproblemcompleity cannotbespecifiedby asingle
parametesinceit depend®on the compleity of the userprovided functions. In the
caseof theNewtonmethodwe needfour problemparameterto specifythecomplexity
of the algorithm. Theseparametersaren, the dimensionof the problemspaceand
hencethe size of vectorsand arrays;7,,, the costof performinga single objectve
functionevaluation; 7, the costof evaluatinga singleelementof the gradientvector;
and7y, the costof evaluatinga singleelementf the Hessiammatrix.

For agivenproblem,n canbespecifiedoreciselybut thecostsof theuserprovided
functions,7,,, T, and7, will usuallyvary dependingn run-timeconditions,suchas
the currenttrial point. In addition,for mary problemsthataresolvedin practicethe
userfunctionsarevery complicatedandthe usercannotprovide ananalyticrun-time
costfor them. In orderto makeuseof our costmodelin spite of thesedifficulties
we proceedasfollows. If the userfunctionsarerelatively simpleandwe canobtain
analyticcostmodelswe usethe modelsto give valuesfor 7., T, and T which are
the maximumcostfor evaluatingthe function. If the functionsaremore complicated
thenwe usevaluesfor theseparametersbtainedby timing samplerunsof the users
sequentiafunctionson oneprocessoof the parallelmachine.

To vary the problemcompleity we canvary the valuesfor », T, T, and 7 and
thenfind therun-timecostsof the parallelalgorithmon machineswith avaryingnum-
berof processorstor this chaptemwe have choserasa startingfunctionRosenbrocls
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extendedfunction[72]. Thisis asimplefunctionof sizern (n even)givenby

10(z;41 —z?) iodd
1 — x4 1 even.

e) = 3 J20) where fi2) - {
=1
Thisfunctionhasa Jacobiargradientvectorg givenby:

(z) = —400z;(z;41 — 2?) — (1 — ;) < odd
IR = 200(2; — 22 ;) i even,

andaHessiamatrix GG

1200x? — 400x;4y +1 70dd,j =i

~} 200 1even,y =1
Gij(w) = —400z; i0dd,j =14 1;7even,j =1 —1
0 otherwise.

For this function the costto evaluatethe function f is 7\, = (4n — 1)T;. Themost
expensve elementsf g to calculatearethe odd elementswith a cost?, = 67, and
the mostexpensve elementf ¢ arethe diagonalelementon odd rows which have
acostTy = 57%.

We usethe valuesfor the hardwareparameter$or the T8 andT9000/C104archi-
tecturetakenfrom Chapter2.

Figures5.1 and5.2 shav graphsof the modelledspeedupmf the T8 and T9 par
allel algorithmsfor Rosenbrocls testfunction. We calculatethe speedupusingan
efficient sequentiaNewton algorithmto give the sequentiatost. Thesegraphsshav
how the speeduprarieswhenwe vary the problemcompleity by changingr. The
other problemparameterfiave the valuesgiven abore. Rosenbrocls function and
derivativesare very cheapto evaluateand so the main contribution to the total cost
of the algorithmscomesfrom solving the systemof linear equationsn step3 of the
algorithm. The costof this stepis independenbf the userfunction evaluationcosts,
dependingonly on n. With thesesmallvaluesfor the functioncosts,andincreasingly
largevaluesfor n, thecostof theGaussiareliminationalgorithmdominatesheoverall
costandthe graphgtendto indicatethe performancef the parallelGaussiarelimina-
tion algorithmon the architectureThegraphsshav thatthe T9000/C104architecture
achievessignificantlybetterspeedupshanthe T8 architecturdor this operation.This
is in spite of the fact thatthe T9000/C104architecturenasa slightly worseratio be-
tweencomputatiorandcommunicationy’s /7. = 0.11, thanthe T8 architecturawith
T¢/T. = 0.18. The betterperformanceof the T9000/C104architecturds dueto its
superiornetworkconnecwity which keepsmessagéransmissiorcostdown even for
largenetworksizesandallows a highernodebandwidthto be achieved by makingfull
useof all four links oneachprocessaorin addition,the T9000/C104architectureffers
aboutaten-foldimprovementn absoluteperformancevertheT8.

The problemparameter. determineshe maximumdegreeof parallelismthatcan
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beachiezedwith thesealgorithms.Firstly, thisis because determineshetotal sizeof
the matrix for the Gaussiareliminationstepwhich putsanupperlimit on the number
of processorshatcanbe usedfor thatstepof the algorithmwheneachprocessohas
asinglerow of thematrix, i.e.,p = n. However, thegraphsshow clearlythatthe best
performances obtainedor the Gaussiareliminationstepfor amuchsmallernumber
of processorsvhich is indicatedby the maximumpoint of the curves. The parameter
n also determineghe numberof parallelgradientand Hessianevaluationsthat can
be performedsincethe total numberof theseoperationss » andrn? respectiely. If
thetotal costof functionevaluationss smallcomparedvith the Gaussiarelimination
costasin the caseof this function thenthe algorithmshouldusethe numberof pro-
cessorsvhich optimisesthe performancef the Gaussiareliminationstep. However,
we mustrethinkthis stratgy if functionevaluationcostsdominatethetotal costof the
algorithm.

To view theeffectsof functionevaluationcostonthe performancef thealgorithms
we againuseRosenbrocls extendedfunctionasthe objective function, but insteadof
usingtheanalyticalgradientandHessiarfunctionswe estimateelementf thegradi-
entvectorandHessiammatrix usingfinite differenceapproximations.This increases
thecostof thesecalculationsonsiderablyln addition,we artificially increaseéhecost
of all threefunctionsby repeatingeachevaluationr times. Thesechangegjive usan
exampleproblemwith variablefunctionevaluationcostsaswell asvariabler.

Figures5.2and5.4shov graphsof themodelledspeeduf the T8 andT9 parallel
algorithmsfor this new function. In thesegraphswe have keptrn fixedatn = 200
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andvariedthefunctionrepeatountr. For smallvaluesof r thegraphscloselyfollow
the previousgraphssincethe total costof the algorithmis still dominatedoy the cost
of the Gaussiarelimination. The Gaussiareliminationcostis fixed asit depend®nly
onn, andsoasr increaseshe costof function evaluationsbecomemore and more
significant.Hence thesegraphsshov how well the algorithmsparallelisethe function
evaluations For boththe T8 andT9000/C104rchitecturéhe speedupncreasessthe
repeatcountincreases.This is to be expectedsincethe parallelfunction evaluations
of stepsl and2 do not involve ary communicatioroverheads.It is worth noticing
thatthe rateof improvementin performances greaterfor the T8 architecturehanthe
T9000/C104 with the former reachinga speeduparound32 for the largestproblem
sizeshavn whilst thelatteronly achievesa speedupf about20 for the sameproblem.
Thisis becauséor a givenincreasen thetotal computatiorcostat fixed communica-
tion costthe architecturavith the highestratio of computatiorcostto communication
costwill gainthe greatesimprovementin performance.As statedabove the T8 ar-
chitecturehasthe larger ratio of thesevalues. The betterspeedupschiezed by the
T8 architectureneedto be balancecagainstthe fact thatthe T8 architecturas about
tentimesslower thanthe T9000/C104architecture.This featureof thesealgorithms
illustratesnicely theprinciplethatoneway to designanarchitecturavhich givesgood
speedupss to give the architecturea very poor computationrate comparedwith its
communicatiorrate. Thisis alsowhy it is importantwhencomparingdifferentarchi-
tecturedo look atthe absoluteperformancef algorithmsaswell asthespeedup.

As the costof the parallelfunction evaluationscomesto dominatethe costof the
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total algorithmit will becomeworthwhileto determineghe numberof processorsised
not by the optimumnumberrequiredfor the Gaussiareliminationstep,whichwill be
significantlylessthann, but by the maximumnumberof processorshatcanbestbe
usedfor parallelfunctionevaluationswhichis n. This balanceshe decreaseg@erfor
manceof the Gaussiareliminationstepwith increases thespeedf parallelfunction
evaluationsIf thenumberof processoravailableexceeds: thenthe Hessiarelement
calculationscan be redesignedo that a processorcan calculatea single elementof
theHessiammatrixinsteadof a wholerow asis currentlythe case.This changewould
alsointroduceadditionalcommunicationso re-distritutethe elementf the Hessian
matrix to thelocationsexpectedby the Gaussiareliminationalgorithm.

Limiting the numberof processorghatcanbeusedto » may have importantcon-
sequencefor mary practicalapplications.Many realworld objectve functionsonly
have a smallvalueof » in thetens. This limits the numberof processorshatcanbe
usedandhencdimits the maximumspeedughatcanbe obtainedhowever mary pro-
cessorsareavailableto solve the problem. This is particularlyimportantsincemary
of theseobjectie functionshave very high run-time costs. If only a small number
of processorganbe usedto solwe the problemtheneventhe parallelrun-timeof the
algorithmmaybetoo largeto be practical.

5.9 Conclusions

This chaptetasshowvn thatthe communicationsystemof the T9000/C104architec-
ture givesa significantboostto the performancef algorithmscomparedvith the best
T8 configurations For the Newton methodpresentedherewe have seenthatbothal-
gorithmsgivereasonabl@erformanceTheperformances particularlygoodwhenthe
functionevaluationsareexpensve comparedvith thedimensionof the problemspace
n.

Furtherwork shouldexploit the symmetryof the Hessianmatrix in both the eval-
uationof the matrix andin the solutionof the linear system. The latter will involve
replacingthe Gaussiarliminationalgorithmby a Choleskifactorisatiorof thematrix.
This factorisatiorwill needto handleindefinitematrices.WhenT9000machinede-
comeavailableit will beworthwhileimplementingthe parallelalgorithmto establish
thevalidity of thecostmodel.



Chapter 6
BFGS

In the previous chaptewe studiedthe way in which parallelfunction evaluationscan
beusedin theimplementatiorof a paralleINewton methodfor unconstrainedptimi-
sation.In this chaptemwe examinequasi-Nevton methodsandin particularwe look at
waysto parallelisethe BFGSupdate.Alongsidethe parallellinearalgebraalgorithms
developedin this chapter a full quasi-Nevton methodcan also exploit the parallel
functionevaluationtechniqueof the previouschapter We describeandcomparehree
parallelalgorithmsfor the BFGSupdatedesignedor a T9000/C104basedmachine.
Thesealgorithmsaredistinguishedy theway in which Hessiarinformationis stored.
We presentrun-timecostmodelsfor eachalgorithmand usethesemodelsto choose
thebestparallelalgorithmfor thetarget T9000/C104architecture Finally we discuss
aninitial implementatiorof this algorithmrunningunderthe VCR [3(].

6.1 Introduction

An iteration,k say of the quasi-N&ton methodfor unconstraine@ptimisationmay
be statedasfollows:

Algorithm 10 (Quasi-Newton method)

Let x; bethe currentestimateof the minimum of the function f(x). Also, let p; be
the currentsearcidirection.

1. Testfor corvergence
Terminatethe algorithmif the corvergenceconditionsaresatisfiedreturningx
asthesolution.

2. Computea steplength,\,, alongthe seach directionp;.

3. Updateestimategor the minimum
Setka = X; + /\kpk-

92
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4. UpdateHessianapproximationandcalculatenext seach directionpy .
SetBk+1 = Bk + Uk, andpk+1 = _Bl:_ilgk+1'

5. Setk = k£ + 1 andgoto stef1l.
0

Steps2 and4 accountfor mostof the costof the algorithm. Both of thesesteps
cantakeadwantageof parallelfunctionevaluationsdiscussedn the previous chapter
In this chapterwe examinewaysto parallelisethe two linear algebracalculationsof
step4: the updateof the Hessiamapproximation B, andthe computatiorof the next
searcldirection,py.1.

Oncea new point, x;41, is found the Hessianapproximation,By, is updatedto
reflectthe new cunvatureinformationobtained:

Bry1 = By + Uy
Theupdatematrix, Uy, is chosersothat B, ; satisfieghe quasi-N&ton condition:
Briisk = yu,

wheres; is the changein = (s, = x;41 — xi), andy; is the changein gradient
(yr = gry1 — &) In iterationk. In addition,updatesB;.; mustpossesshe prop-
erty of hereditarysymmetry This requiresthatif B; is symmetricthen B;,; mustbe
symmetricalso. In mostquasi-Nevton methodsB is positive definite (suchmethods
areoftencalledvariablemetricmethods).

The simplestupdatematrix which satisfiegheseconditionsis therankoneupdate
matrix. Fromthis we obtainthe symmetricrankoneupdate:

(yr — Bisk)(yr — Bisi)T
(ye — Bisk) sy '

Bryw = By +

This updatehassomedranvbacksso in generalrank two updatesare preferred. The
mostpopularranktwo updatesarethe Davidon-FletcherPowell (DFP)update:

BisisI B yry?

T

T T
= + (sg Besk)wiw,,
s;, Bisi Vi Sk

By = By —

where
w = Yk Bysy,
p = _
ykTsk s{Bksk’

andthe Broyden-Fletcheoldfarb-ShanndBFGS)update:

Bisist B yry?
Bry1 = By — i &

T T
s; Bisg Yi Sk
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matrix unfactored matrix factored
storefull B storel, where:B = LL"
B Biy1 = By + ranktwo Jr+1 = Ly + rankone
form Choleskifactors Qr41LE ., = Jry1 by Jacobirotations

2 triangularsolvesfor py1 2 triangularsolvesfor py1
storefull H storeJ where: H = JJ7*

H Hyy1 = Hy + ranktwo Jiy1 = Ji + rankone
m-v multiply for py1 2 m-v multipliesfor py.1

Table6.1: Four methoddor implementinghe BFGSupdate

It is generallyacceptedhat the mosteffective of theseis the BFGS update,andso
this chapterconsiderghe performancef parallelBFGSupdateson the T9000/C104
architecture. Furtherdetailsof this and other updatescan be found in FletcherBE,
Chapter3] andGill, Murray & Wright[4€, Section4.5.2].

The Hessianapproximationis usedto calculatethe searchdirectionfor the next
iteration. For this reasorthe combinedcostof the updateandcalculationof the next
searcHdirectionshouldbe consideredvhencomparingmethods.

The next searchdirectioncanbe computedn two ways,eitherusingthe Hessian
approximationtself:

Biy1Pry1 = =81 (6.1)
or by usingtheinverseHessiarapproximation Hy. ;1 :

Pyt = —Hpy18r41- (6.2)

Equatior6.1 involvesthe solutionof a systemof linearequationsat a costof O(n?),
wheren is the size of the squareHessianmatrix, whilst using the inverseHessian
in Equation6.2 only requiresa matrix vector multiply costingO(r?*). However, if
the Hessiarmatrix is storedasCholeskifactors, L .7, thenEquation6.1 canalsobe
solvedin O(n?). Suchconsiderationgeadto four methodsor performingthe BFGS
updatewhich vary dependingn how Hessianinformationis held: storingtheHessian
matrix or inverseHessiammatrix, eachonefactoredor unfactored SeeTable6.1 for a
summaryof thesefour methods.

UpdatinganunfactorednverseHessianwe shall call this Methodl) wasthe most
popularmethodin earlyimplementationsinceit avoidedthe costof solvinga linear
systemof equationsBut, in additionto the costsof thevariousupdatemethodsanim-
portantconsiderations maintainingpositve definitenes®f the matrix. It is claimed
thatit is easietto recogniseandcorrectanindefinitematrix whenthe Choleskifactors
arestoredandthis hasleadto mary recentimplementationsipdatinga factoredHes-
sian(Methodll). The factoredinverseHessianupdate(Methodlll) hasnotreceved
muchattentiondueto doubtsaboutits numericalstability. However Byrd, Schnabel
& SchultzLg andothersreportno significantnumericaldifferencedbetweenary of
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themethods We have choserto examineparallelalgorithmsfor thesethreemethods,
neglectingtheunfactoredHessiarupdatebecaus®f its significantlyhighersequential
cost.

To predictthe performancef thesealgorithmson a T9000/C104machinewe have
developedrun-timecostmodels.Thesecostmodelsusethe samehardwareconstants
andproblemparameterssthe otherT9000/C1040stmodelsdevelopedin this work,
i.e.,thethreehardwareconstants:

T; thetimetakento performadoubleprecisionarithmeticoperation,’’s = 100ns;

T,,T. thetotal time takento communicatea messag®f » doubleprecisionvaluesis
givenby T + nT., T, = 1us,T. = 888ns;

andthetwo problemparametersn, the sizeof the Hessiarmatrix, andp the number
of processorg(SeeChaptel2 for detailsaboutthe hardwargparameters.)

In theprecedinghaptersthealgorithmsdesignedor T8 networkshadtwo distinct
classesof process:a “master” processand “slave” processes.The masterprocess
wasso namedbecauseét provided dataandacceptedesultsfrom the slave processes
andcontrolledexecutionof the parallelalgorithm,but did not usuallytakepartin the
computationtself. This processtructurewaswell matchedo T8 transputesystems
which generallyconsistedbdf an array of processorgonnectedo a separatecontrol
processoiby a singlelink. In this chapterwe experimentwith a different process
structurein whichall p processeareexpectedo takepartin thecomputationandone
processs additionallythe sourceof dataanddestinatiorfor theresult. This structure
assumeshatthe users masterprocessors partof the T9000/C10detworkandnota
separatd9000. In this casethe C104 switch networkmakesno distinctionbetween
theusers mastemprocessoandslave processorandcanprovide themasterprocessor
with the sameconnecwity astheslave processors.

All threeof theseparallelalgorithmsusefundamentatommunicatiorprimitives,
namelythe broadcastscatterandgatherof data. A broadcasof a vectorof » values
from oneprocesgo p — 1 othersis implementedasfollows: the sourcecommunicates
the vectorto four other processesn parallelon its four links. Theneachof these
five processegincluding the source)communicatethe datato four more processes
in parallel. This continuesfor [logs p| stepswhenall p processesave a copy of
the data. The costfor this operationis [log; p| (7 + nT.). The scatterof n values
betweerp processeéncludingthe sourceprocessyonsistof (p — 1)/4 stepsin each
of whichthesourceprocessends: /p differentelementdo four differentprocesseen
thefour links. Thishasacostof 5+ (7, + “7.) . Gatheringlatauseshereverseof the
scatteralgorithmandhasthe samecost. Full detailsof theseandothercommunication
algorithmsaregivenin AppendixA.

In thefollowing threesectionave describgparallelalgorithmsfor eachof thethree
updatemethods. The chapterthen finisheswith a comparisonof the methodsand
discussiorof theimplementatiorof the bestmethodin Sectior6.c.
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6.2 Method |: unfactored inverse Hessian update

TheunfactorednverseHessiarupdatemaybe expresseds:

Hooo— 4 85 Hyyn)sp +si(sk — Hyyn)"  (se — Hyyr)"yisist
k+1 — k -

y{sk (ygsk)Q

Thisis followedby a matrix vectormultiplicationto find thenew searchdirection:

Pi+1 = Hk+1gk+1-

Byrd, Schnabek Schultz[Lg] present sequenc®f operationgo performthesetwo
stepswhich is cheapethana directimplementatiorof theseequations.We baseour
algorithmon their method:

Algorithm 11 (Method I)

1.t = Higrn

2.z=s, —t+ps

3. y= Sg}’k

4. § =z"y,

5.2 =(z—(§/2v)s1) /7

6. Hyyy = Hy, +2'sh + siz"
7.9 =slgr

8.0 =z"gu

9. pry1 =t +7'2' + §'s;,

O
SinceH is symmetriconly its lower or uppertriangleneedbe stored.In this casethe
totalsequentiatostof thealgorithmis (4n*+17n—1)TY. If thefull matrixis storecthe
costof theranktwo updateis increase@ndthetotal costbecomes6n® + 15n — 1) 7.
The costof the methodis dominatedoy the matrix vectormultiply of stepl andrank
two updateof step6. Both of thesestepanvolve theinverseHessiarapproximation/
andsoin our parallelalgorithmwe needto considerthe storageof H carefully since
thechoiceof storagewill affectthecostsof stepsl and6.

For a parallelalgorithmwe will considerstorageof both the full matrix # and
triangulamatrix. Theupdateof step6 shouldoecheapeif only atriangleis storeddue
to thesmallemumberof element®achprocessomustupdate However, for triangular
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storagen stepl alot of extra communicatiorwill berequiredto give completerows
of H totheprocessors.

The storageschemedor thesetwo algorithmsare thus as follows: the inverse
HessiarapproximationH is storedeitherin full orjusttheupperor lowertrianglewith
rows distributedto the processorslf atriangleonly is storedthenpairsof rows equi-
distantfrom the centralrow aregivento eachprocessoto try andbalancehe number
of elementdeldby eachprocessBoth algorithmswould probablyin practicerequire
enoughstoragdor afull matrix sincethetriangularmatrix algorithmneedgsemporary
storagdan stepl for completerows of the matrix. Distributing the matrix by columns
would increasethe costof stepl by introducingmorecommunicationg&ndsois not
consideredurther. Block storageinsteadof row or columnstoragewould increase
the maximumnumberof processeshat could be usedto solve a problemof a given
size.However theresultingsmallgranularitywouldleadto poorerperformancesthe
amountof communicatiorcomparedvith computatioron eachprocesss increased.

The vectorspg, gr+1, Sk, Y&, t @andz are distributed acrossthe processesvith
eachprocessstoringthoseelementsf the vectorsfor which it alsoholdsthe row of
theinverseHessianH. Thevectorsz’ andp;,; overwritez andp;. Fourtemporary
distributedvectorsarealsorequiredfor communicatiorof vectorslicesof g1, sy and
z duringstepsl and6. We assumehatat the startof aniterationof the algorithmy:
holdsthe old valueof g;,; andp; holdsthe old valueof p;., but all othervectors
areundefined.

Parallel Method| startswith the processwvhich holdsthe minimum point, x; 1,
scatteringhe vectorsg;., ands;. This hasacostof (p — 1)(7, + (rn/p)T.)/2. The
distributedvectory;, is thencalculatedrom: y; = gr+1 — y, costing(n/p)T.

The next stepis the calculationof the distributed vectort. For the full matrix
this proceedsn p stepsasfollows: In eachstep(exceptthe last) the processepass
sggmentsof g;.; to a neighbourin aring of processesThesesggmentsareheldin
atemporaryector In parallelwith this eachprocesaupdatests segmentof t using
the sgmentof g;,; which it input into anothertemporaryvectorin the preceding
step.With currentestimate®f the hardwargarametershis hidesthecommunication
behindcomputatiorexceptin thelastiteration. Thetotal costfor thep stepss:

on? 2n?

n
max Ts—l——Tc,—T) p—1)+ —T4.
( ol Ty ( ) Ly

If insteada triangularmatrix is storedthencompleterows of the inverseHessian
mustbe gatheredo the processes.Eachprocessmustoutputall elementst holds
exceptelementan columnsfor which it alsoholdsthe row. Assumingan evendis-
tribution of elementdbetweenthe processeshenthe elementsa processoutputsare
distributed equally betweenthe other processes.Each processmust also input the
samenumberof elementdrom the otherprocesseslf eachprocesshasn /p rows of
the triangularmatrix distributedas describedreviously we approximatehe number
of elementdeldby eachprocessasn(n + 1)/2p. Of thesgn/p+ 1)n/2p donotneed
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to be output. Hencethe numberof elementghat a procesanustsendto eachother

processs
1 (n(n+1) nn/p+1)) _ n(n—p)
p—1 2p 2p o
Eachprocessnputs(p — 1) messageandoutputs(p — 1) messagessingall four links
giving acommunicatiorcostof

Sy RTERR)

2 2p

The computatiorof t thentakesplaceasfor the full matrix algorithmabove. It may
bepossiblego arrangdor columnsof thematrix to be gatheredo theprocesseateach
stepof the algorithmthusreducingthe storagerequirementnd perhapshiding that
communicatiorbehindthe computationhowever for simplicity this is not considered
here.

Thecalculationof z which followsdoesnotrequireany communicatiorsinceeach
processancalculatehoseelement®f z for whichit holdscorrespondinglementof
sk, t andp; atacostof (2n/p)T}.

The two inner productcalculationsfor v andé in steps2 and 3 are executedin
parallel, but for simplicity we assumefor the costmodelthat they are executedse-
guentially Thefirst stagein the inner productcalculationis for all the processe$o
form the partial inner productfor the elementsof the vectorswhich they hold. This
costs(2n/p — 1)Ty. Thisis followedby [log; p| stepsin eachof which groupsof 5
processesommunicateheir partialinner products. One of the processesmputsthe
partial productsfrom the other4 processesn its 4 links andsumsthemwith its own
partial product. In the next stepthis procesghenoutputsthe new partial productto
anotherprocess.The communicationgorm a tree structurewith 4 branchesat each
node.Eachstep:, « = [logs p] ... 1, of the operationnvolvesprocessesn level ; of
the tree outputtingtheir partial productsto their parentprocessatlevel : — 1. In the
laststeponeprocesgormsthe completeinner productof thedistributedvectors.This
communicatiorphasehasa costof (47, + T + T.) [logs p| giving a total costfor a
singledistributedinnerproductof

(2n/p — )Ty + (4T + T + 1) [logs p] -

We executethe two inner productcalculationsso that the resultsend up at the same
processwhichis themasteprocessThisprocesshencalculates /2y andbroadcasts
it, togetherwith v, to all the processesit a costof 27 + 2(7s + T.) [logs p|. The
calculationof z’ follows costing(3n/p)1.

TheinverseHessianupdateof step6 usesthe sametechniqueof communication
hiding asstepl does,proceedingn p stepsasfollows: In eachstep(exceptthe last)
the processepasssggmentsof z’ ands;, to a neighbouin aring of processesThese
sggmentsareheldin two temporaryectors.In parallelwith this eachprocessipdates
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its elementof theinverseHessiarusingthe sgmentsof z’ ands; whichit inputinto
anothermair of temporaryvectorsin the precedingstep,alongwith its own segments
of z’ ands,,. For full matrix storageeachprocessipdates:?/p* elementof H giving
atotal costfor the stepof

2n 4n? ) 4n?
max | Ty + —T.,—T¢ ) (p—1)+ —T%.
( o Lo Ty (p—1) el
If alower triangleis storedonly approximatelyhalf the numberof elementsare up-
datedat eachstagegiving a costof

2n 2n? 2n?
max (Ts + ?Tc, p—2Tf) (p—1)+ p—sz.

Thenext two operationsvhich calculatey’ andé’ have the samecostastheearlier
distributedinner products. Theseoperationsarefollowed by the broadcasbf 4 and
¢’ costing (7, + 27.) [logs p| readyfor the calculationof the next searchdirection
Pr+1. Thedistributedvectorpyy, is calculatecatacostof (4n/p)Ty. Thedistributed
partitionsof p;.; arethengatheredogethematthe masteprocessn a similar manner
to the scatteralgorithmcosting(p — 1)(7s + (n/p)T.) /4.

6.3 Method Il: factored Hessian update

ThefactoredHessiarupdates the mostwidespreagequentiaBFGSupdatemethod.
It avoidsthelarge costof solvinga linear systemof equationgo find the next search
directionby storingthe CholeskifactorsZ LT of the Hessiamapproximation3. Meth-
ods have beendevelopedto updatethe factorsdirectly to the factorsof the updated
Hessiamapproximation.The papersby Brodlie etal. [67] and Gill etal. [81] give a
goodintroductionto the techniquewhilst Goldfarb[50] presentgetailsof the most
efficientfactoredupdatealgorithms.
If we storethefactorsLL” of B theHessiarupdatecanbe expresseds

Biyi = Jip1 e, where Jyy = (Ly +viu),

with thevectorsu, andv,, for the BFGSupdategivenby:

1/2
Y Sk )/

u, — —al,lTs,, where a=|—-2t"
k Y kL Sk, s{LkL{sk

L{Sk

To oTT7,7Ts,
\/yk Si.8;, L Ly sy,

Ve =

If we thencalculatethefactorisationQ .y Ryy1 of Jip” = (R + ugv]) theupdated
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Choleskifactor Ly, is givenby R, ,. The QR factorisationis performedby two
sequencesf Jacobirotations. Thefirst » — 1 Jacobirotationstransformu, v} to the
matrix ||ux||,e:1vy and R, to anupperHessenbermatrix £;. Thefollowingrn — 1 ro-
tationsthentransformthematrix R} + ||ux||,e: v} to theuppertriangularmatrix Ry
which thengivesthe updatedCholeskifactor 7.,.;. An implementatiorof the algo-
rithm doesnotneedto transpos¢éhematricesl., and Ry . Insteadgveryreferenceo
anelementr;; is replacedoy a referenceo theelement’.;;. HencethefactoredHes-
sianupdatemethodconsistsof calculatingu;, andv;, followedby a Q) R factorisation
performedoy a sequencef Jacobirotations.

Oncethe updatedCholeskifactor .., is known, the next searchdirectionp;.
canbecalculated:

Bri1Pr+1 = —8ht1-

Sincethefactors/;,, of By.,; arestoredandnotthe approximateHessiantself this
equationcanbe solved by performingtwo Choleskisolves:

Lk+1t = —8k+1,
Lg+1pk+1 = t.

The sequentiafactoredHessianupdatealgorithmwhich follows is basedon Alg
A9.4.2.givenin [35].

Algorithm 12 (Method I1)
Calculateu;, andv;,

1. 8= Ygsk

2. Vi = L%sk

3. y=vlv,

4. a = + é

v

5 u; = Vi — alyvy
6. 0 =

7. Vi = 5Vk
@ R factorisation(droppingk subscript)

8. Fori=n-1...1
J(nviauia_ui-l-l)

wi =l ¥l
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9. Fori=1...n
Liv =Ly +uv;

10. For:=1...n—1
J(n7i7Li,i7_Li,i+l)

Wherethe Jacobirotation./(n, ¢, a, b) iS givenby:
J1. o = +Va? + b?
J2.c=ala,s=b/a

J3.Fory=1...n

B=Lj;
v = Ljit
Lji=cB— sy

Ljiy1 = sp+ ¢y
Calculatenext searchdirection:solve Ly LT pry1 = gry1 (droppingk subscript)
11. ty = gr1,/L1a
12. Fori=2...n

b Gkt Yimh Ligti
' L;;

13 pk+1n = tn/l/n,n

14. Fori=n—-1...1 B
ti— 2 jmip1 Ljipes;
pk+1i = L ]
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15. Pi+1 = —Pk+1

O

Whencalculatingthe costof this algorithmwe musttakecarefulnoteof the costof
thesquareroot operationsin the pastall floating point operationsvereimplemented
in software. Becauseof this multiplication anddivision costsignificantlymorethan
additionandsubtractionandthe squareoot functionitself hada hugecostcompared
with multiplication. For this reasonmuch effort wasexpendedio designalgorithms
which requiredno squareroot evaluationsor atleastkepttheseto a minimum. More
recentmicroprocessodesignsncorporatehardwareloating point arithmeticunitsto
improvetheperformancef numericalalculations With theseunitsthe costof simple
arithmeticoperationsuchasaddandmultiply arecomparable However, evenwhen
thesquareroot functionhashardwareassistancé still hasa costwhichis largerthan
the simpleoperationsIn this papemwe modelthe costof thesquareootfunction, 7,,
asamultiple of thesimplearithmeticoperatiorcost,i.e. 7, = oT';. Usingcycletimes
givenin [64] avalueof 4 is givento «.

For a sequentialmplementatiorof thealgorithm,theinitial calculationof u; and
vy costs(2n® + Tn + 1)Ty + 2T,,. The QR factorisation,which updatesl. instead
of R, hasacostof (6n* 4+ 18n — 22)Ts + 2(n — 1)T,. If eachnegationoperationof
stepl5 costs1 7 thenthe calculationof the next searchdirectioncostsn(2n + 1)77.
This givesatotal costfor thealgorithmof (10n* + 26n — 21)7T + 2nT,.

Thefirst considerationn developingthe parallelalgorithmis the distributedstor
ageof the Choleskifactor .. We have againrestrictedour consideratiorto storage
by rows or columns,excluding block storage. The expensve stepsin the algorithm
involving I aresteps2, 5, 8, 10, 12 and14. Of thetwo matrix-vectormultiplications
of steps2 and5, oneinvolves I, andtheother L7 sothe combinedcostis not affected
by the choiceof row or columnstorage.However, it may be worthwhileto store ..
by both rows and columns,which is identicalto usingthe samestoragemethodfor
both L, and LT. This would allow the moretime-eficient matrix-vectoralgorithmto
beusedfor bothsteps.Thedisadwantage®f thisarethealmostdoublingof the storage
requiremento »? andthe additionaltime costof eithercommunicatinghe transpose
of thematrix or updatingboth . and 7. Similarly, the Choleskisolveswhichinclude
stepsl2and14useboth I andL” sothesameargumentappliesheretoo.

In the Q R factorisationeachJacobirotation operateson 2 rows of R, thatis 2
columnsof L. The obvious storagemethodis thusto store /. by rows allowing all
processes parallelto updatetheir elementf the 2 columnswithin a single Jacobi
rotation. This requiresonly the broadcasbf ¢ ands at eachrotation. Alternatiely, if
columnstorageof 1. is usedtheneachrotationwould requirethe communicatiorof
all elementdo beupdatedrom oneprocesgo anothermndthenatmosttwo processes
performingthe update. This very poor parallelismcould be improved by beginning
the next Jacobirotationas soonasthe essentiaklementfrom the previous rotation
hadbeencalculatedhowever the large numberof communicationsequiredfor each
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rotationsuggesthatthis methodwould not performaswell asusingrow storage.

For this work we look at the costof a row storagealgorithmfor MethodlIl. The
datadistribution schemeis asfollows: The matrix L. hasits rows distributedin the
samemanneras usedfor the triangularmatrix in MethodI. Only spacefor a lower
Hessenbey matrix is requiredgiving this algorithm a greatstorageadvantageover
the other algorithmspresentedn this paperwhich require spacefor a full matrix.
Thevectorssy, yi, ug, t, gre1 andp,y, aredistributedwith a processholdingthose
element®f thevectorsfor whichit alsoholdstherow of I.. Eighttemporaryectorsof
sizen/p arerequiredon eachprocesdor the summatiorof vectorsin step2. Finally,
ann-vectoris storedin full oneachprocesdo hold partialresultsof v; in step2 and
to storethe partial sumsfrom the Choleskisolvesin stepsl2 and14. We assumehat
atthestartof aniterationof thealgorithmy;, holdstheold valueof g, but all other
vectorsareundefined.

The parallelalgorithmstartsby scatteringg+1 ands; from the masterprocesst
acostof (p — 1)(Ts + (n/p)T.)/2. Thenyy is calculatedfrom: y, = gry1 — ¥,
costing(n/p)Ty. The distributedinner productof stepl1 storesthe results on the
mastermprocessaindcosts

(2n/p — V)T + (4T + Ts + T.) [logs p] -

To calculatev, eachprocesdirst forms the partial sums(droppingk subscript)
v; = Y., L;:s; for eachrow, j, of L thatit holds. This costs(rn*/p + n/p)Ts. The
p vectorsv;, arethensummedto one processandthe resultvector scatteredo the
processeslhesummatiorof vectorsproceedsn m stepsasfollows: In eachstep,;, a
processnputsa sggmentof the summationvectorv; beginningatindex (n/m): and
of sized = n/m from its 4 childrenin atreestructureinto 4 temporaryvectors. In
parallelwith this the processaddsthe 4 vectorseggmentsinputin the last stepto the
process own sggmentatindex (n/m)(: — 1) andthe resultsegmentis outputto the
parentprocess.This arrangemenallows communication®f sggmentsto be executed
in parallelwith the summation.The costto getthe first sgmentsummedat the root
processs (T + dT. + 4dT}) [logs p]. Readingn theremainingsggmentsandadding
themcostsmax (7 + d7.,4dTs)(m — 1). The valueof m shouldbe chosenwhich
give the leastcost. Until the bestvaluefor m canbe measuredxperimentallyon a
T9000/C104systemwe shallusem = p. Theresultvectoris thenscatteredackto
theprocesseatacostof (p — 1)(7Ts + (n/p)T.)/4.

Step3 is anothedistributedinnerproductleaving theresultonthe masteprocess.
Themastemprocessext calculatesindbroadcasts for step4 costing?’s + 7', + (7 +
T.) logs p].

The matrix vectormultiply of step5 is similar to thatin stepl of Methodl. The
sggmentsof v, arecycledroundaring of processesandateachstepaprocessipdates
its elementf atemporaryresultvector Assumingthatat eachstephalf of the full
matrix elementsnvolvedin theupdatearezerothenthetotal costof the matrix vector
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multiply is
2

n n? n
max Ts—l——Tc,—T> p—1)4+ =T
( p ! ( ) p? !

Therestof the calculationof uy, in step5 costs(2n/p)T}.

Thecalculationandbroadcasbf 6 costs27'; + T, + (T + 1) [logs p]. In thefinal
stepin theinitialization phasesachprocessipdateghoseelementf v, for which it
alsoholdstherow of L atacostof (n/p)T}.

The secondphaseof thealgorithmis the @) R factorisationwhichis dominatedoy
the Jacobirotations./(n,,a,b). We paralleliserotation: asfollows: For step8 the
processholding u;,; communicatest to the processholding «,. Thenthe process
holdingu; calculates: ands andbroadcasttheseto the otherprocesseskor stepl10,
theinitial communications notrequiredsinceoneprocessoldsboth 2, ; and Z; ;41 ..
Next eachprocessipdatesolumns and: + 1 for thoserowswhichit holds.Assuming
theupdatedo L (stepJ3)areevenlydistributedacrosprocessethenthetime takento
performall theupdatesn step8 or 10is (3rn* + 3n — 6)7/p. To thiswe addthe cost
to calculateandbroadcast ands for n — 1 Jacobirotationswhichis (n — 1)(67 +
Tsy + (Ts + 2T.) [logs p]) for stepl0 andanadditional(n — 1)(7; + 71.) for step8
to communicate:, ;. Thereis no additionalcostto updateu; sinceits new valuewas
calculatedwithin the Jacobirotation. Step9 requiresu; to be broadcasgiving atotal
costfor thatstepof (2n/p)Ts + (T, + T.) [logs p].

Thecalculationof thenext searchdirectionp.; in thefinal phaseof thealgorithm
involvestwo parallelCholeskisolves; oneusingthe matrix 7. andthe next using L.
Theserequiretwo differentalgorithmsto solve becausd. is distributed. For solving
Lit = gr41 In stepsll and 12 eachprocessmaintainsa partialsum Z; ;¢; for each
row ; of [ thatit holdsandthis is updatedat eachiterationasa new elementof t is
calculated.At iteration: in step12 we proceedasfollows: the processholdingrow :
calculates; from its partialsum.This new elemenis thenbroadcasandall processes
updatetheir partialsums.Assumingthatthe partialsumupdategakesimilar timeson
eachprocesghetotal costfor stepslland12is

((n = 1)%/p+2n — )Ty + (n— 1)(Tx + T2 [logs p] .

In practicewe would expectthe broadcasof ¢; to be overlappedwith updatingthe
partialsumswhichwill give someimprovementin performance.

The secondCholeskisolwe involves .7 andhenceis similar to a Choleskisolve
with I whereL is distributedby columnsinsteadof by rows. For this situationeach
processmaintainsa partial sumfor every row of L7. Thesepartial sumshold the
valuesL;;pi41; for every row i of LT andfor those; for which a processholds
row j of L. At the startof iteration: all processesakepartin a summatiornof their
partial sumsfor row : of L7 with the resultfinishing on the processholding row :
of L. This procesghencalculates;., andupdatests partial sumsbeforethe next
iterationbegins. Sinceonly oneprocessn an iterationupdatedts partial sumsthe
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costof this parallelalgorithmasit standdss the costof the sequentiablgorithmplus
thecostof thedistributedsummationsin practicethealgorithmshouldbe codedsuch
thatassoonastheprocesasupdatedts sum: — 1 thenext iterationbeginswith the
summatiorof partialsums: — 1. In this way mary processesnay be updatingtheir
partialsumsatatimeaswell ascommunicatingor thesummatiorof distributedpartial
sums.Unfortunatelythisappearso bedifficult to codesincethetime takento perform
the partial updatesvariesasthe iterationsproceedmaking efficient synchronisation
betweerthe communicatingandupdatingprocessesdifficult to achieve.

It is alsovery difficult to proposea costmodelfor this algorithmotherthanthe
worstcasesequentiabne. A workablesuggestiorthatwill give aroughideaof the
costof this algorithmcanbe obtainedoy comparinghe costof performinganupdate
in aniterationwith the costof the summingthe partial sumsand calculatinga new
elementof p;.;. The worstcasefor an updateinvolvesa processupdatingn — 1
partialsummationsita costof 2(n — 1)7. In thefollowing p — 1 iterations sincethe
rows of I aredistributedcyclically, this processdoesnot needto performary other
updates.However it doesneedto takepartin the summationof the partial sumsfor
theseiterations. It seemgeasonabl¢hereforeto comparethe worstupdatecostwith
thecostof thefollowing p — 1 summationgindcalculationof py11,,7 =i—1...0—p
whichcost(p — 1)((Ts + T. + 4Ty) [logs p| + 4T). With the currentvaluesfor the
hardwaregparametershe costof the updateis hiddenby the costof communications
on mediumto large networks(p > 32). Sowe assumehatthe partial sumupdates
executein parallelwith the communication@ndfinish soonerallowing usto neglect
theupdatecostin the costmodel. This givesanestimatecostfor stepsl3and14 of

(2n = DTy + (n = 1)(Ts + T. + 4T) [logs p] -

Finally we negatethe vectorp,,, andgatherthefull vectorto the masterprocess
atacost(n/p)T; + (p — )(Ts + (n/p)T.) /4.

6.4 Method Ill: factored inverse Hessian update

This methodhasnotrecevedasmuchattentionasothermethodshut hasbeeninvesti-
gatedby Davidon|28] andPowell[84]. Asin MethodIl we expresgheinverseHessian
updatein productform

Hk+1 = ([ + ukvg)Hk([—l— ukvg)T.

If wethenstorethefactors.J.J7 of H the updateof thefactorsis givenby

Sk
T
Sp Yk ’

ug =
Jk+1 = ([ + ukva)Jk, Where, Ty
ngk_lsk

Hk_lsk — Yk

Vi =+
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This canbesimplifiedsince H; 's;, = —\gy ands,H; 's, = —\s,g, Where) is the
steplengthusedin thisiterationof the quasi-N&vton algorithm.Oncethefactorshave
beenupdateda new searchdirectionis calculatedby performingtwo matrix vector
multiplications:

Pi+1 = —Jk+1Jk+1Tgk+1-

The sequentiahlgorithmis thusgivenby:
Algorithm 13 (Method I11)
Calculateu;, andv;,

1. a=siyx

2. B =sig
3. up = Sk/Oé

4, ~ = _Téa

S. Vi = =78k — Vi
Update/

6. tT =vIJ

7. Jopr = Jp + ugt?
Calculatenext searchdirection

8.t= Jk+1Tgk+1

9. Prs1 = —Jrsat

O
Thetotal costfor thesequentiahlgorithmis (8n* + 5n + 2)T; + T,.

The costof a parallelimplementatiorof this algorithmagaindepend®n the stor
ageschemeselectedor thematrix ./. Thecostlystepsan thisalgorithmaresteps, 7,
8 and9. For steps6 and8 columnstorages preferableallowing the samemethodto
beusedasis usedin stepl of Methodl. Step9, however, would becheapeto perform
if the matrix were storedby rows. The costof the rank one updatein step7 is not
affectedby the selectionof row or columnstorage.For the leastcost, we chooseto
distribute columnsof .J to the processesgithercyclically or in block columns. The
storagefor the vectorsis asfollows: s, yi, ug, vi, t andg,,, aredistributedto the
processewhilst p;. is storedin full oneachprocessEighttemporaryectorsof size
n/p arerequiredon eachprocesdor the summatiorof vectorsin step9. We assume
that at the startof aniterationof the algorithmy, holdsthe valueof g;,; from the
previousiteration.
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The first phaseof the algorithm, startswith the scatteringof s, andg;., costing
(p — 1)(Ts + (n/p)T.)/2. Theny; canbe calculatedat cost(n/p)T; fromy; =
gi+1 — Y- Thetwo innerproductsfollow eachcosting(2n/p — 1)1y + (47 + T +
T.) [logs p|. Next, —v is calculatedandbroadcastlongwith « costing4?y + T, +
(Ts + 2T.) [logs p]. This allowsthe calculationsof u;, andv,, to be performedat cost
(3n/p)Ty.

Steps6 and8 both usethe algorithmin stepl of Methodl. An additionalcostof
(n/p)Ty isincurredin negatingt attheendof step8. Therankoneupdateof step7 is
similar to theranktwo updatein step6 of Methodl andcosts

n on?

(T+ T T)( 1)+2”2T
max | Ty + =T., — p— —T;.
p ! p !

Step9 is similar to step2 of Method Il exceptthatin this caseall elementsof
the full matrix arenon-zero. This increaseshe costof theinitial partial summation
on eachprocesgo (2rn?/p)T;. Finally, pr41 is gatheredo the mastemprocessat cost

(p—)(Ts + (n/p)T.)/4.

6.5 Comparison of methods

Figures6.1to 6.2 shav graphsof the Mflop rateachievzed by the algorithmsfor vary-
ing numbersof processorgindproblemsizes. The graphsshav for eachmethodthe
predictedMflop ratefor a givenn andp. Theseratesshouldbe comparedwith the
Mflop rateof a singleT9000processoto seethe speedu@chieved. In this thesiswe
usea valueof 10 Mflop/sfor a singleT9000. The efficiengy of the parallelalgorithm
onp processorsanbejudgedby comparingts Mflop ratewith themaximumpossible
Mflop ratedeliveredby thatnumberof processorsThesegraphsgive usanindication
of how efficienteachparallelalgorithmis andlet usseehow well thealgorithmsscale
with thenumberof processorandproblemsize.

For large problemsizes(rn = 1000) Methodsl| andlll have good efficiencies
around60-70%for the numbersof processorshavn. This indicatesthat both of
thesealgorithmswould scalewell for big problemson big machineswvith Methodlll
beingpreferred.The graphfor Methodll revealsa very poor performance Even for
large problemsthe algorithmachievesmuchlower efficienciesthanthe othertwo al-
gorithms. Particularly importantis the fact that the algorithmdoesnot scalewell as
the numberof processorss increased.The Mflop rate peaksat only 100 processors
for the biggestproblemsizeshovn. Also for small networksthe performances not
asgoodasfor the otheralgorithms.HenceMethodsl or Il areto be preferredfor all
problemandnetworksizes.

Thereseenmbetwo reasongor thiscontrasin performancdetweerthealgorithms.
Firstly, the greatemproportionof the sequentiatostsin Methodsl andlll is in level 2
BLAS operationsThecomputationsequiredoy theseBLAS parallelisevery well and
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leadto efficientalgorithmswith few synchronizationfor communicationMethodll,
however, containscostly Jacobirotationsand backwardsolveswhich are difficult to
paralleliseandrequirefrequenttommunicationbetweerprocesseslhesecondactor
giving Methodsl andlll muchbetterperformancethanMethodll is thewayin which
mostof the moreexpensve communicationsn Methodsl andlll have beenhidden
behindarithmeticoperationsand thereforedo not contritute muchto the total cost
of the algorithms. This is not achieved by Methodll sinceit requiresfrequentsmall
communicationsvith only few arithmeticoperation$eingperformedn betweereach
communication.

Figure 6.4 shavs a comparisorof the methodsfor two problemsizes. The algo-
rithms are comparedby plotting the speeduf eachparallelalgorithmwhen com-
paredwith the bestsequentiaimethod,which is MethodI. This givesa comparison
of the “elapsedtimes” of the differentalgorithms. For large problemsthe dominant
factorin determiningthe bestparallelmethodis the costof the methods sequential
algorithm. This factor hasmoreeffect thanthe suitability of the sequentiaklgorithm
for parallelisationpr the detailsof the particularimplementatiorof the parallelalgo-
rithm, suchaswhetherfull or triangularstorages used.Hencethetop graphshovs a
cleardistinctionbetweerthethreemethodswith performanceéncreasingrom Method
Il (sequentiatost~ 10n?) to Methodlll (8»%) andthenMethod! (4n?). Thereis
relatively little differencein the performanceof the two implementation®f Method
| comparedvith the othermethodssmphasisingheimportanceof basingthe parallel
algorithmonthebestsequentiadlgorithmunlesshisis clearlyunsuitabldor paralleli-
sation.Therapidfall in speedupvhenr = 200 andmorethan50 processorareused
indicatesthat the granularityof all thesealgorithmsis quite coarseandeachprocess
shouldhold several (perhapstleast4) rows of the matrix for goodefficienay.

Anotherimportantfactorto considemwhencomparinghesealgorithmss theamount
of informationwhich eachalgorithmprovides. All of the algorithmsgive anupdated
Hessianor inverseHessianmatrix andthe next searchdirection. In additionMethod
Il, sinceit storeshefactorsL L™ of theHessiancaneasilyprovide informationabout
the positive-definitenessf the matrix. This is essentiafor practicalproblemsto en-
surethatthe algorithmis robust. A furtherfactorin favour of Methodll is its lower
memoryrequirementMethodsl andlll requiredistributedstorageor aboutr? words
whilst MethodIl only needsaboutr?/2. The maindisadantageof Methodll is its
large sequentiatost. A moreefficient sequentiallgorithmwhich storesthe Choleski
factorsis givenin [50]. This algorithmstill hasa highercostthanMethodl andcon-
sistsof mary level 1 operationgnvolving a lot of synchronisationsut may well be
worth futureinvestigatiordueto theadwantage®f themethodoutlinedabove.

6.6 Implementation

We have implementedheparallelfull matrixMethodl BFGSupdate Thisimplemen-
tationrunsunderthe VCR [30] ontheParsysSupernodeA listing of theslave process
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codeanddiscussiorof the programmingechniquesisedin the programaregivenin
AppendixB.

Tables6.2 and 6.2 shav the wall-clock executiontime for the single precision
algorithmonans8 x 4 grid andachainof processorsespectiely. Timesweremeasured
usingthe built-in timer on the mastertransputeandaveragedver five programruns.
All timesarein secondsindaregivento up to threesignificantfigures. The variation
in run-timebetweerprogramrunsis around1%.

n
p | 100 | 200 | 400 | 600
1/0.078 | 0.285 | 1.08 | 2.43
2 10.053 | 0.160 | 0.574 | 1.26
41 0.051 | 0.109 | 0.330 | 0.686
810.074 | 0.114 | 0.247 | 0.461
16 | 0.109 | 0.145 | 0.231 | 0.358
32| 0.177 | 0.209 | 0.293 | 0.377

Table6.2: Timingsfor paralleBFGSMethodl onan8 x 4 grid

p | 100 | 200 | 400 | 600
1/0.078 | 0.285 | 1.08 | 2.43
2 10.061 | 0.169 | 0.583 | 1.27
410.063 | 0.121 | 0.339 | 0.695
8 (0.103 | 0.142 | 0.278 | 0.497
16| 0.182 | 0.224 | 0.332 | 0.472
32| 0.446 | 0.511 | 0.656 | 0.811

Table6.3: Timingsfor parallelBFGSMethodl onachain

Notice that the timings for the two processorconfigurationsare different; this is
especiallynoticeablewhenrunningthe programon 32 processors.This variationin
timingsis dueto the largeraveragenumberof hopsthateachmessagenustmakefor
thel x 32 grid comparedvith the8 x 4 grid andthesmallerbandwidthof thel x 32
grid.

Dueto thedifferentcharacteristicef the underlyingcommunication®f T8/VCR
andT9000/C104rogramsve do notexpectour T9000/C104un-timecostmodelsto
give avery goodfit to the measuredCR timings. In fact, if we fit theseresultsto our
T9000/C104un-timecostmodelwe get: 7y = 1.13us, Ts = 373usand’, = 33.4us
for the8 x 4 grid and7y = 1.12us, Ty = 1340us and7, = 54.8us for the 1 x 32
grid. Thesevaluesarequite reasonableThe averagenumberof interprocessohops
for communicationon the 8 x 4 grid is about5 hops. Interpolatingperformance
informationin the VCR userguide[3(C] suggestshatwe could very roughly expect
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the averagemessageatartuptime to bearound?; = 400uS, andaveragetransmission
timeto beabout’, = 40usfor singleprecisionvalueswith communicationgvolving
5 hops. Thesevaluesmatchquite well with the fitted valuesfor the 8 x 4 grid (see
Figure6.£).

In generalfT9000/C104run-timecostmodelswill not predictthe costof T8/VCR
programswell usingfixed valuesfor 7, T, and7,. Thisis becaus¢he communica-
tion parametersvill vary astheprocessoconfigurations changedr largernetworks
areused. Thusparametewaluesfor differenttopologiesand networksizeswould be
neededo predictthe run-timeof T8/VCR programs.The T9000/C104modelsusea
singlesetof parametewaluesfor awide rangeof numberf processors.

6.7 Conclusions

Theresultsin thischapteisuggesthatMethodl is thebestparallelalgorithmto usefor
thelinearalgebrasectionsvhensolving non-linearunconstraine@ptimisationprob-
lemsusingaquasi-Nevton method.Thealgorithmgivesgoodperformancandscales
very well asthe numberof processorscreasegspeciallyfor largerproblems.

It is importantto view theseresultsin the context of a completeoptimisational-
gorithm. As mentionedin Section6.], the calculationof the steplength alongthe
searchdirectionis alsocostly This operationnormally involvesfunction andgradi-
entevaluationsandwhenthe objectve functionis complicatedhesecalculationscan
dominateover the linear algebracosts. Hence,aswell asusingparallellinear alge-
brain aquasi-Nevton algorithmonemustuseparallelfunctionevaluationsn theline
searclof Step2.

In the next chaptemwe draw togetherall thework describedsofar anddiscusshe
lessondearnedandthedirectionof presenandfuture work.
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Chapter 7
Discussion

In the precedingchaptersve have studiedmary aspectof the designof parallelsci-
entific algorithmsfor the distributedmemoryMIMD transputerarchitecture.In this
chapterwe presenta discussionof someof the issuesraisedand suggestareasfor
futurework.

7.1 Paralle algorithms

We have looked at several different areasof numericalcomputationin this thesis.
Thesehave shavn anumberof importantprinciplesin thedesignof parallelnumerical
algorithms.

The algorithmswe have implementedchave beenparallelversionsof well known
sequentiaklgorithms. When choosingbetweensequentiaklgorithmsthat perform
the sameoperationtwo issuesmustbe considered Firstly, how well canthe sequen-
tial algorithm be parallelised? This is a function of the inherentparallelismin the
algorithm, the ratio of computationto communicatiorthat is requiredby a parallel
implementatiorof thealgorithm. Thesefactorsdetermingheefficiengy of the parallel
algorithm:the proportionof time eachprocessoperformsusefulwork. A parallelal-
gorithmwith ahigherefficienogy makesetteruseof thehardwareesourcesHowever,
alongsidethis consideratiorwe mustcomparethe relative costsof theinitial sequen-
tial algorithms. If one sequentiahlgorithmhasa significantlyhighersequentiatost
thananotherthenevenif the parallelversionof thatalgorithmhasa muchhigheref-
ficiengy thanthe otheralgorithm,thelower costsequentiablgorithmmaystill give a
lower-costparallelalgorithm(seeChaptei6).

Anotherimportantissueis the amountof memoryrequiredby an algorithmon
eachprocessorThe bitonic sortalgorithmof Chaptei4 is anexampleof arelatively
memory-greedwlgorithmsinceit requiresenoughstorageon eachprocessofor two
copiesof the processos vector This limits the maximumproblemsizethatcanbe
solvedto half thatof a memoryefficientalgorithm.

As machinedecomdargerthe scalabilityof the parallelalgorithmto large num-
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bersof processorwill becomeveryimportant.If thealgorithmscalegpoorly andgives
its bestperformancéor only smallnumberf processorghenthe maximumspeedup
achievablewill only below andtheresource®f the machinewill be poorly utilised.
The T8 sortingalgorithm(Chapte) is anexampleof analgorithmthatscaleshadly.
In this casethe poor scalingis dueto the poor communicationscalabilityof a chain
of T8 processors.The T9000/C104algorithm gives good scalability sinceit hasa
scalablecommunicationsystem.

The scalabilityof an algorithmis linked to the granularityof the algorithm. The
granularityof analgorithmis theamountof computatiorperformedoetweersynchro-
nising communications.If the granularityis high the algorithmis saidto be coarse
grainedandwill give goodefficiengy. In the extreme,embarrassinglyarallelappli-
cations,suchasray-tracingandotherimageprocessindasks,requirealmostno com-
municationandscaleto large numbersof processorsvith very high efficieng. Most
algorithms like thosestudiedhere,have a more modestdegreeof granularity They
scalewell over arangeof machinesizes,but for fixed problemsizegive poor perfor
manceon very largesystemsOneway to utilise largermachinesith suchalgorithms
is to increasethe problemsize. If we increasethe problemsize aswe increasethe
numberof processorthenwe retaincoarsegranularityandcanachieve very goodper
formancefrom large machinesFor example,in finite elementapplicationsve canuse
finer meshedo give moreaccuratesolutions.

7.2 Modelling

For eachof the algorithmsstudiedwe have given run-time costmodels. We have
shavn thatwhenthe algorithmis reasonablyoarseyrained,suchasfor the forwards
elimination phaseof the Gaussiareliminationalgorithmin Chaptei3, thenthe cost
modelsgive a good predictionof the performanceof the algorithmon T8 systems.
Themodelscanbeincorporatednto programcodesothatatruntime theprogramcan
decideon the optimumnumberof processor$o usefor a givenproblemsize.

Perhapsmoreimportantly the modelsallow usto predictthe performanceof an
algorithmon a particulararchitecturdoeforewe implementthealgorithm. This allows
usto compareprospectire algorithmsandchoosehe mostsuitableonefor implemen-
tationinsteadof implementingall the algorithmsandfinding the bestby experiment.
This approaclcansave a lot of developmentime. We appliedthis ideain Chaptei6
whenselectinga BFGSupdatemethodfor the T9000/C104architecture.

Themodelsalsoallow usto comparehe performancef analgorithmon different
architecturegseeChapters3, 4 and5). Costmodelscanbe usedto shov us how
muchbetteran algorithmwould performon a nev machinecomparedo the current
machine.They canbeusedn thedesignof new architecturesfor example themodels
canrevealthe benefitsof doublingthecommunicatiorratefor importantalgorithms.

The costmodelstry to add mathematicaprecisionto the parallel programmers
intuition.
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Themodelsarenotthesameasacompleity analysisof analgorithm.A comple-
ity analysiggivestheorderof thecomputatiorcostandcommunicatiorcostseparately
It doesnottakeinto accounthe possibleoverlapof communicationsndcomputation
nor doesit give anestimateof the absolutecostof thealgorithmnor therelative costs
of computatiorandcommunicationCompleity analysisgivesa growth functionfor
the costof computatiorandcommunicatiorof analgorithm.We try to do all of these
thingsin the costmodelspresentedh this thesis.

The succesf this approachcannotbe judgeduntil more experiencehasbeen
gainedwith modelling algorithmsand comparingthe model with actualrun-times.
Althoughthemodelfor theforwardseliminationphaseof the Gaussiareliminational-
gorithmpredictsthe costwell, the modelfor the RHS forwardseliminationandback-
wardssubstitutionphasegave ratherpoor predictions. The latter phaseis very fine
grainedwhilst the formeris coarsegrained. This suggestshatit is difficult to model
algorithmswith frequentsmallcommunicationsccuratelySuchalgorithmshave fre-
guentsynchronisationbetweemprocessewhich introducesinknovn amountsof idle
time, andtheidle time is a significantcostcomparedo the communicatiorandcom-
putationcost.In thecaseof thebitonic sortalgorithmof Chapte4 theerrorin thecost
modelis probablydueto thedifficulty of modellingthe specialpacket-basedommu-
nicationroutine.

During this work we have developedsereral techniquesor modellingthe costof
algorithms. In the earlier T8 work, we took an algorithmand modelledthe cost of
eachindividual computatiorandcommunicatioroperationin turn. This followedthe
style of developmentof the algorithmswhich involved writing codeto performthe
local operationson eachprocess. For the later T9000/C104algorithms,which are
designedas sequencesf standardparallel operationssuchasbroadcasand BLAS
operationsa differentview is takenfor model development. In this casethe cost
of a parallelalgorithmis viewed as the sum of the costsof the componentparallel
operations. Thus cost modelsare developedfor eachstandardcommunicationand
computationoperationand thesecostsare combinedto give the completealgorithm
cost. Thistechniqueallows quick developmenbf analgorithmcostmodel.

This latter techniquegenerallygives worst-casecostssinceit assumeshat each
processors busy for the entire costof the standardbperation,andso doesnot allow
for someprocessorstartinga subsequendperationbeforethe otherprocessorsiave
completedhelastoperation.For example with aglobaloperatiorsuchasmax,where
theresultis left on a singleroot processarthe time betweerthefirst leaf processors
startingtheoperatiorandthelastrootprocessocompletingheoperatiorwill bemuch
greaterthanthe time ary single processospendsxecutingthe function. Wavefront
operationswherea patternof executionoperationgipplesacrossa networkof pro-
cessorsalsohave this feature. For thesetypesof operation the run-timecostmight
be bettermodelledby the first T8 techniquewhich usesa local view of the operation
to determinethe cost,insteadof a globalview of the operationacrosghe whole net-
work asusedin the T9000/C104models.In generalthe programmessintuition of the
executionof aparalleloperationcanguidethe useof local or globalcostmodels.
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It is importantto bearin mind the expectedaccurag of the costmodel. We have
shavn thatthe modelscangive predictionswithin 20—30%o0f the measuredun-time
costsfor T8 algorithms with betteraccurayg for largerproblemsizes(seeChapter3).
With thislevel of accurag, lesssignificanttermsin the costexpressiorcanbeignored
withoutincreasingheerrorsubstantially This allows simplercostmodelsto bedevel-
opedby neglectingcertainlow-costoperationsn analgorithm. Chapter3 alsoshowvs
thattherecanbe considerableariationin the estimatedor the hardwareparameters
Ty andT,. Variationsof 10%in hardwargparametewaluesalonewill give variations
of 10% in the total run-time predictions. So cost modelling cannot,in general,be
expectedo achie/e a betteraccurag thanthis.

We believe thatthe costmodellingtechniquesievelopedin this work area useful
aid to parallelalgorithmdesignand development. Thereis much further work that
needso bedone.WhenT9000/C104systemdecomeavailablewe needto compare
the predictedperformancdor the algorithmswith thatachiezedin practice. We also
wish to develop the modelling techniquedo allow the samecostmodelto be used
to predictthe run-time costof an algorithmon differentdistributedmemoryMIMD
architectures.For architectureghat supportthe samecommunicationfacilities this
may be doneby substitutinghardwareparameteraluesfor the new architecture For
architecturesvith differentcommunicatiorsubsystemssuchasthe grid topology of
the Intel Paragon,it may be necessaryo develop nev costmodelsfor the commu-
nicationsoperationsn the sameway thatporting the algorithmrequiresa new setof
communicatiorroutinesfor thenew architecture.

7.3 Implementation

Whenimplementingthe parallelalgorithmsa numberof issuesarosethatareshared
by all thealgorithms.Thetwo mainissuesaredatadistribution andmodularprogram
development.

One of the main considerationdor ary parallelalgorithmis the distribution to
be usedfor the datastructures. The choice of distribution affects the volume and
patternof communicationgndhencecanhave alarge impacton the performanceof
thealgorithm.In this thesiswe have usedscalarsanddenserectorsandmatrices.The
main distributions of elementsf a vectorareby blocksor cyclically or, in general,
block cyclically whereblocksof elementsaredistributedcyclically to the processes.
Matricesmaybedistributedin similarmannemwith wholerows or columnsdistributed
in blocks, cyclically, or block cyclically. In general,a matrix may be distributed by
rectangulamblocksof ary size. All thesedistributionsrequirethe sametotal storage
space.

Thedistributionsof datafor a particularalgorithmshouldbe compatiblewith one
anotherfor the operationgo beperformed For examplewith adot productbothof the
vectorsshouldusethe samedistribution. A completealgorithmwill usuallyinvolve
several sub-algorithmsuchasmatrix-vectormultiplication. In this casethe optimum
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datadistributionsfor the sub-algorithmsmay not all be the same. The programmer
canthenchoosewnhetherto re-distritutethe databetweersub-algorithmgo utilise the
optimumdistribution for eachpartor whetherto usea compromiselistribution. The
choiceof a compromiselistribution shouldbe the optimumdistribution for the most
costly part of the algorithm. Interestingexamplesof datadistribution considerations
canbefoundin Chapte/6.

Theuseof modularprogrammingechniquesnaybeseconchatureto professional
sequentiaprogramdevelopers but in theinfangy of parallelprogrammingsoftware
engineeringnethodsand standardisationvere displacedoy experimentatiorand in-
dependensoftwaredevelopment. Therewereno standards$or parallelscientificpro-
grammingand someof the mostimportantresultsof recentwork have beenthe de-
velopmentof standardorogrammingand computationmodels,parallellanguageex-
tensionsandcommunicatioroutines.Chapterl discusseprogrammingandcompu-
tationmodelsandparallellanguagesAppendixA discussestandarccommunication
routines. The useof standarccommunicatiorand computationroutineshasreduced
the difficulty of programdevelopmentconsiderablyandleadsto moreportablecode.
This is discussedn moredetail in AppendixB, in Cook [25], andin the following
section.

Anotherimportantconsiderations the useof explicit parallelismto hidecommu-
nicationlateng. In AppendixB we discussseveral techniquedo achieve this. The
simplestmethod,whichis very effective andhasbeenusedfor algorithmsin this the-
sis(for example,seeChapteid), is to makeuseof two threadduringcommunication:
one threadperformsthe communicationoperationwhile the other threadcontinues
with computationThistechniquelike theothers requiresdataandcontrolflow inde-
pendencen thealgorithm. Furtherwork needsto be doneto investigatethe practical
suitability of the excessparallelismmethodwhich at first sightappeardo be a very
elegant solutionto the problemof hiding communicationcosts. This methoddoes
not requireexplicit parallelismin the codeandso could makeprogramdevelopment
simpler

7.4 Parallel numerical libraries

The computationmodel usedfor the algorithmsin this thesiswas specifiedin the
originaldesignof theLiverpoolParallelLibrary [32, 73] developedn theESPRITSu-
pernodd project(P1085). Thatdesignassumedhata userwould write a sequential
programwhich madecalls to routinesin the Parallel Library. The parallelroutines
gave the userthe power of the Supernodearallel machinewithout the userhaving
to write parallelprogramshimself. This designparadigmalsoallows old dustydeck
Fortranprogramgo migrateto the parallelarchitecturdoy replacingcallsto sequential
numericallibrary routines suchasthosecontainedn the NAG FortranLibrary, by an
equvalentparallelroutinein the ParallelLibrary. This stratey alsoretainsportability
of thesequentiatodeto otherarchitecturessuchasCrayvectorprocessordyy replac-
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ing the parallelroutinecall with a call to aroutineoptimisedfor the new architecture.

This high level designaim of efficiency and portability alsofeaturesin the LA-
PACK [34, 33] andScaLARACK [20] numericallibraries. The LAPACK designseeks
to achieve theseaimsby developinghigh level algorithmswhich uselower level block
operationsThehighlevel blockedalgorithmsareportablebetweerplatformsandeffi-
cieng is achiezedby tuningtheblock operationgo eachunderlyingarchitectureThis
blockedalgorithmdesignhasbeenshowvn to work extremelywell for scalarproces-
sorswith memoryhierarchies3S, 15| andvectorprocessora9| aswell asdistributed
memory MIMD machines3g, 93]. However, note that only scalarand vector pro-
cessorarchitecturesuse portableblocked code; currentdistributed memory MIMD
blockedalgorithmsstill useexplicit parallelprogramming.ScaLARACK is alibrary
desigrnwhichtriesto standardiséhetechniquesisedio implementdistributedmemory
MIMD blockedalgorithms.It usesthreetypesof routines:distributedLevel 3 BLAS,
the BLACS|7, 4(], andassemblesequentiaLevel 3 BLAS. All communications
performedwithin thedistributedBLAS sothatthehighlevel blockedroutines suchas
LU factorizationareidenticalwith the LAPACK codes.Thedesignof ScaLAFACK
is hencevery similar to the designof the LiverpoolParallel Library. It alsoparallels
thework oncommunicatiomoutinesanddistributedBLAS describedn AppendiceA
andB.

Oneimportantfeatureof the ScaLAFACK designis thatit provideslong-lived or
persistentdistributeddatastructures:distributeddatastructuresare declaredandini-
tialisedbeforebeingmanipulatedy a numericallibrary routineandcontinueto exist
until explicitly deletedby the users program. Thusa sequencef distributed oper
ationscanbe invokedon a distributed datastructureby the sequentialiserprogram.
Thisis acrucialadvanceover the original LiverpoolParallelLibrary designdescribed
above andusedfor thealgorithmsin thisthesis.It removestherequirementor theini-
tial datato bedistributedfrom the masterandthefinal resultdatato be gatheredack
to themaster A similar systemcalledthe DDS systeml3, 1, 2|, hasbeendeveloped
for the Liverpool Parallel Library underthe ESPRIT Supernoddl project(P2528).
With persistentistributeddatastructureDDSs)the performanceof the algorithms
describedn this thesisimproves significantly We have illustratedthis by shaving
the costmodelperformancdor the parallelsortalgorithmusing pre-distrituteddata
(seeChapterdt). Thisalgorithmshowvs a greatimprovementin performancevith pre-
distributeddatabecausehe scatterandgathercostsmakeup a significantproportion
of thetotal algorithmcost.

The designof the DDS systemis still in its infangy althoughwe alreadyhave
a working implementationwith a setof communicatiorroutines,distributed BLAS
routinesandsomedemonstratiomigh level algorithms.

The programmingechniquegescribedn AppendixB work well with the DDS
design.An algorithmis designedisinga masterandslave process.The shortmaster
processchecksthe userparameterso ensurethatthe datadistributionsare compati-
ble with oneotherfor the operationto be performedthenpasseshe identitiesof the
distributeddatastructuregDDSs)to the slaves. The designof the slave codeis very
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similar to the slave codeshavn in AppendixB. The slave manipulateshe distributed
datathrougha sequencef callsto library routines.Theseroutinesmay belocal data
assembleBLAS routines,or communicatiorroutinessuchasthosedescribedn Ap-
pendixA, or distributedBLAS routinesdescribedn AppendixB. Thereis almostno
differencebetweenthe slave codepresentedn the appendixandslave codefor the
DDS system.

The userlevel Library will be augmentedvith routinesthat performexactly the
samdunctionsastheslave level communicatioranddistributedBLAS routines. These
routines,n fact,will only beashortmastemprocessvhichcheckgparameterandthen
invokesthe slave routinesdescribedabore on eachslave.

Theportability of the Library canbe enhancedby keepingto currentandproposed
“standards’asmuchaspossible.Slave level communicationshouldbeimplemented
on top of oneof the existing communicatioribrariessuchasPARMACS|54| using
wrapperprocedureso dealwith the differentrequirement®f differentlibraries. The
interfaceto the slave level communicationshouldbe assimilar aspossibleto the pro-
posedMPI[44] standard.This will allow thelibrary to be moved betweerplatforms
easily: if a platform supportsthe MPI thenthe Library canbe portedwithout devel-
opingnew communicatiomoutines;if the platformonly supportPARMACSor PVM
thenthe Library can be portedusing this lower level interface,and at a later stage
the communicationroutinescould be optimisedto the new architecturef required.
In additionthe designof the Library shouldensureasmuchaspossiblethatthe code
is compatiblewith theimportantHigh Performancd-ortrani43 proposal.For exam-
ple the Library routinesto declareand createdistributeddatastructuresshouldmap
closelyto thefacilities of the HPF decompositiorndalignmentoperations.

7.5 Architecture

All the work in this thesishasbeenbasedon the transputerarchitecture. T8 trans-
puter networkshave beenvery popularover the past5 years,but the architecturas
now ratherdatedcomparedvith the currentstate-of-the-arigh performanceparallel
computersWhenthis work startedt wasexpectedhat T9000systemswvouldreplace
T8 systemsasthe next generatiorof high performanceparallelcomputers However,
eventherespectabl@5Mflop/speakperformancef the T9000hasnotkeptpacewith
modernmicroprocessors.The Intel i860XP usedin the Paragonhasa peakrate of
50Mflop/sdoubleprecisionandthe DEC Alpha processoto be usedin Cray's forth-
comingMPPhasa peakof 150Mflop/s.TheMeiko CS-2canhave eitherSuperSRRC
scalarnodesgiving 50Mflop/s performanceor Fujitsu vectorprocessonodesgiving
200Mflop/speakdoubleprecisionperformance.

Thecommunicatiorcapabilitiesof thenew T9000/C104ystemhave alsobeenex-
ceededy othersystemsTheT9000links have abi-directionalbandwidthof 10Mbyte/s
giving a total nodelO bandwidthof 80Mbyte/s. This compareawith the 2 links per
nodeof the Meiko CS-2which have a bi-directionalbandwidthof 50Mbyte/sgiving
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a total nodelO bandwidthof 200Mbyte/s. The CS-2 also usesa multistageswitch
networklike the T9000/C104whereaghe ParagonandCray MPP usea grid and3D
grid topology respectrely.

Even thoughthe transputeiarchitecturecanno longercompeten the parallelsu-
percomputearena,the softwaretechniquesandalgorithmdesignmethodologiesle-
velopedin this thesiscan be appliedequally well to the other distributed memory
MIMD architecturesisedin today's supercomputersln particular the T9000/C104
basedwvork will mapvery well ontothe Meiko CS-2with its similar multistagecom-
municationsnetwork. Also, the T8 work which dealtwith chainandgrid topologies
is applicableto the Intel Paragonand Cray MPP architecturesvith their grid and3D
grid topologies.

7.6 Further work

Therearemary avenuedor furtherwork. Oneof themostimportanttasksis to demon-
stratethattheprogrammingechniquesalgorithmdesignmethodologieandcostmod-
elling techniquegsanbeappliedto distributedmemoryMIMD architecturestherthan
thetransputerThiswill initially involve re-implementinghealgorithmsin Fortranon
anotherarchitecture.

Anotherimportanttaskis the continueddevelopmenof the ParallelLibrary design
andin particularthe useof standardsubroutindibrariesin the developmentof DDS
codes.Furtherwork is alsoneededo studydifferentdatadistributionsandselectthe
mostimportantonesfor inclusionin theLibrary.

In addition we needto continuework on cost model development,initially by
implementingthe algorithmson T9000/C104machineswhentheseare available to
confirmthe accurag of the costmodels.



Chapter 8

Summary

In thisthesiswe have studiedthedesignof scientificparallelalgorithmsfor transputer
systems.Using the T8 and T9000/C104asexamples,we have shavn how different
parallel architecturesffect the designand performanceof algorithms. Thesecom-
parisonshave highlightedthe importanceof a scalablanterconnectiometwork,such
asthatprovided by the T9000/C104system. We have alsoshavn the importanceof
maintaininga balancebetweercomputatiorrateandcommunicatiorrate.

We have placedconsiderablemphasi®n the developmentof run-timecostmod-
elsfor parallelalgorithms.We have shavn thatthesecostmodelsgive a goodpredic-
tion of the performancef algorithmsfor the T8 architectureandwe have thenused
costmodelsto predictthe performancef algorithmson the T9000/C104architecture.
Thesecostmodelsallow usto comparethe performanceof parallelalgorithmswith-
outimplementedhem. Thuswe canselectandimplementthe bestalgorithmwithout
spendinga greatdealof time implementingall the otheralgorithmsaswell. We can
usethe costmodelsto predictthe performanceof algorithmsfor large problemsizes
onverylargemachinesndto investigatdahechangen algorithmicperformancevhen
the hardwareperformanceas changedfor examplewhenthe communicatiorrate is
doubled. Thesecostmodelshave beenshavn to be a valuableaid to the algorithm
designer

We have implementedseveral of the algorithmsin occam This hasrevealedthe
needfor standarccommunicatiorandcomputatiorroutines.We have designed suite
of communicationroutinesfor the T8 and T9000/C104architectures. Thesehave
greatlysimplifiedthe developmenif programs For computatioroperationsye have
usedlocal memoryassembleBLAS. We have also shavn the needfor distributed
versionsof the BLAS routines. The desirefor portableand efficient algorithmshas
highlightedthe importanceof the useof optimisedcommunicatiorand computation
routineson eachtargetarchitecture.In addition,the lack of occamimplementations
onary otherplatformcoupledwith theportability requiremenhasleadto theadoption
of Fortranasthe preferredanguagdor future development.

This work hasshavn that the computationmodel assumedy the initial Liver
pool ParallelLibrary wasseverelylimited by its needto distributeinitial datafrom the
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masterprocessandgathermresultsbackto the mastemprocess We have shawvn the sig-
nificantperformancemprovementghatcanbe gainedfrom the useof pre-distrituted
data.

We have showvn the needfor carefulselectionof a sequentiablgorithmfor paral-
lelisation. Theimportanceof the ratio betweencommunicatiorandcomputationcost
for analgorithmhasbeenemphasisedlongwith theaffect of algorithmgranularityon
the scalabilityof thealgorithmto large systemsWe have shovn how theperformance
of analgorithmcanbeimproved by hiding communicatiorlateny behindcomputa-
tion.



Appendix A

Communication libraries

This appendixdescribes setof high level communicatiorroutinesdevelopedfor use
in occamprogramgor T8 andT9000/C104machines.

A.1 Introduction

Programslevelopedusinganexplicit messageassingnodel,suchasthatprovidedby
occam tendto consistof codeblockswhich performoneof two differentfunctions:
computatioror communicationFor alongtime, scientificsoftwaredevelopmentwith
sequentialanguagediasbeenrefining the art of codedesignfor computation. The
needfor stockcodefragmentgo performoftenrequiredcomputationoperationshas
beenwidely recognised.Suchcodeswould provide reliable building blocksand so
reducethe costof the developmentf new software.This hasleadto thespecification
anddevelopmentof librariesof reasonablyow level computationoperationsuchas
the BLAS [68, 37, 36].

Theuseof parallellanguagesndthe messagpassingnodelhasrevealeatheneed
for similarlibrariesof communicatioroperationgor parallelcomputing.At thelowest
level we needa standardor point to point communicationso that explicit message
passingprogramscanbe portedfrom oneparallelcomputerto anothemwithout rewrit-
ing all thecommunicationgperationsAt presentmostof theparallelcomputeman-
ufacturersandothergroupsprovide proprietaryandincompatibldow level communi-
cationroutines.Currently someof themostwidely usedcommunicationgibrariesare
PARMACS[54, 55|, PVM [14, 90], NX/2 [83] andCS-Tools[71]. Attemptsarenow
beingmadeto definea standardsetof low level communicationgperationg44].

Thesdibrarieshelpensureportability of codefrom onemachineo anotheybut the
routinesaregenerallytoo low level for directusein applicationcodes.Insteadappli-
cationsshouldbe developedusing anintermediatdevel of communicationsoutines
which provide higherlevel functionality Theseroutineswould in turn usethe lower
level communicationdibrariesto ensureportability to thewidestrangeof machines.

Good communicatiorperformancecanbe satisfiedwhile still maintainingappli-
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cationportability by tuning eachlevel of library routinesto the underlyinghardware
asis standardoracticefor sequentiahumericallibrariessuchasthe BLAS. Tuninga
communicatiomoutineto a particulararchitectureangive greatimprovementsn per
formance.For example,it is oftenquite difficult to achieze goodcommunicatiorper
formancefrom the T8 architecturdor thetransferof databetweertwo distantproces-
sorsconnectedy intermediategprocessorsHowever, we shov below thata carefully
written communicatiorroutine canimprove uponthe performanceof a simplesolu-
tion considerably This improvementcanbe achieved whetheror not the underlying
hardwarecommunicatiometworkis “dif ficult” to exploit effectively suchaswith the
T8 architectureEventheenhancedapabilitiesof the C104communicationgietwork
do notremove theneedfor tunedcommunicationsoutines.The C104switchnetwork
providesfixed distancedo all processorso thereis no needto considerthe relatve
positionsof sourceanddestinationprocessorsluringcommunication.However, this
architecturgrovidesa whole setof nen opportunitiesor optimisingcommunication
performance.Even a single point to point communicatiorcan be implementedn a
numberof ways. Below we presentour suggestiongor gainingimprovementsrom
theT8 andT9000/C104architecturesln thisthesiswe have madeuseof someof these
techniquedo improve the performancef the applicationsunderinvestigation.There
is morediscussiorof the possibilitiesfor improving communicatiorperformancedor
the T9000/C104architecturen Chaptel2.

At presenthereis no agreemenon a standardor thesehigh level communication
operations.However thereis a growing consensusoncerningthe type of operations
thatshouldbeprovided. Operationgprovidedshouldincludebroadcastscatter(andits
complementgather);all-to-all broadcasandscatter(alsocalledcompleteaxchanges);
globaloperationsuchasmaximum,minimumandsum;anddatare-distritutionoper
ationssuchasshift. Examplesf thistypeof highlevel communicatioribrary arethe
BLACS[7, 40|, theMessage-&ssinginterfacg 44], andthecommunication$acilities
of Fortnet[6].

Whilst work for this thesiswasbeingundertakertherewereno high level occam
librariesavailablefor the T8 transputeior VCR/T9000. So communicatiorroutines
requiredfor thealgorithmsinvestigatecherehave beendesignedandimplementedor
both chainsof T8 processorand T9000/C104networks. Four main communication
operationsarerequired:broadcastscatter(andits complementgather)andtheglobal
maxoperation.Thefollowing sectiongdefineeachcommunicatioroperationpresent
the algorithmsfor the operationon both T8 networksandon T9000/C104networks,
andgive run-time costmodelsfor eachoperation.In the caseof a squaregrid of T8
processorasis usedfor theNewton algorithmin Chapte 5 we presentwo algorithms
for eachcommunicatioroperation:onealgorithmis usedwhenthe masterprocessor
is notinvolvedin the communicatioroperationwhilst a slightly differentoneis used
otherwise.Thisis necessarpecausef thesinglelink connectiorbetweerthe master
andtheslave network.FigureA.1 shavstheprocesgopologieghathave beenusedn
thedesignof thealgorithmsfor this thesis.More informationconcerninghe selection
of thesetopologiescanbefoundin Chapterl.
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Master Master Slave Slave Slave Slave
Slave Slave Slave Slave Slave
Slave Slave Slave Slave Slave
Slave Slave Slave Slave Slave
T T T T T
I I I I I
1. T8 chain 2. T8 grid
Switch network
H Master J L Slave J L Slave J Slave J
| E— | I— | I— | I—
3. T9 network

FigureA.1: Processopologiesusedby algorithms
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In additionto theseroutines,for the T9000/C104architectureonly, we have de-
velopedall-to-all broadcastindscatterroutineswhich areusedin the parallelBFGS
algorithmsof Chaptel6. We describehealgorithmsusedfor theseoperationgelow.

Therun-timecostmodelsusethehardwarecommunicationparametergtroduced
in Chapter2, i.e., thetime takento communicate: valuesis givenby the following:
For T8 networks:T = nT..

For T9000networks:T' = T + n'T..

The comparisonoperationrequiredfor the global max functionis modelledby the
usualcomputatiorparametef’;. The context makesit clearwhicharchitecturearun-
time costmodelis for, andhencewhich valuesare appropriatefor the hardwarepa-
rametersTheparametep is the numberof processorstor T8 networksthis excludes
the masterprocessor For T9000/C104networksthe value of p includesthe master
processor(For adiscussiorof this choiceseeChapterl.)

The communicationcost modelsmakea numberof assumptiongboutthe per
formanceof the hardwarewhich are detailedmorefully in Chapter2. In summary
all the modelsin this thesisassumehat the differentexecutionunits of the T8 and
T9000processorganexecuteconcurrentlyat full speedj.e., thereis no decreasen
the performancef onelink if anotherink startscommunicatingaswell, or if thein-
tegeror floating point unitsareexecuting.In the caseof the C104switchnetwork,we
alsoassumehat we can ngglect contentionfor network resourcesandthe effects of
hot-spots.

A.2 Point to point communication

Underlyingall of thesecommunicationglgorithmsis a pointto pointcommunication
operation.The performancef thehighlevel communicatioroperatiorcanbeaffected
considerablyby the implementationof this point to point communication. This is
especiallynoticeablefor large vectorsbeingsentbetweendistantprocessorshrough
mary intermediategprocessorsThis type of communicatiorpatternis quite common
for T8 architecturesluringtheinitial scatteringof dataandgatheringof resultdata.
Let us considerfirst the caseof sendinga vectorof »n elementsdbetweenproces-
sorsp links apartin a chain of T8 processors.The simple approachof passingthe
vectorin its entiretyasoneblock betweenprocessorgjives poor performancevhen
the vectormustpassthroughmary intermediategprocessorseforereachingits desti-
nationInsteada more efficient methodhasbeenimplementedwvhich splits the vector
into smallerpacketsandsendsachpacketseparatelyin thiscasemary packetcanbe
communicatethetweenntermediatgrocessors parallelandsogreatemperformance
is achieved. FigureA.2 illustratesthesedifferentmethods.Part 1 shaws the caseof
communicatingvectorin oneblock. Sendinghevectorbetweeradjacenprocessors
takesthreetime-stepsandsoit takesnine stepsfor thevectorto crossthreelinks. Part
2 shows how the communicatiorwould be executedif the vectorwassplit into three
packets At eachof thefirst threestepsthe sourcewould outputa packetof the vector
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1. Single vector 2. Packet

FigureA.2: Comparisorof singlevectorandpacket-basedommunication

to thesecondorocessorOncethe secondorocessohasreceveda packet,on the next

stepit sendghatpacketo thethird processoandin parallelrecevesthesecongacket
from the sourceprocessorFurtherprocessorgxecutein the samefashion,receving

andsendingpacketan parallel. For this examplethe whole operationtakesonly five

stepsnsteadof ninestepsfor the singleblock communication.

Therewill be an optimum packetsize for this type of communication. At one
extremeusingonepacketonly givespoorperformanceandat the otherextreme,each
packetcontainingonly oneitem, managementverheadsndthe costof executingthe
codeitself decreaseperformance.

The costto communicatea vectorof » elementdbetweerslave : andslave : + p
(p > 1) for eachcassis:

1. For asinglepacket
npT..

2. Usingpacketof s elementsandassuminghatinput andoutputon the links of
asingleprocessopperatdn parallelgives:

nT.+ s(p—1)T..
If s <« n/p thismaybeapproximatedy

nT..
Someexperimentatiorhasshovn thatthe minimumpointass variesis in awide
troughwith arangeof valuesfor s betweerb0and400giving goodperformance.
We have usedavalueof s = 200 in theimplementatiorof thisroutinefor achain
of T8 processors.
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This packet-basedommunicatiorworks especiallywell for sendingarge vectors
acrossmary processorsvhich is quite commonfor T8 algorithmsduring the initial
scatteringof dataandthe gatheringof resultdata. This methodof pointto pointcom-
municationhasbeenusedsuccessfullyfor the vectorexchangeoperationsn the T8
parallelbitonic sortalgorithmwhich accountfor alargefractionof the total algorithm
cost(seeChapterd). TheotherT8 algorithmscurrentlyuseonly a singleblock com-
municationoperation.

The T9000/C104architecturewith a multi-stageswitch networkhasa small net-
work diametereven for large arraysof processorse.g., for the 3 stagefolded Clos
networkmessageseedto beroutedthroughat most3 switchchips.And in ary case,
anindividual channelcommunications wormholeroutedthroughthe switchnetwork
by the hardwaran justthe mannerdescribedabove for the T8 architecture However,
therearetwo wayswe canimprove theperformancef a singlepointto pointcommu-
nication. Thefirsttechniqueavailableis to splitthemessageto seseralpartsandsend
eachparton a differentvirtual channelo the destinatiorprocessorThis givesbetter
performancédecausét makesbetteruseof thelink bandwidththana singlechannel.
Thenumberof channelghatcanbe placedon alink beforethelink bandwidthis sat-
urateddependon the numberof switch chipsthe messagenustbe routedthrough.
For the three-stagdolded Clos network2 channelswill saturatea link. The second
techniqueis an extensionto the first one. Insteadof usinga single physicallink we
candistribute the virtual channelover all four outputlinks anduseup to 8 channels
in the caseof our three-stagaetwork.More detailscanbefoundin Chaptei2.

Until T9000/C104machinesbecomeavailable, we will not know what network
topologiewwill beavailableortheactuabenefitghatcanbegainedromimplementing
the precedingdeas.Hencefor this work we have assumedhatonly a singlechannel
pointto pointcommunicatioroperations used,andthe higherlevel communications
operationdave beenwritten to usethe fundamentabc camchanneinputandoutput
functionsonly.

A.3 Broadcast

Description: One sourceprocesssendsthe sameblock of dataof sizer to all the
otherprocessesThis operatiormay be usedby the mastemprocesgo senddata
to all theslaves,or by oneslave processo sendsomedatato all theotherslaves.

A.3.1 T9000/C104 architecture

An olbviousprocessonfiguratiorfor abroadcasts anb-ary treeof p processesooted
atthe sourceprocesgb is the branchingfactor of thetree). For run-timecostmodels
in thisthesiswe assumehata singlechannels placedon eachof thefour links which

givesb = 4. However, Chapte2 suggestshatfor thethree-stagéolded Closnetwork
onevirtual channebnalink doesnotsaturatéhelink bandwidth.Betterperformance
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might thus be obtainedby placingup to two channelson eachlink giving a value
of b = 8. Sincethe exact performanceof the T9000/C104links are not known the

implementatiorof this algorithmfor the T9000/C104hasbeenwritten to usea tree
with a variable branchingfactor. The tree configurationprovides the shortestlink

pathbetweensourceanddestinatiorprocesseslevelsin the b-ary treearenumbered
startingwith therootaslevel 0. Thealgorithmproceedssfollows: atstepk (£ > 0)

in the communicationalgorithm processest level £ in the b-ary tree would output
the dataon all their branchedo processest level £ 4+ 1. Thetotal numberof steps
requiredto achieve the broadcasts thusthe depthof the b-ary tree,whichis givenby

[log,((b—1)p + 1) — 1]. Thecostof thebroadcastor a vectorof sizen is:

[logy((b—1)p+ 1) — 1] (Ts + nT.).

This algorithmis usedby the Newton methodandthe bitonic sort.

For the BFGSalgorithmanimprovedalgorithmwasdevised. This new algorithm
proceedsasfollows: the sourceprocesscommunicateshe vectorto four otherpro-
cessesn parallelonits four links. Theneachof thesefive processesgincluding the
source)communicatehe datato four moreprocesses parallel. Henceat eachstep
in thealgorithmall processebaving a copy of thedatasendit to four moreprocesses.
This continuedfor [logs p] stepswhenall p processesiave a copy of the data. The
costfor this operations

[logs p] (T5 + nT.).

A.3.2 T8architecture
Chain

For achainof p slave processeghealgorithmproceedssfollows: the sourceprocess
outputsthe datain both directions(unlessthe processs at oneendof the chain). At
eachsubsequendtep,a procesdo the right andleft of the sourceprocesoutputthe
datato their right andleft respectrely until eachend of the chainis reached. The
numberof stepsequireds thegreateof thedistance$rom thesourceprocesgo each
endof the chainwhichwe will call d. Thetotal costis thus

dnT.

Ce

This algorithmis usedin the Gaussiareliminationalgorithmof Chaptei3.

Squaregrid

In thefirst stepin thebroadcasalgorithmfor asquaregrid, the sourceprocesoutputs
thedataconcurrentlyon all 4 links. In the secondandsubsequerdgtepsthe processes
thathave justrecevedthedataon alink outputit ontheir otherlinks. The passag®f
dataacrosghegrid is in theform of a tree-likestructureroutedat the sourceprocess
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with eachnodehaving alink to its parentandlinks to up to threechild nodes.There
will be overheadsassociateavith preventingmultiple processesendingthe datato
oneprocesshut we will not takeaccountof this asthe costwould dependuponthe
implementation.

For asquargyrid of p processethe maximumnumberof stepsequired(occurring
whenthe sourceprocesss ata corner)is 2(,/p — 1). Theminimumnumberof steps
possible(occurringwhenthe sourceprocesss centrallylocated)is ,/p — 1. If the
locationof the sourceprocesss unknovn until run-timewe will assumean average
of 3(,/p — 1)/2 stepsfor the algorithm. With this assumptiorthe costto broadcasta
block of » elementsvould be:

3n(\/ﬁ —1) -

2

If themastemprocesss the sourceof the broadcasthenthetotal costis givenby:

(2y/p — 1)nT..

A.4 Scatter

Description: Oneprocessendsa differentblock of datato eachotherprocessThis
operationis usually usedto scattera vector of size n from one processto a
numberof processesuchthateachprocesgetsadifferentblock of the original
vector If thesources aslave procesghenthe slave usuallykeepsoneblock of
thevectorfor itself andscattergsheremainingblocksoverthep — 1 otherslave
processesln this caseeachblock is of sizen/p. If the masterprocesss the
sourcethenusuallythe entirevectoris scatteredicrosshe p slaveswithoutthe
mastermetaininga block. Onthe T9000/C104architecturehe masterprocesss
alsoaslave processaandsoalwaysretainsa block of thedata.

A.4.1 T9000/C104 architecture

The algorithm proceedsasfollows: in eachstepthe sourceprocesssendsblocks of
datadirectly to 4 differentdestinatiorprocesses parallel. Thetotal numberof steps
to sendblocksto p — 1 otherprocessess [(p — 1)/4]. For asourcevectorof sizen
eachblockwill beof sizer /p andthetotal costis:

(2] 1+ o),

Thecomplementargperationgatherwhereonedestinatiorprocessecevesadiffer-
entblock of datafrom every otherprocessproceedsn a similar mannerexceptthat
thecommunicatiordirectionis reversed.Thecostis alsothesame.
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A.4.2 T8architecture
Chain

For a chainof processethe algorithmis similar to the broadcasalgorithmdescribed
previously. In thefirst stepthe sourceprocesssendsa datablock out to the left and
anotherto theright. Theseblocksaredestinedor the endprocessesAt eachsubse-
guentstepthe sourceprocessoutputsblocksto left andright which are destinedfor
thenext furthestprocesses thechain. The processeto theleft of thesourceprocess
inputblocksfrom theright andoutputtheseblocksto their left until they receve their
own block. Theseinput andoutputoperationsxecutein parallel. Processesn the
right sideof thesourceoperatesimilarly. Thenumberof stepsequireddepend®nthe
positionof the sourceprocessn the chainandis the greaterof the distancesrom the
sourceprocesdo eachendof the chainwhich we will call d. For a sourcevectorof
sizen theblockswill beof sizen /p andthetotal costis givenby:

(n/p)dT..

Thisoperations usuallyusedto scattetavectorfrom themasteproces®ntotheslave
processedn this casethe mastemprocessioesnot keepablock for itself but splitsthe
vectorequallybetweenrall theslaves. In this casefor avectorof sizen theblockswill
beof sizern/p andthetotal costis givenby:

nT..
Thisroutineis usedin the Gaussiareliminationalgorithmof Chaptei3. Thecomple-
mentarygatheroperatiorhasa similar algorithmandthe samecost.

Squaregrid

Scatteringa vectoron a grid of processorsisesthe samecommunicationgpathsas
broadcasting vectoron a grid from the samesourceprocess.The passag®f data
acrosghegrid is in the form of a tree-likestructureroutedat the sourceprocesswith

eachnodehaving a link to its parentandlinks to up to threechild nodes. The algo-
rithm proceedsasfollows. At eachstepof the algorithmthe sourceprocessoutputs
a differentblock of dataon eachlink, beginning with blocksfor the processest the
greatesdepthin the communicatiortree, i.e., the ones“furthestaway” in the grid.

The destinationprocessedirst input blocks destinedfor processesurther down the
tree. Theseblocksarerouteddown the outputlink whichis the branchof thetreethat
includestheir destinatiorprocessAfter passingon all theblocksfor processeturther
down the tree, the destinationprocessnputsits own block. As for the broadcasbn

agrid, this operationwill requirequite complex codingto determinethe correcttree
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structureto use.Thecostto scatteravectorof sizen across slave processes

(5 1),

2p “

If themastemprocesss the sourceof thescatteroperatiorthenthesinglelink between
the masterprocessand cornerslave processawill becomea bottleneck. All commu-
nicationson this link will be sequentialisediving a total costfor the operationof
approximately

nT

ce

The complementargatheroperatiorhasa similar algorithmandthe samecost.

A.5 Global operations. max

Description: In a global operationa given function is performedon a setof data
values,which aredistributedacrossthe processesFor this thesiswe leave the
resultof theoperatioron auserspecifiedorocessbhut ausefuladditionalroutine
wouldbroadcastheresultvalueto all theprocessesThefunctionmightbemax,
min, sum,avg or ary functionthatreturnsasingleresultvalue.We have usedthe
max functionin Chapter5 andsowe useit hereto illustrateglobal operations.
Initially, eachprocessperformsthe operationlocally on its datavalues. In the
following communicatiorphaseof theglobaloperationthe objectsmanipulated
consistof two items: a datavalue (calculatedn the first phase)anda process
label. The procesdabelidentifiesthe processvhich providedthedatavalue.

A.5.1 T9000/C104 architecture

The algorithmusesa b-ary tree asfor the broadcasbperation,with the root of the

treeat the procesawhich is to receve the result. The algorithmproceedsasfollows.

Initially, eachprocesserformsthe operationlocally on its datavalues. In the next

stepall processes thelastlevel of thetreesendtheir datavalue/labelbbjectpairsto

their parents.Eachof theseparentsrecevesthesevaluesand performsthe specified
functionontheinputvaluesandits own value. Theresultof this operations thenused
asthevaluefor the next stepof the algorithm. In the next steptheseprocessesend
their resultdatavaluesto their parentprocessesvhich performthe functiononthem
andtheir own value. This processontinuesuntil the root processhascalculatedhe
globalresult.

In derivingacostmodelfor aglobaloperatiorwe have choserto leave outthelocal
computatiorcost. It is assumedhatthis extra costwill beincorporatedseparatelyn
thecompletealgorithmcostmodel.

The costof this operationis the sameas for the broadcasbperationexcept for
the additionalfunction evaluationsat eachstep. We assumehatthe costof a single
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function evaluationis 17'; whichis correctfor maxandmostof the commonglobal
operations.Theadditionalcostincurredat eachstepis thenb7’;. Let n bethenumber
of elementdransferredn eachcommunicationFor themaxoperatiom = 2, i.e.,one
datavalueandoneprocesdabel. Thetotal costfor theglobaloperations thus

Mog,((b— 1)p + 1) — 1] (T, + nT. + bT}).

A.5.2 T8architecture
Chain

Onachainof processethedestinatiorfor theresultcanbeary of the processesThe

operationproceedsas follows. After the initial local computation the processesit

the endsof the chainsendtheir datavaluesto the next processes the chain. In the

secondandsubsequengtepsthe processesvhich have just receved datavaluesfrom

outerprocesseperformtherequiredfunctionontherecevedvalueandtheirownvalue
andsendthe function resultto the next processn the chain. Finally, the destination
procesgsecevesup to two datavalues,onefrom eachsideof the chain,andperforms
the functionon thesevaluesandits own to gettheresultof the global operation.The
numberof stepsrequiredis thegreaternf thedistanced$rom thedestinatiorprocesso

eachendof thechainwhichwe will call d. If thedestinatiorprocesss notattheend
of thechainthetotal cost,ignoringtheinitial local computatiorcost,is

d(nTc + Tf) + 1Tf
If themastermprocesss thedestinatiorthenthe costis

p(nT. + Ty).

Squaregrid

Thealgorithmfor a squaregrid usesthe sametree-likestructureasthe broadcasand
scatteoperationsThealgorithmproceedgustasfor theT9000/C104rchitectureAt
eachstepin the algorithmprocesses onelevel of the tree,which have justreceved
datavaluesfrom their children, performthe function on theseinput valuesandtheir
own valueandoutputtheresultto their parent.The numberof inputvalueswill bebe-
tweenoneandthree.Assumingtheworstcasefor the numberof functionevaluations
ateachstep,3, thetotal cost,againignoringtheinitial local computationjs

If the masterprocessis the destinationfor the global operationthen the algorithm
setsthe cornerslave processasthe destinatiorandthensendsheresultto the master
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processThis costs:
(2y/p — 1)(nT, + 3T%) + nT..

A.6 All-to-all broadcast

Description: Eachprocesdroadcasts block of datato all the otherprocessesThis
routineis used,for example,to give eachprocessa completecopy of a dis-
tributedobject. Eachprocesdroadcast#s block of the distributedobjectand
recevestheblocksfrom all theotherprocesses.

A.6.1 T9000/C104 architecture

Theroutineis basednthebroadcastperatiordescribedbore. Eachprocesstartsup
p — 1 threadsn parallelto receve ablock from eachotherprocessisingthebroadcast
routine. In additionanotherparallelthreadbroadcasts block of datato eachother
process.

This routineis usedin the implementationof the full matrix storageversion of
BFGSupdateMethod| (Algorithm 11) in Chapter6. In step6 of thatalgorithmwe
needto performaranktwo update . Chapte6 present®nemethodfor performingthe
updateusingdistributeddata. In our initial implementatiorof the algorithmwe have
useda slightly differentmethod. The vectors is storedin full on eachprocessand
z is distributed. Step6 hasbeenimplementedoy performingan all-to-all broadcast
(exchange)of the blocks of z to give eachprocessa completecopy of the vector
followed by two callsto an assembleBLAS routine,sger , to performthe update.
SeeAppendixB for the programlisting.

A.7 All-to-all scatter

Description: Eachprocessendsa differentblock of datato every otherprocess.

A.7.1 T9000/C104 architecture

At present,underthe VCR, this algorithm hasbeenimplementedusing the scatter
routine. Eachprocessstartsup p — 1 threadsn parallelto receve a block from each
otherprocessisingthescatteroutine.In additionanotheparallelthreadsendslocks
of datato eachotherprocess.

Thisroutineis usedn thetriangulamatrix storageversionof BFGSupdateMethodl
(Algorithm 11) in Chapter6. In thatalgorithmwe needto performa matrix-vector
multiplicationwhereinitially only thelowertriangularpartof thesymmetricmatrixis
storeddistributedby rows acrosshe processesThe vectoris distributedalsowith a
proces$oldingthoseelementof thevectorfor whichit alsoholdsrows of thematrix.



A. Communicatiodibraries 137

To performthe matrix-vectormultiply we first usethe all-to-all scatterroutineto “fill
in” theuppertriangularelementof eachrow of the matrix. We thenusea distributed
full matrix-vectormultiply routine.



Appendix B

Programming techniques

In this appendixwe discussthe programmingtechniquedearnedduring this work.
Few of thesetechniquedave beenusedin every program,but ratherthey have been
developedover six yearsof practicalexperiencein programmingusingthe message
passingprogrammingmodelfor distributed memoryarchitectures.We discusspro-
grammingtechniquegor both T8 andT9000/C104architectureandmethoddor en-
ablingportability of sourcecodebetweerthesetwo architecturesindotherdistributed
memoryarchitectures We emphasizenethodswhich provide good performanceyet
retainportability betweerdifferentmessag@assingervironments.

B.1 Language

All the programsdescribedn this thesishave beendevelopedin occam This lan-
guagewaschoserfor the ESPRITSupernodé project(P1085)for two mainreasons.
Firstly, the occamcompilerfrom INMOS producedmuchmore efficient codethan
the early Fortrancompilersandsecondly andmoreimportantly occamallows very
elegantexpressionof the parallelconstructan the CSPmodel. Althoughit hassuch
excellentsupportfor parallel programming the languages weakin otherrespects.
It hasno userdefinedrecordtypes,no dynamicmemoryallocationandhenceno re-
cursion,andonly poor supportfor large-scalemodularprogrammingusinglibraries.
Thesdimitationsareaddressetb someextentin theoccam3 proposalll]. However,
thesesamedisadwantagesiave not preventedrFortranfrom becominghe dominantse-
guentialscientificprogrammindanguage Themaindisadwantageof occamis simply
thatit is non-standard—is not Fortrannor C. Thelack of occamcompilerson other
architecturesnakesoccamcodenon-portableand preventsthe languagereachinga
wider programmingcommunity

In addition, the traditionalsequentialanguagesre being extendedwith parallel
featuregprovided mainly throughlibraries. Althoughtheseextensionsarefar from el-
egantthey allow parallelprogramgo be developedwhile still retainingthe useof the
hugebaseof pre-&isting sourcecode. Also, thelanguages familiar to the program-

138
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mer which speedaup the learningprocess. The developmentof High Performance
Fortran(HPF)[43] with its SPMD programmingmodelis anespeciallymportantex-
ampleof thewaythesequentialanguagesarebeingextended.For themessagpassing
programmingnodelwe will soonhave standard$or communicatiorthroughthe MPI
initiative|44]. We alreadyhave standardgor basiclinearalgebracomputationsn the
BLAS. Theseadvancesn thetraditionalFortranandC language®ffer ustheprospect
of portableparallelsourcecode.

For thesereasonsve wouldrecommendisingFortran(andperhapsC) for parallel
scientific programming. The exact choiceof Fortrandialectand extensionsis more
difficult to makesincewe do not know whatfuture standardsvill support.

However, as alreadystated,all the programsin this thesishave beenwritten in
occam This makesthe programsstrictly non-portable.In the restof this appendix
whenwe talk aboutthe portability of the programsve meanthe portability of the pro-
gramstructure understandinghatindividual statementsvill all needto betranslated
into anothedanguageprobablyFortran. For examplethe useof communicatiorsub-
routinesaidsportability sinceit hidesthe detailsof the underlyingimplementatiorof
communication.

B.2 Computation model

Thecomputatiormodelusedior thealgorithmsdescribedn thisworkis amaster/slee
modelwhereonemastemprocessontrolsthe operationof a groupof slave processes.
For T8 algorithmsthe processesire connectedn a chainwith the masterprocessat
oneend. For T9000/C104algorithmsthe processesave all-to-all connectity pro-
videdby the C104switchnetwork.For moreinformationaboutthe choiceof topology
seeSectiorl.7. Two programsarewritten for eachalgorithm: a masterprogramand
aslave program.All theslave processeexecutethe sameslave programusingcondi-
tional branche®n the procesdD to control programflow. The useof only oneslave
programmakesdelugginga programmuchsimplerthanusingseveralslave programs
and makesmaintenanceasier In the T8 algorithms,the masterprogramis respon-
siblefor distributing theinitial dataandgatheringthe final resultsandfor controlling
theprogresof thealgorithm.However, it takesno partin themaincomputatiorphase
of thealgorithm. This wastesmuchof the processingpower of the masterprocessor
For the T9000/C104algorithmthe mastemprocesgakesa full partin the computation
phaseof thealgorithm.

This modelleadsto algorithmswith threedistinctstages:

1. masterscattersnput datato slaves,
2. slavessolve the problem,and

3. mastemgathergesultdatafrom slaves.
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In practicethis modelhasworkedwell for mostof the algorithmsstudied. However
the time takento scatterthe datainitially and gatherthe resultscanbe a significant
proportionof thetotal run-time. This canleadto pooroverall performancef thealgo-
rithm evenif the parallelcomputatiorphaseof thealgorithmhasa goodperformance.
Seefor examplethe sortingalgorithmsof Chapte4. In Chapte7 we discussvaysto
avoid thesecommunicatioroverheads.

B.3 Communications

In occam communicatiorbetweenprocessess performedon channels;a process
communicate®n a channelassumingthat that channelis connectedo the correct
destinatiorprocess.This is differentfrom the approachtakenin Fortranwherecom-
municationis between‘'named” processesa processspecifiesthe “name” or handle
of aprocessvith whichit wishesto communicateTo allow completecommunication
betweenp processesn occamrequires2p? channelsto be declaredalthougheach
procesonly needsstoragefor the 2p channelghat connectto it. Using namedpro-
cesse®nly the handlesof the p processearerequiredby eachprocesdor complete
communication.Communicatioron a channelis strictly orderedandseparatedrom
communicatioron otherchannels.The useof namedprocessesequiresextra tagin-
formationin eachmessag#o distinguishmessagesentby differentthreadsn asingle
processWith occamseparatehannelsvould have to bedeclaredor theuseof each
thread.

To hidethesedifferencedetweeroccamandFortranall communicationsireper
formedthroughthe useof subroutines.We usesimplesendandreceve subroutines
andhigherlevel communicatiorsubroutinesiescribedn AppendixA. Onnetworksof
T8 transputersdirectcommunicatiorbetweerall theprocessorss not possibleandso
theoccamcommunicationsubroutineside the compleity of the messagéhrough-
routing. In orderto produceefficient code,the programmemuststill be awareof the
underlyingtopologysincethis affectsthe costof eachcommunicatioroperatiorsignif-
icantly. However, henolongerneeddgo beconcerneavith thedetailsof writing correct
andefficientcommunicatiomoutines.The T9000/C104architecturedoesallow direct
communicatiorbetweerprocessorsThisimmediatelyavoidsall thecompleity of the
T8 routineswhich dealtwith messagéhrough-routing However, the T9000/C104ar-
chitecturestill providesplenty of scopefor improving on the obviouscommunication
algorithms. More efficient algorithmsfor the mostcommoncommunicationopera-
tions aregivenin AppendixA. The currentversionof the T9000/C104routineshas
beenimplementedinderthe VCR system.

For both T8 andT9000/C104helowestlevel sendandreceve routinesarecalled
by the pair of processewhich wish to communicateOn the T8 only communication
betweendirectly connectedrocessorss supported.To provide point-to-pointcom-
municationbetweendistantprocessorsvould requireall the other processeso call
the communicatiorroutine even thoughthey were neitherthe sourcenor destination



B. Programmindechniques 141

for the messageAllowing only neighbourcommunicatiormeansthe sourcecodeis
portableto the T9000/C104architecturealthoughT9000/C104codeis not portable
backto the T8. However the resultingcodewill probablybeinefficient sinceit will
useseveral unnecessarpoint-to-pointcommunicationgo reachits destination.The
alternatve of having every processsynchronisen sendandreceve is againportable
betweenT8 and T9000/C104architecturesdut is a horrible kludge for T9000/C104
code.TheT9000/C104endandreceve routinesdo provide point-to-pointcommuni-
cationwithout requiringsynchronisationvith every process.

For the high level communicationroutineson both the T8 and T9000/C104all
processemustsynchronisdy calling theroutine.No facility for declaringsubgroups
of processeblasbeenimplemented.This is a reasonableestrictionfor the programs
studiedin this work sinceevery processs involvedin the algorithmandwill wantto
takepartin thecommunicatiorto sendor receve data.

Currentlywe have only implementechigh level routinesfor the T9000/C104.In
thisimplementatiorwe usetwo arraysof p* virtual channelgo provide all-to-all con-
nectvity. At the configurationlevel of the occam programeachprocesss passed
a vectorof input channelsj n, anda vectorof outputchannelsput , connectingo
every otherprocess.The processdoesnot usethesevectorsin ary way but merely
passeshemto thecommunicatiorsubroutinesThe communicatiommoutinesusepar
allelthreadgo minimisethedelaysdueto communicationateny andidle timeduring
synchronisationFor example,hereis the codefor the gatheroperation:

- gather vector fromall processes to root
PROC gat her. out ([] CHAN OF ANY in, out, VAL INT root, num procs, id,
VAL []REAL32 vec, VAL INT dim

SEQ
out[root-1] ! dim
out[root-1] ! [vec FROM 0 FOR di m

PROC gat her.in([]CHAN OF ANY in, out, VAL INT root, num procs, id,
VAL []REAL32 vec, VAL INT dim []REAL32 dest, VAL INT dest.dim
INT min.size, extra:

SEQ
m n.size : = dest.di mMnum procs
extra := dest.di m num procs
PAR i = 1 FOR nax. procs
INT start, size:
SEQ
I F
i <= num procs
SEQ
I F
i <= extra
SEQ
size := mn.size+l
start := (mn.size+l)*(i-1)
TRUE
SEQ
size := mn.size
start := ((mn.size+l)*extra)+(mn.size*((i-extra)-1))

I F
i =id
SEQ -- just copy ny slice
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[dest FROM start FOR size] := [vec FROM 0 FOR si ze]
TRUE
SEQ -- input slice
infi-1] ? size
infi-1] ? [dest FROM start FOR si ze]
TRUE
SKIP -- cope with static PAR range

Noticethattheoperatiorhasactuallybeenmplementedisingtworoutines:gat her. i n
is calledby thedestinatiorprocessandrecevesblocksof datafrom every processin-
cludingcopyingablock of its own; gat her . out is calledby all theotherprocesses
andoutputsablockto thedestinatiorprocessThesetwo routinesshouldbe combined
into a singleroutinecalledby every processhut they wereinitially implementedsep-
aratelyto simplify the parametelist of the outputtingprocesses.

Onelimitation of the currentimplementations that thereis only a single chan-
nel betweenary pair of processes.For example, the all-to-all broadcastlgorithm
describedn AppendixA usesp parallelbroadcasbperationsHowever, with our cur-
rentcommunicationgmplementatiorwe cannotexecuteparallelbroadcasbperations
sincethey will conflict over useof the channels.Instead we have implementedhe
all-to-all broadcastor exchangeyoutineusingthe gatheroperatiorgivenabove. This
routineis givenbelow:

PROC exchange([] CHAN OF ANY in, out, VAL INT num procs, id,
VAL []REAL32 vec, VAL INT dim []REAL32 dest, VAL INT dest.dim

PAR
gather.in(in, out, id, numprocs, id, vec, dim dest, dest.dim
PAR i = 1 FOR nax. procs
I F
i =id
SKI P
i <= num procs
gather.out(in, out, i, numprocs, id, vec, dim
TRUE

SKIP -- cope with static PAR range

B.4 Savecode

With this suiteof communicationsoutines programsecomenucheasierto develop.
The following listing is the slave codefor the full matrix Method| BFGS updateof
Chapte6.

WHI LE conti nue
SEQ

-- receive new g, s fromnaster
broadcast.in(in, out, 1, numprocs, id, g, n)
broadcast.in(in, out, 1, numprocs, id, s, n)
-- distribute p, y to slaves as p.s, y.s
scatter.in(in, out, 1, numprocs, id, p.s, numrows)
scatter.in(in, out, 1, numprocs, id, y.s, numrows)
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-- step 1: calculate distributedt int.s
sgenv("N', numrows, n, 1.0(REAL32), hessin, SlIZE hessin,
g, 1, 0.0(REAL32), t.s, 1)
-- step 2: calc. z (distributed el enents)
-- z[] = s[]-t[]+p[]
scopy(numrows, [s FROMstart.row FOR numrows], 1,
[z FROM start.row FOR numrows], 1)
saxpy(numrows, -1.0(REAL32), t.s, 1,
[z FROM start.row FOR numrows], 1)
saxpy(numrows, 1.0(REAL32), p.s, 1,
[z FROM start.row FOR numrows], 1)
-- step 3:
-- ga 1= s[]y[]
gl obal . sun(in, out, 1, numprocs, id,
[s FROM start.row FOR num rows],
y.s, numrows, FALSE, ga)
-- step 4:
-- de 1= z[]y[]
gl obal . sun{in, out, 1, numprocs, id,
[z FROM start.row FOR num rows],
y.s, numrows, FALSE, de)
-- step 5:
-- receive de, ga
[ 1] REAL32 de.vec RETYPES de:
broadcast.in(in, out, 1, numprocs, id, de.vec, dummy)
[ 1] REAL32 ga.vec RETYPES ga:
broadcast.in(in, out, 1, numprocs, id, ga.vec, dummy)
-- z[] = (z[]-de*s[])/ga
saxpy(numrows, -de, [s FROM start.row FOR numrows], 1,
[z FROM start.row FOR numrows], 1)
sscal (numrows, 1.0(REAL32)/ga,
[z FROM start.row FOR numrows], 1)
-- get conplete vector z to all slaves
exchange(in, out, numprocs, id,
[z FROM start.row FOR num rows], num rows,
z, n)
-- step 6:
-- hessin[][] := hessin[][]+z[]s[]+s[]z[]
-- for full matrix distributed by block rows
sger (numrows, n, 1.0(REAL32),
[z FROM start.row FOR numrows], 1,
s, 1, hessin, SIZE hessin)
sger (numrows, n, 1.0(REAL32),
[s FROM start.row FOR numrows], 1,
z, 1, hessin, SIZE hessin)
-- step 7:
-- ga :=s[]g[] distributed
gl obal . sun(in, out, 1, numprocs, id,
[s FROM start.row FOR num rows],
[g FROM start.row FOR num rows],
num rows, TRUE, ga)
-- step 8:
-- de := z[]9g[] distributed
gl obal . sun{in, out, 1, numprocs, id,
[z FROM start.row FOR num rows],
[g FROM start.row FOR num rows],
num rows, TRUE, de)
-- step 9:
-- p[] := t[]+ga*z[] +de*s[]
-- p.s is distributed as is t.s; s and z are conplete
-- negate to give sane sign as mlseq
scopy(numrows, t.s, 1, p.s, 1)
saxpy(numrows, ga, [z FROMstart.row FOR numrows], 1, p.s, 1)
saxpy(numrows, de, [s FROM start.row FOR numrows], 1, p.s, 1)
-- collect p back to master
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gather.out(in, out, 1, numprocs, id,
p.S, hum rows)
- ask master whether to do an iteration
[ 1] REAL32 conti nue.vec RETYPES conti nue. byt es:
broadcast.in(in, out, 1, numprocs, id, continue.vec, dumy)

The programhasbeenreducedo a sequenc®f calls to the communicatiorrou-
tines and assemblecodedBLAS routinesthat operateon local data. No detail of
the underlyingarchitecturas visible to the program,sothe programis consequently
portableto otherparallelarchitecturesncluding parallel Fortranervironments. The
efficiengy of the programis notlostin portingthe codeto anotherarchitecturesince
we expectthenew architecturedo have efficientimplementationsf theBLAS routines
andthe communicatiommoutines.

This algorithmmakesuseof high level communicatiorroutinesandlocal BLAS
routines. Another group of routinesthat will be usedby otheralgorithmsare dis-
tributedBLAS routines. Theseroutineswould have the samespecificatiorasthe se-
guentiallocal dataBLAS, exceptthatthe datamanipulatedvould no longerbe local
to a singleprocessbut would be distributedacrosghe processeslo useoneof these
routinesall the slave processesall the routine passingtheir local blocksof the dis-
tributeddataobjectsto be manipulated.Someroutinesmight invoke communication
routinesto exchangedata,in which casethe processesvill be synchronisedyhilst
othersmaynot requirecommunication.

For example,Step5 of thefull matrixMethodl BFGSalgorithminvolvesanAXPY
operationln theT9000/C104slave codethis operatiorhasbeenmplementedhsaccall
to thelocal dataAXPY routine. Instead a distributed AXPY routinecould be invoked
usingthesameparametelist but with theadditionof communicatiorparametersThe
programmeis codewould be the sameexceptthata differentBLAS routineis called.
The conceptuatlifferenceto the programmeis thatwhereador the first method the
programmeihasto be fully aware of all the datadependencieand communication
requirementsor theoperationput in the secondnethodthesessuesaretakencareof
by theimplementatiorof the distributed BLAS routine. In the caseof the AXPY op-
eration thefirst methodrequireshe programmeto realisethatthealgorithmicAXPY
operatiorcanbeimplementedy entirelylocal dataAXPY routineswith thegivendata
distribution for this algorithm. If the programmeralledthedistributed AXPY routine
insteadthenthe routine itself would ensurethat ary necessargommunicationsre
performedo obtainthesameresultasthe algorithmicAXPY operation.

This distinctionbecomesnoreimportantfor BLAS routinesthatdo requirecom-
munications.For examplethe rank 2 updatein Step6 hasbeenimplementedy two
local dataGER rank 1 updateroutinesprecededy an all-to-all broadcasbf the dis-
tributedvectorz. If the programmeinsteaduseda distributedrank 1 updateroutine
thenthe needfor the communicatiorof vectorz could betakencareof by theroutine
itself andthe programmeneednot be concernedvith it. By extension,the program-
mercouldscattethevectors usingthe samedistribution asfor z andlet thedistributed
CERroutinetakecareof thecommunicatiomequiredto broadcasboths andz. Using
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thesedistributed BLAS routinessimplifiesthe programmergask considerablysince
ary communications performedby the routineitself insteadof beingthe responsi-
bility of theprogrammerThis shortensslave codelengthanddecreasedevelopment
time. However, the programmesshouldstill be aware of the underlyingcommunica-
tion operationsn orderto designefficient programs.

B.5 Parallelism

An importantfeatureof the style of programmingllustratedby the BFGS codejust
givenis thatit is sequentialTheprogrammetakeshe sequentiahlgorithmandwrites
sequentialcode which operateson distributed data. The communicationgoutines
whichthe programmecallsmayexploit parallelismfor improvedperformancéut the
programmeis own codeis almosta directimplementatiorof thesequentiaalgorithm.
Parallel performances achiezed sincethe codeis executedon every processor This
approachmakesmplementatiommucheasiethanusingexplicit parallelismwithin the
codefor eachprocess.

But we mustask oursehes hov much performancanay be improved by using
explicit parallelism. Eachcommunicatiorsubroutinesynchronisesll the processes,
which mayintroduceidle time. Is therea way we canintroduceasynchronouspera-
tion into analgorithmor otherwiseavoid thisidle time?

One techniquewhich can be usedeffectively is to overlap communication®p-
erationswith local computation. This techniqueis usedin the T9000/C104sorting
algorithmof Chapter4. The performancamprovementsobtainedby usingexplicit
parallelismto overlapcommunicatiorandcomputatiorwill depencontheratio of the
amountof communicatiorwork to computationwork. If the computationcostdomi-
nateshenthe completecostof the communicatioroperationcanbe hiddenbehindthe
computation.Thiswould give significantimprovementsn performanceOn the other
hand,if the communicatiorncostis greaterthenthe computationcost,asis the case
for the sortingexample,thenthe computationis hiddenbehindcommunication.This
alsogivesbetterperformancehanexecutingthetwo operationsequentiallyhowvever
the speedupver a sequentiahlgorithmis lessthanin the othercasesincefor most
architectureshe costof anindividual communicatioris significantlylargerthanthe
costof anindividual computatioroperation.To usethis techniquethe dataoperated
onin thetwo thread=f the processnustbeindependentin the caseof thesortingal-
gorithmdataindependenceasobtainedby splitting a singlecommunicate-compute-
communicateeycle into two similarindependenthreadseachworking on one half of
thedata. Thenwhilst onethreadwasin its communicatehasethe otherthreadwas
in its computephase.

Givenenoughndependendata thisideacouldbeextendedo usemary morepar
allel threads.Cook[23, 24] describeghe improvementin performanceobtainedfor
two algorithmsby reformulatingthe algorithmsto introducedataand programflow
independencandthenusingseveral threadso performthe independenalgorithmic
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tasks.Thenumberof parallelthreadghatcanbeintroducedoy reformulatinganalgo-
rithmis usuallylow andalargeamountof extracodingmayberequiredto co-ordinate
theexecutionof thethreads.

Anotherway to achieve the sameaim of hiding communicatioroperationdehind
computationis suggestedy Valiant[91, 92]. He shaws that provided an algorithm
hasenoughparallelslacknesgor excessparallelism)it canbe implementedn a dis-
tributedmemoryMIMD machinewith optimalefficiengy. For aT9000/C104machine
thisis implementedoy creatingmary moreslave processethanthereareprocessors
andthenmappingsereral processesnto eachprocessaor Eachprocesseedonly be
sequential Thistechniqueattemptgo hideary communicatiodateny whenonepro-
cessstartsa communicatiorby usingthe processocyclesto performcomputationn
anothemrocess.The programmesrs taskis simplified considerablysincehe doesnot
needto useary explicit parallelism.However, increasinghenumberof processede-
creaseshe amountof dataheld on eachprocessand hencedecreasethe amountof
computatiorperformedby a process.This mayleadto the communicatiorcostfor a
procesdeinggreaterthanthe computationcost. Suchfine grainedalgorithmsdo not
performwell on currentdistributedmemoryarchitecturesincetheratio of communi-
cationcostto computationcostis generallytoo high. For coarsegrainedalgorithms,
which have a large ratio of computatiorto communicationthis techniquemay work
well. But suchalgorithmswill alsoperformwell by overlappingcommunicatiorwith
computation We have not tried this approaclyet, but it will bevery interestingo see
a comparisorof this techniqueandoverlappingcommunicationgndcomputatioron
aT9000/C104system.



Appendix C

Gaussian elimination results

This appendixcontainsthe measuredun-timesfor the Gaussiareliminationmethod
presentedn Chaptei3.

C.1 T8 measurements

Thefollowing tablesgive thewall-clockexecutiontime for thematrixfactorisatiorand
RHS forwardseliminationand backwardssubstitution.In the tablesfor parallelcost
measurementshe scattercolumnis thetime takento scatterthe matrix, the factorise
columnis the time takento factorisethe matrix, andthe RHS columnincludesthe
time takento scatterthe RHS vectorand gatherthe resultvectoraswell asthetime
for forwardseliminationandbackwardsubstitution.Timesweremeasuredisingthe
built-in timer on the mastertransputeandaveragedover five programruns. All times
arein secondsindaregivento upto threesignificantfigures.Thevariationin run-time
is very small. For example,for n = 400 the variationin total time wasunder+0.005s
(under0.1%),andfor n = 50 thevariationwas=+0.001s (underl%).

n | factorise(s) | rhs(s) | total(s)

50 0.162 | 0.011 0.173
100 1.23 0.045 1.27
200 9.54 0.179 9.72
400 75.2 0.713 | 76.0
600 253 1.60 | 254

TableC.1: Timingsfor sequentiaGaussiareliminationon T8 machine

147



C. Gaussiareliminationresults

148

n | p | scatter(s) | factorise(s) | rhs(s) | total(s)
50| 1 0.023 0.179 | 0.022 0.223
2 0.024 0.112 | 0.014 0.150
4 0.026 0.099 | 0.012 0.137
8 0.030 0.129 | 0.013 0.172
16 0.038 0.218 | 0.017 0.273
32 0.063 0.400 | 0.022 0.484
48 0.078 0.628 | 0.033 0.739
100 1 0.091 1.33 0.077 1.50
2 0.092 0.745 | 0.046 0.883
4 0.096 0.526 | 0.033 0.653
8 0.103 0.553 | 0.029 0.686
16 0.118 0.864 | 0.034 1.02
32 0.179 1.52 0.049 1.75
48 0.219 2.44 0.073 2.74
200 1 0.357 10.3 0.300 | 10.9
2 0.360 5.44 0.163 5.96
4 0.367 3.35 0.102 3.82
8 0.382 2.79 0.076 3.24
16 0.411 3.38 0.072 3.86
32 0.593 6.12 0.098 6.81
48 0.690 8.73 0.130 9.55
400| 1 1.42 80.8 1.18 83.4
2 1.42 41.6 0.617 | 43.6
4 1.44 23.1 0.348 | 24.9
8 1.47 15.8 0.224 | 17.5
16 1.52 16.1 0.182 | 17.8
32 2.14 25.0 0.215 | 27.3
48 2.41 34.8 0.262 | 37.4
600| 1 3.18 271 2.64 | 277
2 3.19 138 1.36 | 143
4 3.21 74.2 0.74 78.2
8 3.26 46.5 0.44 50.2
16 3.34 41.9 0.33 45.4
32 4.61 56.4 0.34 61.3
48 5.15 78.8 0.40 84.3

TableC.2: Timingsfor parallelGaussiareliminationon T8 machine
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C.2 T4 measurements

n | factorise(s) | rhs(s)
16 0.06 0.01
32 0.45 0.04
64 3.51 0.17
128 27.7 0.69
256 220 2.78

TableC.3: Timingsfor sequentiaGaussiareliminationon T4 machine

n | p | factorise(s) | rhs(s)
16| 2 0.05 0.009
4 0.04 0.007
8 0.04 0.007
16 0.05 0.009
32| 2 0.27 0.032
4 0.18 0.021
8 0.15 0.017
16 0.17 0.018
64| 2 1.91 0.118
4 1.09 0.067
8 0.75 0.046
16 0.70 0.041
128| 2 14.3 0.455
4 7.53 0.239
8 4.50 0.142
16 3.42 0.105
256 | 2 111 1.79
4 56.1 0.903
8 30.8 0.492
16 19.9 0.316

TableC.4: Timingsfor parallelGaussiareliminationon T4 machine
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Bitonic sorting results

This appendixcontainsthe measuredun-timesfor the T8 bitonic sortalgorithmpre-
sentedn Chapte4.

The parallelbitonic sortalgorithmfor the T8 architecturedescribedn Chapter 4
wastestedntheParsysSupernodelescribedn Chapterl. Testdatawasderivedfrom
arandomnumbergeneratar Timings weremadefor a rangeof problemsizes,n, and
machinesizes,p. Thesetimeswerecomparedvith an efficient sequentiauicksort
algorithm. Thetimesweremeasuredisingthe built-in timer on the mastertransputer
andaveragedover four programruns. All timesarein secondsndaregivento upto
threesignificantfigures. The variationin run-timeis small; the total executiontime
for thesequentiahndparallelalgorithmsvariedby lessthan2% over thefour program
runsfor eachparticularproblem. This indicatesthat the randomnumbergenerator
wasproducingbalancedsetsof dataandnot extremecasesvhich would be expected
to give markedlydiffferentrun-times.

Table D.1 shawvs the measuredun-timesfor the sequentialquick sort program.
In Table D.2 we shav the run-time of the parallelprogrammeasuredy the master
processofor thedifferentproblemsizesandmachinesizes.In additionwe illustrate
the proportionof the total time thatis takenby four partsof the parallelalgorithm.
Thesefour partsarethe initial scatterof the unsorteddata,the sequentiabjuick sort
on eachprocessarthe parallelbitonic sort,andthefinal gatherof the sorteddata. The
timesgiven for thesephasef the algorithmis the time measuredy the first slave
processorThetimesfor otherprocessorin thearrayvary. As the processonumber
increaseq,e.,theprocessorgetfurtherawayfrom themasteprocessqithecostsvary
asfollows: the scattercostdecreaseghe sequentiabuick sortcostremainsconstant,
andthe bitonic sortandgathercostsincrease Hencethesefiguresare presenteanly
to illustrateapproximatelythe proportionof the total time spentin eachphaseof the
algorithm.
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n time (s)
2048| 0.046
8192 0.213
32768| 0.970
131072 4.29
524288| 19.0

TableD.1: Timingsfor sequentiafjuicksorton T8 machine

n p | scatter(s) | QS(s) | bitonic(s) | gather(s) || total(s)
2048 | 1 0.009 | 0.044 0 0.009 0.063
2 0.010 | 0.020 0.033 0.010 0.073
4 0.014 | 0.008 0.045 0.014 0.081
8 0.021 | 0.004 0.060 0.021 0.106
16 0.026 | 0.002 0.077 0.026 0.132
32 0.031 | 0.001 0.095 0.031 0.159
8192| 1 0.037 | 0.215 0 0.037 0.285
2 0.038 | 0.099 0.146 0.038 0.319
4 0.042 | 0.044 0.187 0.042 0.314
8 0.049 | 0.020 0.201 0.049 0.318
16 0.064 | 0.008 0.228 0.064 0.363
32 0.104 | 0.003 0.326 0.104 0.538
32768| 1 0.146 | 0.961 0 0.146 1.25
2 0.148 | 0.435 0.639 0.148 1.38
4 0.152 | 0.198 0.795 0.152 1.30
8 0.160 | 0.090 0.800 0.160 1.21
16 0.175 | 0.042 0.788 0.175 1.18
32 0.250 | 0.019 0.912 0.250 1.43
131072 1 0.585 | 4.27 0 0.585 5.44
2 0.590 | 2.07 2.78 0.590 6.00
4 0.596 | 0.983 3.46 0.596 5.64
8 0.604 | 0.456 3.23 0.604 4.89
16 0.619 | 0.209 2.98 0.619 4.43
32 0.830 | 0.095 3.40 0.830 5.14
524288 1 2.34 | 18.6 0 2.34 23.3
2 2.36 9.20 11.8 2.36 25.5
4 2.37 4.27 14.2 2.37 23.2
8 2.38 1.99 13.8 2.38 20.5
16 2.40 0.92 12.6 2.40 18.3
32 3.15 0.46 13.5 3.16 20.3

TableD.2: Timingsfor parallelbitonic sorton T8 machine
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