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Abstract

This thesisdiscussestechniquesfor thedesignandimplementationof parallelnu-
mericalalgorithmsfor distributedmemoryMIMD architectures.Thealgorithmsare
targetedatmachinesbasedontheINMOS transputerfamily of microprocessorswhich
includetheT4, T8 andT9000processors.We investigatehow featuresof eachmem-
berof thetransputerfamily affect thedesignof numericalalgorithms.Run-timecost
modelsaredevelopedto give predictionsof the total executiontime of algorithms.
Thesecostmodelsallow usto studytherun-timecharacteristicsof algorithmsandthe
impactof thecomputerarchitectureon algorithmrun-time.occam implementations
of algorithmsaredevelopedandtheir performanceis comparedwith the predictions
givenby thecostmodelsto seehow muchcredencecanbegivento themodels.The
algorithmsaredesignedfor both efficiency andportability betweena wide rangeof
distributedmemoryMIMD architectures.The costmodelscanhelp to estimatethe
performanceof an algorithmon a differentdistributedmemoryarchitectureandon
futuregenerationsof machines.

The portability of algorithmsis maximisedby the useof modularprogramming.
Algorithmsuselow-level library routinesfor communicationsandcomputation.These
routinesareoptimisedfor eachtargetarchitectureto achieve reasonableperformance
for thecompletealgorithm.

Algorithmsfrom awiderangeof numericalprogrammingfieldshavebeeninvesti-
gated.Eachareahighlightsdifferenttechniquesthatcanbeemployedin thedesignof
goodparallelalgorithms.In linearalgebrawe look at theGaussianeliminationalgo-
rithm. This algorithmis very importantandillustratesmany techniquesapplicableto
parallellinearalgebraalgorithms.Anothervery importantfield is sorting. Designing
goodparallelsortingalgorithmsis very difficult becauseof the low computationcost
comparedwith datasize.Finally, welook at two algorithmsfrom non-linearnumerical
optimisation.Thesealgorithmsclearlyillustratetheuseof low-level communications
andcomputationroutinesto achieve portableandefficient algorithms.They indicate
theway in which larger, morecomplicatedprogramsmaybedevelopedfrom simpler,
existing routinesthusreducingsoftwaredevelopmenttime.
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Chapter 1

Introduction

This chapterprovidesa shortoverview of the aimsof the thesis. The remainderof
thechapterthenpresentsanintroductionto scientificparallelcomputing.Westartthis
introductionwith a discussionof thedevelopmentof parallelcomputerarchitectures.
This is followedby anoverview of currentMIMD architecturesandin particularthe
architectureof transputersystems.We thendiscussthetypesof parallelprogramming
modelsandlanguagesthatareusedfor MIMD architecturesandthedifferentcompu-
tationaltechniquesthatareavailableto thescientificprogrammer.

1.1 Overview

This thesisdiscussestechniquesfor the designand implementationof parallel nu-
mericalalgorithmsfor distributedmemoryMIMD architectures.Thealgorithmsare
targetedatmachinesbasedontheINMOS transputerfamily of microprocessorswhich
includetheT4, T8 andmostrecentlytheT9000.We investigatehow featuresof each
memberof thetransputerfamily affect thedesignof numericalalgorithms.Two of the
mostimportantquantitiesto consideraretheratioof floatingpointcomputationrateto
communicationrate,andthearchitectureof thecommunicationsubsystem.

Wedeveloprun-timecostmodelsfor eachalgorithmstudiedto giveaninsightinto
thetotalexecutiontimeof thealgorithm.This is anextensionof thewell known tech-
niqueof quantifyingthecompexity of asequentialalgorithm.Thesecostmodelsallow
us to studythe run-timecharacteristicsof algorithmsandtheimpactof thecomputer
architectureonalgorithmrun-time.occam implementationsof someof thealgorithms
aredevelopedandtheirperformanceiscomparedwith thepredictionsgivenby thecost
modelsto seehow muchcredencecanbegivento themodels.

The algorithmsaredesignedfor both efficiency andportability betweena wide
rangeof distributedmemoryMIMD architectures.With this in mind, the costmod-
elscanbeusedto estimatetheperformanceof analgorithmon a differentdistributed
memoryarchitectureandonfuturegenerationsof machines.Theportabilityandmain-
tainability of algorithmcodeis maximisedby theuseof softwareencapsulation.Al-

1



1. Introduction 2

gorithmsuselow-level library routinesfor communicationsandcomputation.These
routinesareoptimisedfor eachtargetarchitectureto achieve reasonableperformance
for thecompletealgorithm.

Algorithmsfrom awiderangeof numericalprogrammingfieldshavebeeninvesti-
gated.Eachareahighlightsdifferenttechniquesthatcanbeemployedin thedesignof
goodparallelalgorithms.In linearalgebrawe look at thesolutionof systemsof linear
equationsby Gaussianelimination.TheGaussianeliminationalgorithmis veryimpor-
tant andillustratesmany techniquesapplicableto parallel linear algebraalgorithms.
Anothervery importantfield is sorting. Designinggoodparallelsortingalgorithms
is very difficult becauseof the low computationcost comparedwith datasize. Fi-
nally, we look at two algorithmsfor unconstrainednon-linearnumericaloptimisation.
Thesealgorithmsclearly illustratethe useof low-level communicationsandcompu-
tationroutinesto achieve portableandefficient algorithms.They indicatetheway in
which larger, morecomplicatedprogramsmay be developedfrom simpler, existing
routinesthusreducingsoftwaredevelopmenttime.

Thethesisis arrangedasfollows: Theremainderof this chapterpresentsanintro-
ductionto scientificparallelcomputing.Chapter2 discussesthe calculationof cost-
modelparametersfor transputerarchitectures.Theseparametersarethenusedin the
following chaptersto predicttheperformanceof thealgorithmsexamined.Thenext 4
chaptersdetail thealgorithmsstudiedandpresentperformanceresults:Chapter3 dis-
cussesGaussianeliminationandChapter4 coverssorting. Chapters5 and6 describe
algorithmsfor the Newton andquasi-Newton optimisationmethodsrespectively. In
Chapters7 and8, we presenta discussionandsummaryof the resultsobtained,and
indicatedirectionsfor futurework.

In additiontherearefour appendices.AppendixA describesthecommunication
routinesdevelopedin this work and Appendix B discussesthe programmingtech-
niquesused.Thelasttwo appendicescontaintherun-timemeasurementsfor theGaus-
sianeliminationandsortingalgorithms.

The thesisdescribeswork conductedwithin two EuropeanESPRITprojects:Su-
pernodeI (P1085)which ranfrom 1986to 1988,andPUMA (P2701)which ranfrom
1989 to 1991. The SupernodeI project was basedon the T8 architecture. Chap-
ters3 and4 describework conductedwithin thatprojectin 1988[74, 75]. ThePUMA
project was basedon the T9000/C104architecture. Work undertakenduring this
project[77, 79, 78, 76, 80] is presentedin Chapters2, 4, 5 and6.

Parallel computinghasbeendevelopingrapidly over the pastfew years. This is
reflectedin thethesisin severalways:Betterparallelalgorithmshavenow (July1993)
beendevelopedwhichsupersedesomeof thealgorithmsdescribedhere,mostnotably
theGaussianeliminationalgorithm.

Architecturedesignshave improvedsignificantlyover theyearsof this thesis.The
limited connectivity of theT8 architecturehasbeenreplacedby thepoint to pointcon-
nectivity of theT9000/C104architecture.TheT8 algorithmsdescribedin Chapters3
and4 in factonly useachainof processors,insteadof agrid, sincethiswasdictatedby
theLiverpoolLibrary [32] design.However, theT9000/C104algorithmsmakefull use
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of thatarchitecture’srich connectivity asthesealgorithmswerenotpartof theLibrary.
Parallel softwareenvironmentshave also improved significantly. At the start of

this work therewereno standardsto easeprogramdevelopmentandportability. Now,
we will soonhave a widely acceptedstandardfor communicationsoperationsin the
MPI [44], andstandardparallelextensionsto Fortranin HPF[43].

With theseadvancesin mind, we trust that the work describedin the following
chaptersgivesa reasonablepictureof the stateof parallelcomputingat the time the
work wasundertaken.

1.2 Computer architectures

Ever sincethefirst generalpurposeelectronicdigital computer, theENIAC, wascom-
pleted in 1946 the scientific communityhasdemandedgreaterand greaterperfor-
mance[8]. For this community, performanceis measuredin termsof the time taken
to perform floating point (FP) operationsneededfor scientific calculations. That
first computercouldaddtwo ten decimaldigit numbersin �	�
��� s [58]. Eachvector-
processingnodeof a CrayY-MP C90 supercomputer, first deliveredto customersin
1992,hasa doubleprecisionFPpeakperformanceof 1Gflop/s.Thelargestcurrentin-
stalledsystemconsistsof 16 vector-processingnodesgiving a totalpeakperformance
of 16Gflop/s.This is anincreasein performanceby a factorof 
���� over 46years.The
ENIAC couldperhapsbeconsideredto bethefirst parallelcomputersinceit hadmany
independentcomputingunitswhichcooperatedin solvingaproblem.Thustheconcept
of parallelcomputationis not new, but hasbeenexploitedin variouswaysthroughout
theshorthistoryof digital electroniccomputers.

MostearlycomputersfollowedthevonNeumannarchitecturewheretheprocessor
madeserialaccessesto wordsof datastoredin memory. To improve theperformance
of this architecturemany parallelprocessingtechniquesweredeveloped. Pipelining
of instructionfetch, decodeandexecutionwasfirst introducedin the ATLAS com-
puter in 1963. The CDC 6600,producedin 1964,featuredmultiprocessingwith 10
independentperipheralunits which executeddifferent instructionson differentdata
simultaneously. In 1976thefirst vectorcomputer, theCray1, wasproducedandfea-
turedspecialpurposevectorregistersandfunctionalunits for vectoroperations.All
thefunctionalunitswerehighly pipelined.

Thelevel of integrationof theseold supercomputerswaslow andsothey werevery
expensive to manufacture.This situationchangeddramaticallyin the1980swith the
introductionof VLSI (Very LargeScaleIntegration).Improvementsin VLSI technol-
ogyhavegivenunprecedentedperformanceincreasesoverthepast10years.Whilst the
minimumfeaturesizehasdecreasedfrom �	� microns( �	��� ) in 1960to ������� in 1992,
chip sizehasincreasedfrom 2mmin 1960to 13mmin 1990[56]. Decreasingfeature
size(increasingdensity)leadsto fastercircuit speedandthusfastercycle timesfor mi-
croprocessors.Thecombinedincreasesin densityandchipsizegiveahugeincreasein
thenumberof componentsavailableperchip. Modernmicroprocessorsarenow util-
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ising this silicon areato incorporateall thetechniquesdevelopedfor supercomputers
over thepast40years.Hencemicroprocessorsfeaturemultipleindependentfunctional
units(calledasuperscalararchitecture)andpipelined(or superpipelined)operation,as
well as large on-chipcachesandadvancedmemorymanagement.Microprocessors
suchastheDECAlphacanprovideafloating-pointperformanceof 150Mflop/swhich
is aboutthe sameas the Cray 1. This trend of rapid increasesin single processor
performancelookssetto continuefor someyearsto come[88].

Alongsidethedevelopmentsin singleprocessorarchitecturesduringthe1970sand
1980stherewas also much work on the designof parallel computerarchitectures.
TheILLIA C IV (first workingsystemdeliveredin 1975)consistedof an8x8 arrayof
64bit floating point processingelements(PEs)eachwith its own local memoryand
nearest-neighbourcommunicationson a grid topology. All the PEswerecontrolled
by a centralcontrolunit executinga singleprogram.Anothersimilar system,theICL
DAP, was deliveredin 1980. This had a 64x64array of single bit PEsagainwith
nearest-neighbourgrid communications.

At thistime,othertypesof parallelarchitectureswerealsodeveloped.Thesearchi-
tectureshadmany independentprocessorsexecutingdifferentprogramswith different
data.We distinguishthesearchitecturesfrom pipelinedandsuperscalarprocessorar-
chitecturessincethelatterdo not usemultiple distinct instructionstreams.Thesear-
chitecturesarealsodistinguishedfrom earliersystemsby having tightly coupledpro-
cessors,thatis,processorswhichcancommunicatewith oneanotherrelatively quickly
to cooperatein solvinga problem.For example,theCosmicCube,built in 1983,con-
sistedof 64Intel 8086/8087nodesconnectedtogetherin asix dimensionalhypercube.
Theprocessingnodescommunicatedwith their near-neighboursby passingmessages
alongthe six edgesof the hypercube.This machinewasproducedcommerciallyas
theIntel iPSC.Anotherexampleis theCrayX-MP whichwasintroducedin 1982and
consistedof two Cray1 computersconnectedto asharedmemory.

Thelargenumberof differentparallelarchitecturesthathave beendesignedmake
classificationdifficult. Themostwidelyknowncomputerclassificationisdueto Flynn[42].
This classificationprovidesa useful framework for discussingparallelarchitectures.
Flynndividescomputerarchitecturesinto four classesdistinguishedby how thearchi-
tecturedealswith sequencesof programanddatavalues(programanddatastreams):

SISD singleinstructionstream/singledatastream.This is theclassicsequentialvon
Neumanncomputerarchitectureand includespipelinedand superscalarma-
chines.

SIMD single instructionstream/multipledatastream. This is a classof parallelar-
chitecturesincludingarrayprocessorssuchastheILLIA C IV andICL DAP. It
shouldperhapsalsoincludevectorprocessorssuchasthe Cray 1, sincethese
architecturesexecutesinglevectorinstructionswhich operateon multiple data
values.

MISD multipleinstructionstream/singledatastream.Thiswouldbeaclassof parallel
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Figure1.1: ThemainMIMD architectures

architectures,but no designhasyetbeenproposed.

MIMD multipleinstructionstream/multipledatastream.Thisis thepredominantpar-
allel architectureclass,including all multiprocessorarchitecturessuchas the
sharedmemoryCrayX-MP andthedistributedmemoryCosmicCube.

It shouldbeemphasisedthatmany architecturesdo not fit neatlyinto Flynn’s classi-
fication, but may containelementsof morethanoneclass. This is particularly true
of MIMD architectureswhichcommonlyhaveadvancedvectorprocessorsasprocess-
ing nodes.Hence,for our purposeswe shall considervectorprocessorsasa special
caseof theconventionalSISDarchitecturewith highly advancedFPperformance.The
remainingSIMD architectureshave beenshown to bevery efficient for certainappli-
cationareassuchasimageprocessing.However, in recentyearsmost researchand
developmenteffort into parallelcomputinghasbeendirectedtowardsMIMD architec-
tures.It is now widely acceptedthat this classof parallelcomputeris thebestchoice
for highperformance,generalpurposecomputing.

1.3 MIMD architectures

Theclassof MIMD computersincludesall computersthat have multiple instruction
streamsprocessingmultiplestreamsof data.Thisdefinitionis far toobroadfor general
useandsotheclassis usuallyfurthersubdivided[41]. Thetwo mainMIMD architec-
turesaredistributedmemoryandsharedmemoryarchitectures(seeFigure1.1). There
arealsoseveralotherarchitecturesthatdonotfit easilyinto eitherof thesetwo classes.
Theseincludedataflow architectures,reductionarchitecturesandwavefront(systolic)
architectures.

SharedmemoryMIMD architectureshave several processorsall connectedto a
sharedmemorysubsystemby a network.Thememoryis usuallypartitionedinto sev-
eralmodulesto allow simultaneousaccessto memoryaddressesin differentmemory



1. Introduction 6

Binary tree�

Grid

Chain�
4D Hypercube�

Figure1.2: Examplesof distributedmemoryMIMD interconnectionnetworks

modules.To improvememoryaccesstimeseachprocessorwill alsohave a largelocal
cache,but theserequirecomplex hardwarecachecoherency protocolsto functioncor-
rectly. Therearemany differentnetworkdesignsincludingbuses,cross-barswitches
andmultistagenetworks[96]. Thesearchitecturesusuallyhave only a few, high per-
formanceprocessorssincethe memorysubsystemquickly becomesa bottleneckas
the numberof processorsis increased.Therearemany examplesof sharedmemory
architecturesincludingtheCrayY-MP C90with up to 16vectorprocessors.

DistributedmemoryMIMD architectureshave many processorseachwith its own
localmemory. Theseprocessorsareconnectedtogetherby aninterconnectionnetwork.
As for sharedmemoryarchitectures,therearemany differentdesignsof interconnec-
tion networks(for someexamplesseeFigure1.2). TheearlyCosmicCubeandIntel
iPSCbothusedasix dimensionalhypercubenetworktopology. Systemsbasedaround
theINMOS T8 transputerusuallyusechainor grid topologies(seebelow). Mostof the
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newestarchitecturedesigns,suchastheIBM PowerParallel9076SP1,theConnection
MachineCM-5, theMeikoCS-2,andtheproposedT9000architecture(seebelow), use
multistagenetworks.Onenew machine,the Intel Paragon,usesa grid topology, and
Intel claimtheperformanceof theirnetworkmatchesthoseof theothermanufacturers.

Although eachmanufacturerusesproprietarycustomcommunicationshardware,
many of theprocessingnodesarebasedonstandardcommoditymicroprocessors:IBM
usesits RS/6000processor, whilst theIntel ParagonandothersusetheIntel i860pro-
cessor. The old Meiko ComputingSurfaceusedthe i860 but the new CS-2 usesa
SuperSPARC processorsupportedby two Fujitsuvectorprocessingchips. TheCon-
nectionMachineCM-5 alsousesa SPARC processorandoptionalvectorprocessors.
ThelongawaitedCrayMPP(Massively ParallelProcessor)machine,expectedtowards
theendof this year, will usethenew DEC Alpha chip. Thetrendin distributedmem-
ory MIMD architecturesis to usecommoditymicroprocessorsfor individual nodes
andcustominterconnectprobablybasedon a multistagenetwork.This choiceallows
parallelsystemsto benefitimmediatelyfrom developmentsin sequentialprocessorar-
chitecturesby simplyupdatingtheprocessingnodes.In thefuturewhenthereis more
consensusoninterconnectionnetworkdesign,wewill probablyseestandardinterfaces
to thecommunicationsnetwork.

As well asthe two distinct classesof distributedandsharedmemoryMIMD ar-
chitecturesthereare somesystemswhich are a combinationof both architectures.
Two machinesin thiscategory aretheKendallSquareResearchKSR1andtheAlliant
Campus/860.The Campusarchitectureconsistsof clustersof 16 processingnodes
connectedto a sharedmemorysubsystem.Multiple clustersarein turn connectedby
an interconnectionnetwork. TheKSR1 hasphysicallydistributedmemory, but each
processor’s memoryis treatedasa cacheanddatavaluesmigrateto a processorasit
requestsaccessto them. This allows the programmerto usea sharedmemorypro-
grammingmodel,but hopefully givesbetterscalableperformancethana physically
sharedmemoryarchitecture.

In this work wefocusourattentionon thedistributedmemoryMIMD architecture
offeredby the INMOS transputer. However, at all timeswe areinterestedin theap-
plicability of principlesandtheportability of algorithmsfrom this architectureto the
otherdistributedmemoryMIMD architectures.

1.4 Transputer architecture

The transputerfamily of microprocessorproductsaredesignedandmanufacturedby
an Englishcompany, INMOS, basedin Bristol. The first generationtransputer, the
T4, first appearedin 1985. It hasa novel architecturethatcombinesa standard32 bit
microprocessorfunctionalitywith on-chipsupportfor processor-to-processorcommu-
nicationsvia four bi-directionalseriallinks. Systemscanbedesignedwith very little
gluelogic sincetheprocessoralsohason-chipsupportfor DRAM memory. Networks
of T4 processorscaneasilybebuilt usingtheT4’s four hardwarelinks. Earlysystems
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consistedof processorboardsholding1 or 4 T4 processors.Boardswith 4 processors
hadtheir transputershard-wiredinto a ring usinghalf of the links, andtheremaining
links wouldbetakento thebackplane.Rackmountedsystemsallowedtheprocessors
onseveralsuchboardsto beconnectedtogether, by hand,usingtheseremaininglinks.
Reconfiguringsucha systemby handwasa tediousjob andasa resultmostsystems
wereleft configuredasa simplechainof processors(with perhapsa returnlink at the
end),or asa grid of processors(seeFigure1.2). Thesizeof networkswasalsovery
smallwith only around4 to 8 processorsavailable.

One of the main limitations of the T4 processorfor use in scientific “number
crunching” applicationswas its poor floating point performance. This quickly led
to thedevelopmentof thesecondgenerationof transputers,theT8, in 1988(seeFig-
ure 1.3). The instructionsetof the T8 is upwardscompatiblefrom the T4, but the
mainadvantageof this processoris that it hasfloatingpoint operationsimplemented
in hardware.Whencombinedwith effectiveuseof theon-chip4K of memory, theT8
comparesfavourablywith the INTEL i486 processorgiving a floatingpoint calcula-
tion rateof around1Mflop/s(seeChapter2). TheT8 retainedthefour hardwarelinks
from theT4 providing maximumtransmissionratesof either10Mbit/sor 20Mbit/s.At
10Mbit/s a link providesa usableuni-directionaldatabandwidthof about1Mbyte/s
(seeChapter2) andslightly lesswith bi-directionalcommunication.Largernetworks
of processorswere also being constructeddemandinga solution to the problemof
hand-wiringthelinks. Within theESPRITSupernodeI project(P1085)a switchchip
wasdevelopedwhichcouldstaticallyconnect16hardwarelinks, with only minor lim-
itationson theconnectivity permitted.Networksof theseswitchchipscouldbeused
to provideelectronicconfigurationof thetransputers.Thesedevelopmentsculminated
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in theParsysandTelmatSupernodemachinewhich allows networksof up to several
hundredtransputersto beelectronicallyconfigured(seeSection1.7). TheMeikoCom-
putingSurfaceis anothermachinewith similar capabilitiesthatwasdevelopedat this
time.

All of thesemachineswerestill limited to anessentiallystaticnetworkconfigura-
tion of a chainor grid beforea programrun (althoughtheSupernodecanin principle
be reconfigureddynamically). Hencean entireprogramcanuseonly onenetwork
configuration.This leadsto compromisesin the programdesignandperformanceif
two sectionsof aprogramcouldbeimplementedmostefficiently ontwo differentcon-
figurations. Therehasbeensomeinvestigationinto the practicalityof dynamically
switchingthe networkconfigurationduring run-time[9] but this hashigh overheads
andis cumbersomewith currentsystems.Another importantissueis the routing of
messageswithin thetransputernetwork.With thecurrentgenerationof transputerma-
chinesamessagecanonly besentdirectlyby a processorto oneof its four immediate
neighboursvia thehardwarelinks. If the messageis destinedfor a distantprocessor
not directly connectedto the sourceprocessorthenthe messagemustbe forwarded
throughall theinterveningprocessors.For networkswith a largediameterthis opera-
tion cantakefar longerthancommunicationwith a neighbouringprocessor. Efficient
algorithmdesignmusttakedatalocality into accountto avoid asmuchdistantcommu-
nicationaspossibleandinsteadperformmainly near-neighbourcommunication.The
situationis madeworseby the lack of hardwaresupportfor messageforwardingin
theT8 architecturewhich meansthatall forwardingmustbeperformedby theuserin
software.

Theseconsiderationsled to the designof the next generationof transputer, the
T9000[64], andits companionswitch chip, the C104 [65]. The T9000 instruction
set is againupwardscompatiblefrom the T8. However the instructiondecodeand
executionlogic hasbeencompletelyredesigned.The T9000is a superscalar, super-
pipelinedmicroprocessorarchitecturewith multiple functionalunits(seeFigure1.4).
To keepthepipelinedfunctionalunitssuppliedwith instructionsanddatatheinstruc-
tion decodelogic mustprocesstheprograminstructionstreamextremelyquickly. This
arisesfrom thedecisionto maintaininstructioncompatibilitywith oldergenerationsof
transputer. This instructionsetconsistsof very simple,singlebyteinstructionswhich
areexecutedin only a smallnumberof cycles. To provide a largeenoughinstruction
throughputtheT9000instructiondecodeunit includesa “grouper” which groupssets
of consecutive instructionsin theinputstreamwhichcanbeexecutedin parallelin the
differentfunctionalunits. A largeandcarefullydesignedcacheis alsorequiredin or-
derto providedataattheraterequired.Thesearchitecturalconsiderationsarecommon
to all thecurrentgenerationof superscalar, superpipelinedRISCprocessors.

WhatdistinguishestheT9000transputerfrom otherprocessorsisagainits commu-
nicationsubsystem.TheT9000providesfour serialhardwarelinks which implement
avirtual link, packet-basedcommunicationprotocol.To complementtheT9000links,
theC104switchchip hasinputsfor 32 of thesehardwarelinks. Theswitchchip can
routemessagesarriving on onelink to any of theother31 links. Networksof switch
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Figure1.4: Block diagramof theINMOS T9000transputer

chipscanbeconstructed,with T9000processorsconnectedto thenetworkon the re-
mainingswitch link inputs. This givesa systemwherea sourceprocessorcaninject
a messageinto the switch networkandthe networkthenroutesthat messageto the
destinationprocessor. Thesourceprocessordoesnot needto know thelocationof the
destinationprocessornor theroutethroughtheswitchnetwork;all this is handledby
the switch networkitself. Detailsof how messagerouting is implementedon these
systemsis givenin Chapter2 andin INMOS [51].

Therearemany factorsthatcandeterminethechoiceof switchnetworkincluding
financial cost, network bi-sectionalbandwidth,fault-tolerance,size and scalability.
The size of the network is measuredby the numberof attachedT9000processors.
This couldrangefrom 16 on smallsystemsto severalhundredon largesystems.Cur-
rentlargeT8 systemshave between100and400processors:theLiverpoolUniversity
ParsysSupernodehas96 T8 processors,andtheEdinburgh ParallelComputingCen-
tre Meiko ComputingSurfacehas400T8 processors.It is predictedthatlargeT9000
systemsfor scientificcomputationwill haveup to 512processors,althoughlargersys-
temsarepossible.A goodmeasureof thescalabilityof the networkis the degreeto
which theachievedIO bandwidthof a processingnoderemainsconstantasthenum-
berof processorsincreases.A networkwith goodscalabilityallows extra processors
to beaddedwithoutsignificantlydegradingtheachievedIO bandwidthof theoriginal
processors.For examplealthougha bus-basedarchitectureallows a largenumberof
processorsto beattached,thebandwidthavailableto eachprocessordecreasesrapidly
asmoreprocessorsareadded.Thebi-sectionalbandwidthof thenetworkis themax-
imum bandwidthavailablebetweentwo halvesof the network. This determinesthe
capacityof thenetworkto supportheavy communicationloads.
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For largesystemsit is importantthatfaultswith onecomponentor anotherdo not
causeundueinterferenceto therestof thesystem,but insteadagracefuldegradationin
serviceoccurs.In thecaseof theswitchnetworkthis meansthatfailureof oneswitch
chip or inter-chip link doesnot bring thewholesystemdown, but insteadalternative
messageroutesareusedthatavoid thefailedcomponents.Of course,improvementsin
all theseareasmustbebalancedagainsttheincreasein financialcostof thesystem.

Considerablestudyof theseissueshasbeendoneby a groupat SiemensAG [59,
60]. They recommendusinga replicatedfoldedClos-typemultistagenetwork. (See
Wilkinson [96] for a comparisonof the different typesof networks.) This type of
networkoffersgoodscalabilityandhasalow cost/performanceratio. Figure1.5shows
anexampleof asinglethree-stagefoldedClos-typemultistagenetwork.Thisnetwork
has512 external links for connectionto up to 512 T9000processors.The diameter
of thenetwork,i.e.. themaximumnumberof switchchipsthata messagemustpass
through,is only three. To increasethe networkbandwidthand provide good fault
tolerance,Hofesẗadtet al. recommendreplicatingthenetworkfour times,connecting
a link from eachprocessorinto eachnetwork.

Although developmentof thesechipswaspartly fundedby the ESPRITPUMA
project(P2701)whichfinishedat theendof 1991,they arenotyetbeingmanufactured
in quantity. They areexpectedto becomewidely availablein 1994.
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1.5 Programming models and languages

Accompanying the developmentsin distributedmemoryMIMD computerarchitec-
turestherehasbeenmuchresearchinto the designof suitableprogrammingmodels
for thesenew machines.Thishasled to thedevelopmentof a wide rangeof program-
ming languagesbasedon severaldifferentprogrammingmodels[10].

Thesimplestmodelis thatof a groupof sequentialprocessesexecutingin parallel
andcommunicatingwith eachotherby explicit messagepassing.Thismodelwasfirst
introducedby Hoare[57] andcalled the CSP(CommunicatingSequentialProcess)
programmingmodel. The modelmapsnaturallyonto a distributedmemoryMIMD
architectureandits low level specificationpermitsefficient implementationon these
systems.

Othermodelshaveahigherlevel abstractionfrom theunderlyinghardwaredesign.
Two of the most importantfeaturesof theseprogrammingmodelsarehow the dis-
tributedsystemisviewedandhow parallelismisexpressed.Althoughthehardwareisa
physicallydistributedsystem,someprogrammingmodelshave anon-distributedview
of thesystem.Thustheprogrammerseesa globalmemoryspacewhich is supported
by the languageimplementation.For examplethe Linda [4] programminglanguage
views memoryas a global tuple space. Anotherexampleis Parlog [22], a parallel
Prolog-likelogic language.As well ashaving a non-distributedsystemview, Parlog
alsoexpressesparallelismdifferentlyfrom CSP. In Parlogparallelismis expressedat
thelevel of thelogicclause.Parallelismmayalsobeexpresseddifferentlyin functional
andobject-orientedlanguages(seeBal [10] for details).However, themostcommon
way to expressparallelismis at the processlevel with multiple sequentialprocesses
executingin parallel,asexemplifiedby CSP. Most parallel languageslike Ada and
ConcurrentC supportthis styleof parallelism.Theoccam [95] languagetakesthis
processmodelonestagefurtherby consideringeachindividual programstatementto
bea completeprocessandthusallowsthemto beexecutedin parallel.

Programmingmodelsbasedon parallelprocessexecutionmaybesubdividedac-
cordingto themodelof interprocesscommunicationthatis used.Thesimplestmodel
for distributedmemoryMIMD systemsis messagepassingbetweenprocesses:mes-
sagestraversetheswitchnetworkbetweenthesourceanddestinationprocessors.Lan-
guagesthatsupportaglobalmemoryspace,suchasLinda,allow interprocesscommu-
nicationthroughshareddatastructures.This is themodelmostappropriatefor shared
memoryMIMD systemswhereprocessesexecutingon distinctprocessorsall access
a commonmemorysubsystem.For this model,processesmustcoordinateaccesses
to shareddatastructuresto ensurecorrectprogrambehaviour. This synchronisation
betweenprocessesis achievedby theuseof suchlanguageconstructsassemaphores,
critical regionsand monitors. On a physicallydistributedmemorysystem,the use
of a global memoryprogrammingmodelmustbe supportedeitherby virtual shared
memoryhardware(for exampletheKSR1)or by softwarebuilt onmessagepassing.

Messagepassingmodelsmayallow only point to point communications(CSP)or
they mayincludeone-to-many messagessuchasbroadcast.Somemodernarchitecture
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designsprovide hardwaresupportfor broadcastwhich canimprove programperfor-
mancesignificantly(for example,theCM-5). Therendezvousandremoteprocedure
call (RPC)constructsare further examplesof messagepassingmodelsalthoughthe
interprocesscommunicationis notexplicit.

The point-to-pointmessagepassingmodel is supporteddirectly in the CSPand
occam languages.However, many moreparallelsystemssupportthis modelthrough
theuseof extensionsto thestandardsequentiallanguagessuchasFORTRAN andC.
Thereis no standardyet for messagepassingprimitivesandso many incompatible
systemsexist includingMPI [44], PARMACS[54, 55], Express[27], PVM [14, 90],
theproposedBLACS[7, 40] andCS-Tools [71]. Communicationssystemsmaypro-
vide up to threedifferent typesof messagepassingsynchronisation:non-blocking,
blockingandsynchronouscommunications.Non-blockingandblockingcommunica-
tionsarebothasynchronousoperations.In a non-blockingcommunicationthesource
processtells the communicationsystemthe areaof memoryto be sentandimmedi-
ately continuesprogramexecution. The processis informedwhenthe messagehas
beensent. Similarly, thedestinationprocesscantell the communicationsystemthat
it is expectinga messageandprovide anareaof memoryfor the message.Thepro-
cesscontinuesexecutionandis informedwhenthemessagehasarrived.In a blocking
communicationthesourceprocessis blockeduntil themessagehasbeentransferred
from its memoryinto thecommunicationsystem.A receiving processis blockeduntil
themessagearrivesin its memoryarea.In a synchronouscommunicationthesource
processis blockeduntil thedestinationprocesshasreceivedthemessage.

All theprogramsdescribedin this thesishave beendevelopedusingthepoint-to-
point synchronousexplicit messagepassingmodelprovidedby theoccam language.
This languageallows very easyexpressionof parallel constructsand leadsto well
structuredandeasilyunderstoodparallelprograms.Thelanguageis alsowell matched
to thetransputerarchitecture.Thereis, however, animportantrestrictionon thepoint-
to-point communicationssupportedon T8 basedtransputersystems. The standard
occam implementationonly allows a singlecommunicationchannelto beplacedon
eachof thefour transputerlinks, andthis channelcanonly connecttwo processeson
neighbouringtransputers.Hence,point-to-pointcommunicationsbetweenarbitrary
processesare not supportedby the system. This restrictionleadsto the designof
algorithmswhich usea logical processconnectivity which canbe mappedonto the
physicalprocessorarray. Thus mostoccam programsare designedusing a chain
or grid of processes.The programsin this thesiswhich have beendesignedfor T8
architecturesusea chainof processes(seeChapters3 and4), exceptfor the Newton
algorithm(seeChapter5) whichusesa grid.

To overcomethisrestrictionasoftwaremessageroutingsystemfor T8 systemshas
beendeveloped[30]. This system,calledthe VCR (for Virtual ChannelRouter),al-
lowscommunicationbetweenprocessesthatarenotonadjacentprocessors.Usingthe
VCR incursa substantialcommunicationperformancepenaltyon T8 systemsso it is
not usedwhereefficiency is important.However, theVCR providesanexcellenten-
vironmentfor thedevelopmentof occam programsfor T9000/C104machines,which
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will havehardwaresupportfor arbitrarypoint-to-pointcommunications.Chapter6 de-
scribesa BFGSalgorithmwhich hasbeendesignedfor theT9000/C104architecture,
but implementedona currentT8 systemusingtheVCR.

As well aslooking at parallelprogrammodelsandlanguagedesignfrom theper-
spectiveof processparallelism,veryimportantprogresshasbeenmadeusingstructural
parallelism.Structuralparallelismpartitionsdatastructuresacrosstheprocessesand
exploitsparallelismby operatingonthedataelementsin parallelin eachprocess.This
approachis similar to that takenby languagesavailableon SIMD architecturesand
is often calledthe SingleProgramMultiple Data(SPMD) model. Most commercial
MIMD machineshave FORTRAN dialectswith structuralparallelismextensionsand
the forthcomingHigh PerformanceForum Fortran (HPF [43]) languageattemptsto
standardisetheseextensionsto aid portability of FORTRAN codes.Structuralparal-
lelism hasbeenoneof themostsuccessfulprogrammingtechniquesandis discussed
furtherin thenext section.

1.6 Computational models

Althoughprogramdesignfor MIMD systemsis still in its infancy, therearealready
a numberof recognisedprogrammingtechniques,or computationalmodels. These
computationalmodelsareconcernedwith thewayin whichprogramfunctionalityand
dataareallocatedto differentprocesses.Thedifferentmodelsaresuitablefor different
applicationareas.

The simplestcomputationalmodel is the processfarm. In this modelmany in-
dependentprocessesaregeneratedandfed with packetsof databy a masterprocess
which coordinatesthework. Theprocessesdo not have to beidentical,althoughthey
usuallyare. Sincetheprocessesareindependentthereis no communicationbetween
the processes;the only communicationoccurswhen the masterfarmsout datato a
processandwhena processreturnsa resultto themaster. This techniqueis ideal for
many imageprocessingtasks,suchasray tracing.

Another techniqueis to exploit the functionalparallelismin an algorithm. The
algorithmis partitionedinto severalprocesseswhich performdifferentfunctionsand
datais theninputto theseprocesses.Theoutputdataof oneprocessmayberequiredas
input to anotherprocessin whichcaseweconstructapipelineof processesto keepthe
processesbusyandmaintainhigh performance.This differsfrom thesimplefarm in
thatprocessesarenotnecessarilyindependentbut maycommunicatewith oneanother.
Thedegreeof parallelismthatcanbeobtainedfrom pipelinedfunctionalparallelism
is limited by thenumberof processingstepsthatthealgorithmcanbepartitionedinto
andthis is frequentlyrathera small number. For examplea compilermight perhaps
be partitionedinto four pipelinedprocesses:a tokeniser, parser, intermediatecode
generatorandback-endcodegenerator.

Thethird techniqueexploits structural,or geometric,parallelismin analgorithm.
In this casethe datais partitionedinsteadof partitioningthealgorithmfunctionality.



1. Introduction 15

Eachprocessexecutestheentirealgorithmbut only manipulatesthatpartof thedata
whichit holds.Theprocesseswill usuallyexchangedataandintermediateresultswith
oneanotherduringthecourseof thealgorithm. This is the typeof parallelismthat is
mostfrequentlyusedin scientificprogramsandhasprovedto bevery successful.As
mentionedin theprevioussection,this is alsothemodelof parallelcomputationbest
supportedby mostcommercialFortrandialectsincluding HPF. The designof algo-
rithmsusingstructuralparallelismisprimarilyconcernedwith findingadecomposition
of the datawhich minimisesthe amountof interprocesscommunicationwithout un-
duly increasingtheamountof computationrequired.For scientificapplications,which
frequentlyconsistof operationson large densearrays,the decompositionis usually
achieved by partitioningthe arraysinto equallysizedblocksof someregular shape.
Thealgorithmsexaminedin this thesisall makeuseof structuralparallelism.

Othercomputationalmodelsincludethedivide-and-conquer, dataflow, andsystolic
models. The divide-and-conquermodel is ideal for graphoperations.The systolic
modelhasbeenusedsuccessfullyfor simulatingmoleculardynamicsandhassim-
ilarities to a fine-grainedstructuralparallelismcomputationalmodel. Dataflow and
systolicmodelsof computationbothhave very fine-grainedparallelismandsodo not
performwell onmostgeneralpurposedistributedmemoryMIMD architectures.How-
ever, specialisedarchitecturesthatsupporteachof thesemodelsdo exist, for example
theManchesterData-Flow Computer[53] andtheiWARP[82].

1.7 Implementation and performance

The algorithmsstudiedin this thesishave beendesignedand implementedfor T8
andT9000basedtransputerarchitectures.Theprogramshave beendevelopedon the
ParsysSupernodesystemavailableatLiverpool.This is amulti-usermachineandcur-
rently hasa total of 96 T8 processors.Eachusermayrequesta domainof processors
from thepool of freeprocessors,andelectronicallyconfiguretheseprocessorsto his
requiredtopology. For this thesis,theprogramshave beenbenchmarkedon networks
of up to 48 T8 transputers.Theseprocessorswere all running at 25MHz, and the
transputerlinks wererunningat10MHz.

Mostof theprogramsfor T8 transputersystemsweredesignedfor asimplechainof
processors(seeChapters3, 4). Whenthis work wasstarted,this topologywastheone
thatwasmostlikely to beavailableon transputersystems,sinceall machinesrequired
the links to be hand-wired.This considerationis not asimportantnow asmostnew
systems,like the ParsysSupernode,have electronicreconfiguration.Also, although
the chaintopologydoesnot provide asmuchconnectivity asa grid of processors,it
hasbeenfoundthatmany of thecommunicationoperationsrequiredperformedalmost
aswell ona chainason agrid.

Chapters4, 5 and6 describethe designof algorithmsfor T9000/C104architec-
tures.EventhoughT9000machinesarenotyetavailable,we have implementedsome
T9000programsusingtheVCR communicationssystem[30] on theSupernode(see
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Figure1.6: Networktopologiesusedby algorithms

Chapter6). This allows the developmentof programswhich usearbitrarypoint-to-
point communicationswhichwill besupportedby theC104switchnetwork.Unfortu-
nately, asmentionedpreviously, theVCR introducesa largeperformancepenalty, so
theperformanceof theseprogramson theT8/VCR systemcannotbecomparedwith
theperformancepredictedby theT9000costmodels.However, whenT9000systems
areavailableit will bepossibleto simplyrecompiletheprogramsfor thenew machine
andimmediatelybenefitfrom theimprovedcommunicationscapabilitiesof theC104
switchnetwork.

Figure 1.6 shows the network topologiesusedfor programsin this work. The
programsall usethesamemodelof computationwhichconsistsof a “master”process
coordinatingandcontrollinga numberof “slave” processes.Theslave processescan
communicatewith oneanotherandwith themasterprocess.Themasterprocessalso
communicateswith the outsideworld to receive input dataandreturnresultsto the
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“user.” Thisstructureleadsto algorithmswith threedistinctstages:

1. masterscattersinputdatato slaves,

2. slavessolve theproblem,and

3. mastergathersresultdatafrom slaves.

In mostinstancesthe “user” will in fact bea programwhich calls themasterprocess
passingdataasparameters.Hencethe calling programandmasterprocesswill both
beexecutingon thesameprocessor.

For T8 networksthe needfor communicationwith the outsideworld determines
wherethe masterprocessis placedin the network. We cannotassumethat all the
masterprocessor’s links areavailablefor connectionto slave processorssincesome
mustbe usedfor connectionto the outsideworld. At a minimum,onelink mustbe
availablefor connectionto theslave network,andin generalmostT8 machinessuch
astheSupernodedo have only a singlelink connectionfrom themasterprocessorto
theslavenetwork.With only asinglelink availablefor T8 networksthemasterprocess
is placedat oneendof thechainof slave processesor hangsoff onecorner(or edge)
of a grid of slave processes(seeFigure1.6 parts1. and2.). This singlelink maybe
a bottleneckfor communications,especiallyfor the grid topology, andin generalit
is bestif the algorithmmakesminimal useof the masterprocess.This leadsto T8
algorithmswherethe slave processesperformalmostall of the computationandthe
masterprocessjust handlescommunicationwith theuser. For this reason,we specify
thesize, / , of a T8 networkasthenumberof slave processorsandassumethemaster
processis runningonanotherprocessor.

Communicationswith theoutsideworld on aT9000/C104machinecantakeplace
overavirtual link throughtheC104switchnetwork.Henceall thelinks onaprocessor
maybeconnectedto theswitchnetworkandavailablefor communicationwith other
processors.This meansthat the masterprocesscanbe locatedon any processorin
the arrayandhasthe samecommunicationability asany otherslave processes(see
Figure 1.6 part 3.). For this reason,in the algorithmsdesignedfor a T9000/C104
machinethemasterprocesstakesa full part in thesolutionof theproblem.It handles
communicationwith theuserandalsoexecutestheslave algorithm.Thisarrangement
still requirestwo programs:onefor themasterprocessandonefor theslaveprocesses,
but makesmoreeffective useof themasterprocessorinsteadof leaving it idle much
of the time as is the casefor the T8 algorithms. Hence,we specify the size, / , of
a T9000/C104networkas the total numberof processorsusedincluding the master
processor. SeeChapter7 for a discussionof themeritsof thesealgorithmicmodels.

Wehavechosenoccam astheimplementationlanguagefor theseprograms.occam
allowsvery simpleexpressionof parallelconstructsandtheCSPmodel.This leadsto
well structuredandeasilyunderstoodparallelprograms.Unfortunately, this language
is not widely availableon otherarchitectures.Thusthe desirefor portability of pro-
gramsfrom onearchitectureto anotherhasnow led to theuseof Fortranfor all further
developmentwork (seeChapter7).
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Measuringandpresentingtheperformanceof computerprograms,andespecially
parallelcomputerprograms,hasalwaysbeena contentiousissue. In this thesiswe
have tried to presentdatain a mannerwhich mostclearly demonstratesthe analysis
givenin thetext. Theelapsedtime,or wall-clock time, for trial programrunsis given
in tablesto allow furtheranalysisto beconducted.All otherperformanceinformation
is derivedfrom this raw data.

For eachparallelprogramweareinterestedin how theprogramperformancescales
with changesin problemsize,0 ( 0 is avectorof problemparameters),andthenumber
of processors,/ . We alsowish to comparethis performancewith thatof thebestse-
quentialprogramfor thesameproblem.Let usdefinethewall-clockexecutiontimeof
thebestsequentialprogramfor theproblemto be 132546087 , andthewall-clockexecution
time for theparallelprogramto be 19460;:6/<7 . We now definethespeedup,=>4?0@:?/<7 , for
theparallelprogramas =>4?0@:?/<7;A 1B2C4?0D719460;:6/<7 �
The speedup,as definedhere,shows the variation in performance,i.e., the rate of
computation,of a parallelprogramasthenumberof processorsor problemsizevary.
Speedupis a relative measure,with no units,andis normalisedsothata parallelpro-
gramwith a speedupof 1 representsthe samecomputationrateasthat given by the
bestsequentialprogramfor the sameproblemsize. We presentgraphsof speedup,=E460;:6/<7 , againstthenumberof processors,/ , for fixedproblemsizes,0 . Thesegraphs
show clearlyhow well the parallelprogramscaleswith machinesize. Of specialin-
terestis the locationof thepeakof thegraphwhich shows thenumberof processors
whichgivesthemaximumperformancefor a givenproblemsize.Sincethisdefinition
of speedupis normalisedto thecostof the bestsequentialprogramfor the problem,
speedupcanalsobeusedto comparedifferentparallelprogramwhich solve thesame
problem(seeChapter6).

In orderto beableto comparetheperformanceof parallelprogramswhich solve
differentproblemswe mustdefinea measurefor the absoluteperformanceof a par-
allel program. The absoluteperformanceof scientificcomputerprogramsis usually
expressedin termsof millions of floatingpointoperationspersecond(Mflop/s). Let us
define FG46087 to bethenumberof floatingpointoperationsrequiredby thebestsequen-
tial programfor agivenproblem.Theabsoluteperformanceof theparallelprogramis
thengivenby H 460;:6/<7;A FG4608719460;:6/<7 �
Graphsof

H 4?0@:6/I7 against/ for fixed 0 are identical to the speedupgraphsdefined
above,exceptfor onecrucialdifference:Thescaleon they-axisfor

H 460;:6/I7 hasunits
of Mflop/s. The performanceof oneparallelprogramin Mflop/s may be compared
with anotherparallelprogramfor a differentproblem.Theperformanceof programs
runningon differentarchitecturesmay alsobe compared.We canget a measureof
theefficiency of theparallelprogramby comparingtheabsoluteperformancewith the
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maximumperformanceavailable from the numberof processorsused. Whenmak-
ing thesecomparisons,we mustbeawarethat this measureof absoluteperformance,H 4?0@:6/I7 , is not constant,but varieswith problemsizeandnumberof processors,and
variesbetweendifferentparallelprograms.

For practicalpurposes,suchasestimatingtherun-timefor a particularproblemor
finding the numberof solutionsthat canbe obtainedin a given time, we definethe
temporalperformance,

H J 460;:6/<7 , to beH J 460;:6/I7@A 
1K4?0@:6/I7 �
This givesus the numberof solutionspersecondthata programdeliversfor a given
problemsizeandnumberof processors.

To accompany thesepracticalmeasurementsof the performanceof eachparallel
programwe developanalyticalcostmodelsfor eachprogram.Thesecostmodelsex-
pressthe wall-clock executiontime for a programin termsof a numberof problem
parameters,0 , anda setof hardwareparameterswhich measurethe performanceof
importantcomponentsof thearchitecturesuchasthefloatingpoint unit andcommu-
nicationnetwork. In the next chapterwe discusssuitableparametersfor transputer
systemsandestimatevaluesfor theseparameters.



Chapter 2

Modelling parameters

It is commonfor the descriptionof a sequentialnumericalalgorithm to includean
expressionwhich specifiesthe “cost” of that algorithmin termsof the “size” of the
problemto besolved. This allows differentalgorithmsto becomparedandthemost
efficient for the intendedpurposeto beselected.We canextendthat ideato develop
costmodelsfor parallel local memoryarchitectureswith point to point communica-
tionssuchasthetransputer. In this chapterwe proposesetsof modellingparameters
for T8 andT9000basedarchitectures.

2.1 Introduction

We areconcernedhereprimarily with the total executiontime of an algorithmon a
givenarchitecture,andgive only secondaryconsiderationto factorssuchasefficient
useof processorandmemoryresources.Hencethe“cost” of analgorithmis theexe-
cutiontimeof thatalgorithmandthealgorithmwith thebestperformanceis thatwhich
hasthesmallestexecutiontime. Wheninvestigatingdifferentalgorithmsfor any type
of computer, it is very usefulto be ableto predictbeforecodinghow well the algo-
rithm will perform.This would allow usto rejectcostlyalgorithmswithout spending
timecodinganddebuggingthem.Onewayof doingthis is to find a costmodelfor an
algorithm. A costmodel is an expressionwhich givesthe total costof an algorithm
for differentproblems. It allows you to comparethe performanceof differentalgo-
rithms,andalsoallowsyouto studythevariationin costof onealgorithmfor different
problems.Costmodelsshouldberelatively easilyto developcomparedwith thetime
requiredto actuallycodeanalgorithm. This requirementmeansthat themodelmust
besimpleandonly takeaccountof themostsignificantfeaturesof analgorithmand
architecture.The costspredictedby the modelneednot be accuratebut shouldbe
goodenoughto allow realisticcomparisonsof performance.If moreaccuratecostsare
requiredthendetailedmodelsmay bedevelopedor the algorithmmaybe codedand
runona simulator.

In traditionalcomplexity analysisan algebraicmodel is derived which givesthe

20
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worstcasecostof thealgorithm. Eachfeatureof theproblemto besolvedwhich af-
fectsthecostof thealgorithmis modelledby aproblemparameter. In mostnumerical
algorithmstheseparametersmeasurethe “size” of theproblem. For examplea gen-
eralmatrix vectormultiply requirestwo parametersL and � which give therow and
columndimensionof the matrix. The algorithmiccost is thengiven in termsof the
numberof floatingpoint(FP)multiplicationsrequiredasa functionof theproblempa-
rameters.This is L � for our matrix vectormultiply example.Thedecisionto include
only thenumberof FP multiplicationsis dueto thesignificantlyhighercostof these
operationscomparedwith FPadditionandsubtractionon oldermachines.This deci-
sion requirescarefulreconsiderationfor modernarchitecturessuchasthe transputer
(seeSection2.2).

In morecomplicatednumericalalgorithmsthealgorithmiccostis notsoeasilypre-
dicted. The costof iterative algorithmscannotbe givenexactly sincethe numberof
iterationsperformedis problemdependent.However, the rateof convergenceof an
algorithmallows somecomparisonsto be madebetweendifferentalgorithms. Also
thecostof eachindividual iterationis important;evenif moreiterationsarerequired,
analgorithmwith cheapiterationsmayperformbetterthanonerequiringfewer, more
expensive iterations.Theiterationcostmaybemodelledin termsof problemparame-
ters,e.g.in aneigenvalueproblemwe use � thematrix size.For somealgorithmsthe
numberof primitiveFPoperationsin aniterationis notknown sinceit may, for exam-
ple, dependon a user-suppliedfunctionof arbitrarycomplexity. TheNewton method
for unconstrainedoptimisationhasthis feature. In this case,the costof an iteration
maybegivenasanestimateof therequirednumberof evaluationsof theuser-supplied
function.

For moderncomputers,usingthe total numberof FP multiplicationsasthebasis
for the costmodel is not acceptablesinceotherFP operationssuchasadditiontake
comparabletime andhave comparableoperationcounts. For example,the Level 1
BLAS dot producthasonly 1 lessadditionthanmultiplication. Oneearlysuggestion
wasthusto usethemultiply-addoperationasthebasicFPoperation(flop). However, it
is now generallyacceptedthateachindividualFPoperation,suchasaddition,subtrac-
tion, multiplicationanddivision, shouldbe countedseparatelyanda combinedtotal
numberof FPoperationsgivenasthecostof analgorithm.An algorithmcanthusbe
saidto have a costof say10Mflop if it entailsthe executionof a total of 10 million
FPoperations.Thecomputationrateof a particulararchitecturefor a givenalgorithm
is thengivenassay1Mflop/sif thatarchitectureexecutes1 million FPoperationsper
second.

In theprior discussionthecostexpressiongivesvaluesproportionalto theexecu-
tion timeof thealgorithm.If theactualtimetakenis requiredthentheexpressionmust
be multiplied by a constantof proportionalitywhich is the time takento performa
singleFPoperation.

Theproblemparametersfor analgorithmonaparallellocalmemorymachinewill
includeall thoseusedin sequentialalgorithmsto specifytheproblemsize. Themost
importantadditionalparameteris thenumberof processors,/ , usedto solve theprob-
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lem.
A costmodelexpressionfor a parallelalgorithmon a local memorymachinewill

alsoincludearchitectureconstants. Architectureconstantsareintroducedfor eachfea-
tureof themachinearchitecturethataffectsthecostof thealgorithm.Theseconstants
arerequiredso that termsin thecostexpressiondueto eacharchitecturalfeatureare
addedin correctproportions.For example,if a unit of communicationtakestwice as
longasa unit of computationthenthecommunicationconstantmustbetwiceaslarge
asthecomputationconstant.We choseto give eachconstanta valuewhich is anesti-
mateof therealcostof theoperationsothatthecostmodelexpressiongivestheactual
executiontime for thealgorithm.By varyingthevaluesgivento thearchitecturecon-
stantswecanpredictthebehaviour of analgorithmonfuturegenerationsof machines.
For examplewe canstudytheeffectof varyingthecommunicationraterelative to the
computationrate to try andfind the balancethat gives the bestperformancefor an
algorithm.

Therearemany featuresof transputerarchitectureswhich could be incorporated
into a cost modelasarchitectureconstants.However to keepthe modelsrelatively
simpleandquickto developwemustselectonly themostimportantfeatures.Thetwo
fundamentaloperationsthat mustbe includedin the modelareFP computationand
inter-processorcommunication;but eventhesehave hiddencomplications.

2.2 Modelling computation

For simplicity we wish to modelFP computationby a singlearchitectureconstant,13M . As explainedearlier, we modelthe computationcostof thealgorithmby the to-
tal numberof FPoperations,andsoour architectureconstantshouldbean“average”
of the individual FPoperationcostscombinedin proportionto thefrequency of their
use. For somearchitecturesthe costof differentFP operationsvariesso muchthat
usinga singlearchitectureparametermaynot besufficient to modeltheperformance
well. For exampleheavily vectorisedarchitecturessuchasthe Cray requiretwo pa-
rametersto modelcomputation:oneparameterreflectsthestartupcostfor a FPvector
operationandtheotherreflectsthecostof anFPoperationonasinglevectorelement.
However for mostmodernmicroprocessorarchitecturesscalarFPoperationsareper-
formedin hardwareandtheoperationshavecomparablecost.Thisis trueof theT9000
(doubleprecisionadditionsandsubtractionstake2 cycleswhile multiplicationstake3
cycle [64]) and,to a reasonableextent,trueof theT8 (additionandsubtractioncost7
cycles;multiplication20cycles[63]).

Thereareothermicroprocessoroperationswhich takea comparabletime to per-
form, for examplereplicatedSEQ constructsandFPcomparisons.We do not wantto
includetheseoperationsinto ourmodelasseparateconstantsor themodelwill become
too complicated.Providedanoperationis only rarelyusedcomparedto normalarith-
metic (for exampleFP comparisonsto control branchingin many algorithms),then
we canomit it without too muchlossof accuracy. To takeaccountof frequentlyused
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programcontrolflow code(like thereplicatedSEQ constructwhich is very common)
we usea valuefor 13M which hasbeenmeasuredexperimentallyfrom an arithmetic
expressionin a programloop. Numericalalgorithmsusuallyoperateon arrayssoar-
ray indexing is also includedin the testarithmeticexpression. It is hopedthat this
methodof estimating13M will also take into accountthe advancedpipelining of the
T9000aswell astheparallelexecutionof thefloatingpoint unit andintegerunit. To
measurea value for 13M on a T8 a test programwas timed which performeda dot
productbetweentwo vectorseachof 10000doubleprecisionelements.Thetestwas
repeated5 timesandthe averagetime of the runscalculated.This givesa valuefor13M9AN

��O
��� s for doubleprecision,which is a rateof 0.617Mflop/s.This experimental
measurementof 1BM workswell for predictingalgorithmiccostson T8 processors(see
Chapter3 and[74, 62]). It shouldbenotedthathand-craftedassemblercodefor com-
puteintensive loopscanachieve muchhigherlevelsof performancethana high level
language.For example,anassemblercodeddotproductroutineachieves1.14Mflop/s.
If implementationsmakegooduseof assemblercoderoutinesthen the latter value
maybesubstituted.While suchpracticalmeasurementsarenotpossiblefor theT9000
we mustestimatetheFPcomputationrate. At a 50 MHz clock frequency theT9000
is capableof a peakrateof 25Mflop/sdoubleprecision[64]. INMOS estimatesthat
sustainedrateswill be at least10Mflop/s,andwe expectthat hand-codedassembler
shouldreach20Mflop/s. For this work we will usetheconservative sustainedrateof
10Mflop/swhichgivesa valueof 13MPAQ
R�	� ns.

2.3 Modelling communication

Modelling thehardwarecommunicationcostfor theT8 architectureis fairly straight-
forward. For numericalalgorithms,we are interestedin the costof communication
of vectorsbetweenneighbouringT8 transputerson a single link. Experimentation,
andexperience,showed that a single parameter13S , the cost of sendingonedouble
precisionvaluebetweenneighbouringtransputers,canmodelcommunicationof large
vectorsquite well. To find a valuefor 13S a testprogramwastimed which passeda
vectorof 10000doubleprecisionelementsdown a hardwarelink. The testwasre-
peated5 timesandthe averagetime of the runscalculated.The resultingvaluewas13S9A � � � ��� s, which is a rateof 0.909Mbyte/s.Numericalalgorithmsdevelopedfor
T8 networksare in generalspecificto a particularconfigurationof transputers,for
examplea chain,ring or grid topology. This is dueto thelackof high-level communi-
cationsfunctionality initially providedwith transputersystems,andto thesignificant
improvementin performancegainedwhenanalgorithmis tunedto exploit aparticular
topology. This improvementin performancecomesfrom theability to exploit locality
of dataandusenear-neighbourcommunicationsinsteadof communicationwith dis-
tant processorswhich requiresforwardingof messagesthroughseveral intermediate
processorsbeforereachingthedestination.Hence,to retainaccuracy, costmodelsfor
algorithmsrunningon the T8 architecturewill be specificto the topologyof the T8
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Figure2.1: PossibleT9000/C104configuration

networkfor which thealgorithmis designed.Modelsfor high-level communications
operationsfor T8 networksarethusquitecomplicated(seeAppendixA).

Modelling communicationcostsfor the T9000/C104architectureis much more
difficult thanmodellingits computationcost. Again we wish to keepthenumberof
constantsrequiredto a minimum.For networksof T8sa singleconstantfits theactual
costquitewell. However themoresophisticatedtechniqueusedto implementchan-
nel communicationson T9000/C104networks(see[64, 65, 51]) requiresa different
model. For T8 networksanalgorithmandaccompanying costmodelwasspecificto
a particularconfigurationof transputers.However, thephysicalconfigurationof C104
switch chipson a T9000/C104machinedoesnot restrictthe logical configurationof
processorsrequiredby analgorithmsince,asmentionedin Chapter1, thearchitecture
provides“virtual links” betweenany pair of processes.As analgorithmis now inde-
pendentof theswitchnetworkconfiguration,we would like thecostmodelfor theal-
gorithmalsoto beindependentof theconfiguration.In generaltheconfigurationof the
switchnetworkwill beunknown; machineswith thesamenumber, / , of T9000proces-
sorsmayhave differentnumbersof C104switchchipsconnectedin differenttopolo-
giesbalancingthe requirementsof networkperformanceandfinancialcost. Hence,
for both programmingandmodellingpurposeswe considera T9000/C104machine
to bea setof / processorswith all links connectedto a generalswitch network(see
Figure2.1).

Unfortunately, this flexibility in physicalconfigurationmakesit difficult to model
thecostof communicationaccurately. This is becauseeachswitchchipthroughwhich
a packettravels introducesa significantdelayof about 
T� s (ten timesthe costof FP
multiplication)andthenumberof switchchipsthatapacketcrossesis unknown. There
arealsomany furthercomplicationssuchasthepossibilityof saturationof thenetwork
bandwidth,hot-spotsandrandomroutingof messages[60]. Within theT9000proces-
soritself we shouldconsiderthecostsof messagepacketisation,utilisationof thelink
bandwidth,processscheduling,memorybandwidthandcaching.

In thefollowing sectionswe examinetheT9000/C104architecturein moredetail
developingcostmodelsthatincludesomeof thearchitecturalfeaturesexplicitly. Then
weseehow wecandevelopsimplecostmodelsof communicationfor usein modelling
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numericalalgorithms.

2.4 A Plethora of Parameters

Messagecommunicationis explainedfully in the INMOS documents[64, 65, 51],
however a brief overview of theprocesswill be helpful in understandingthe follow-
ing sections. The sourceprocessinitiatesa communicationby settingup a Virtual
Link ControlBlock (VLCB) with informationaboutthemessagesizeandlocationand
thedestinationprocessor. It is thendescheduledwhile theVirtual ChannelProcessor
(VCP)co-ordinatesthemessagetransmission.TheVCPsplitsthemessageinto pack-
etsof 32bytesin length.Eachpacketis injectedinto theswitchnetworkwith aheader
andEnd Of Packet(EOP)markerattached.The headercontainsthe identity of the
virtual link which theswitchnetworkusesto routethepacketthroughthenetworkto
its destination.Thepacketsaresentoneata time andtheVCP only transmitsanother
packetwhenit hasreceivedfrom thedestinationprocessanacknowledgepacket(ACK)
for the last transmittedpacket.This maintainssynchronisedcommunicationanden-
suresthat no datais lost. The last packetmustbe acknowledgedbeforethe source
processis rescheduled.

Let usconsiderthefollowing scenario:a sourceprocesson a processorwishesto
senda multi-packetmessageto a destinationprocesson anotherprocessorconnected
to theswitchnetwork.Thereare U switchchipsonthepaththatthemessagewill travel
from sourceto destinationprocessor. We assumethat the bandwidthof the network
is greatenoughto allow us to neglect the possibility of collisionsbetweendifferent
messages.For simplicity we alsoassumethat the destinationprocessis readyto re-
ceive themessagewhenthefirst packetarrives.This avoidstheneedto consideridle
time in sourceanddestinationprocessor. However, themodelfor a completenumer-
ical algorithmshouldtakeaccountof the idle time dueto synchronisationsbetween
processes.

Thefollowing parametersmaybeusefulin modellingthecostof thisscenario:� numberof bytesin message
Let usassumethat � is a multipleof V (seebelow).W

numberof bytesin header
We will usea value

W AYX giving �	Z6[ distinctchannelswhich shouldbeample
evenfor largenetworksandalgorithmswhichusemany channels.V maximumnumberof bytesin a packet
Value: V\A]X	� .U numberof C104switch chipsa packetpassesthrough
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^ transmissiontime
Thetime takento transmita singlebyteon a link. We will usea valueof ^ A
R�	� ns(i.e.10Mbyte/slink speed)._

packetinitialise time
Thetime takenfor theVirtual ChannelProcessor(VCP) to initialise theoutput
of apacketon a link. Value:

_ A`�	�
� ns.a channelinitialise time
Thetimetakenby theintegerunit to setupaVirtualLink ControlBlock (VLCB)
for outputof a messageona virtual link. Value: a Ab�	�
� ns.c

switch delaytime
Thedelayintroducedby aC104switchchipasapacketpassesthroughit. Value:c Ad
T� s.

(Valuesfor theseparametersareestimatesonly.)

2.5 Packet Transmission

For thetransmissionof a singlefull packetbetweenprocessorstherearetwo different
expressionsfor thecost(asmeasuredby thesourceprocessor)dependingon thenum-
ber, U , of switchchipsthatthepackettraverses.If U is smallenoughsothatthesource
receivesanacknowledgepacket(ACK) beforeit hastransmittedall of thebytesin the
packetthenthecostis simply thetime takenfor thesourceprocessor’s VCP to beini-
tialisedandto transmitthe header, databytesandEOP tokeni.e.,

_�e 4 Wfe V e 
�7 ^ .
(For simplicity, we usethesamecostfor communicatinga tokenasfor a singlebyte).
However, as U increasesthe time takento receive the acknowledgeis increasedby
thedelayintroducedby theinterveningswitchchips.For sufficiently large U thetime
to receive theACK is larger thanthe cost to outputthe packetandso the cost is de-
terminedby the time takento receive the ACK. The time takenfor the VCP on the
sourceprocessorto initialise andoutputtheheaderis

_gehW ^ . After a delayof U c the
headerhasbeenreceived by the destinationVCP. The VCP processesthe headerto
generatean ACK in time

_
and this is transmittedbackat cost 4 Wie 
�7 ^ . TheACK

is received by thesourceVCP after a further delay U c . The total cost in this caseis� _je 46� Wie 
�7 ^ e �	U c . Sothecostof transmittinga full packetis givenby:

1lkmAon�p�q r _se 4 Wie V e 
�7 ^� _�e 46� W�e 
�7 ^ e �
U c (2.1)

Figure 2.2 shows the cost for transmittinga full packetacrossvarying numbersof
switchchipsusingestimatesfor theparametersasgiven in Section2.4. Thepoint at
which thecostof transmittinga packetbegins to dependon U , the numberof switch
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Figure2.2: Costof transmittingasinglepacket

chipstraversed,is derivedfrom Equation2.1:

Uvu 46V;w W 7 ^ w _� c (2.2)

2.6 Message Transmission

In this sectionwe areconcernedmainly with the communicationof long messages
( �yx 
��	� bytes). This is commonin numericallibrary codes,which frequentlycom-
municatelargematricesandvectors.To simplify themodelswe assumethat � is also
amultipleof V . Giventhetime to transmitapacketin Equation2.1thecostto transmit
a messageof length � is: 1<zoA a e � V 1lk
i.e., 1 z A{n�p�q r a e}| ~ 4 _ge 4 Wfe V e 
�7 ^ 7a e}| ~ 46� _ge 4?� Wie 
�7 ^ e �	U c 7 (2.3)

Figure2.3 shows the cost for transmittingmessagesof varioussizesacrossvarying
numbersof switchchips.
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Figure2.3: Costof transmittinga singlemessageon onechannel

Equation2.2givesthepoint at which themessagetransmissioncostbeginsto de-
pendon U . With theestimatedvaluesfor theparametersthis meansthat thebestutil-
isationof a link for a singlechannelcommunicationis only obtainedwhenat mosta
singleswitchchip is traversed.If therearetwo or moreswitchchipson thepaththen
idle time of thesourceVCPandlink engineareintroducedwhilst theACK is awaited.
T9000/C104machinesconsistingof morethan32 T9000processorsconnectedby a
switchnetworkwill requiremorethanoneswitchchip andsothebestlink utilisation
will notbeobtainedonageneralpurposemachinewith only onechannelto a link.

Therearetwo waysof improving theutilisationof the link bandwidth.Oneway
would be to introduceexcessparallelism into thealgorithm,placing L identicalpro-
cesseson eachprocessor. In this casewhile a delayedacknowledgepacketprevents
transmissionof the next packeton onechannelon the link, packetson otherchan-
nelsmappedontothis link maybe transmitted.If thereareenoughchannelswishing
to communicateat a time thenthe full utilisation of the link canbe achieved. This
methoddoesnot requirecomplex programmingby thealgorithmdeveloper, but only
that the algorithmis fine-grainedenoughto be ableto use Lf/ processes.It should
benotedthatcomputeprocessesmayalsoexecutein parallelwith thecommunicating
processessincethey useseparateexecutionunitswithin theprocessor.

Thesecondmethodfor increasinglink utilisationis to split thesinglemessagethat
a processwantsto transmitinto multiple blocksandtransmittheseblockson several
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... some code
-- Declare c channels
[4]CHAN OF []REAL32 chanvec:
PLACED PAR
-- Source process
[1024]REAL32 source.vec:
INT block.size:
SEQ

... some code
block.size := 256
PAR i = 0 FOR 4

chanvec[i] ! [source.vec FROM block.size*i FOR block.size]
... some more code

-- Destination process
[1024]REAL32 dest.vec:
INT block.size:
SEQ

... some code
block.size := 256
PAR i = 0 FOR 4

chanvec[i] ? [dest.vec FROM block.size*i FOR block.size]
... some more code

... some more code

Listing 1: Full occam Codeto Communicatea MessageusingMultiple Channels

channelsmappedontothesamelink. This techniquewill requirecomplicatedcommu-
nicationroutinesto divide, transmitandreassemblethemessagecorrectly. Complete
routinesshouldbe providedaspartof a standardcommunicationslibrary so that the
userdoesnot needto considertheir implementation.A collectionof suitableroutines
that have beenrequiredfor the algorithmsdevelopedin this work are describedin
AppendixA.

Listing 1 shows a full occam fragmentthatcommunicatesa vectorbetweentwo
processesusingmultiple channels.Waysin which this canbeimplementedasa gen-
eral library routineareunclear;for example,how cana userspecify the sourceand
destinationprocessesto alibrary routine?Thisrequires“namedprocess”functionality
in thecompiler.

The numberof channelsthat needto be usedto saturatea link dependson the
numberof switch chipsthat the messagemusttraverse. The numberof channels,�
say, shouldat leastbelargeenoughsothatwhenthefirst channelto transmita packet
hasjust receivedanACK thelastchannelhasfinishedtransmittingits packet,i.e.:

time to outputonotherchannels u time from endof outputto receiveACK4?�>w�
�7�4 _ge 4 Wie V e 
�7 ^ 7�u � _ge 4?� W�e 
�7 ^ e �	U c w _ w�4 Wfe V e 
�7 ^� u � _ge �
U c e 46� Wie 
�7 ^_�e 4 Wie V e 
�7 ^ (2.4)

Let usconsidertheexamplethree-stageClos-typenetworkin Chapter1. For this
examplemachinewith randomrouting of messagesdisabledthe numberof switch
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chipsthata messagetraverseswill beatmost3. Using UKAbX in Equation2.4suggests
that about2 channelswill be requiredto communicatein parallelon a link to fully
utilise the link bandwidth. It shouldbe notedthat if U9Ab� , i.e., the processorsare
connectedtogetherdirectly, onechannelona link saturatesthelink bandwidth.

The total costof communicationusingmultiple channelsfor a singlemessageis
derivedasfollows. If thenumberof channelsusedis not enoughto saturatethelink
bandwidththeneachchanneltransmitsits ��� ��V packetswith a wait for ACK between
eachone.Thetime betweentheoutputof thefirst packeton thefirst channelandthe
receiptof the lastACK on that channelis 4 ��� ��V�7�46� _ge 4?� Wie 
�7 ^ e �	U c 7 . The last
channelreceivesits lastACK aftera further time 46��wb
�7�4 _�e 4 W�e V e 
�7 ^ 7 . On the
otherhand,if enoughchannelsareusedto saturatethe link bandwidthtransmission
of packetsis continuouswith no waiting for ACK packetsandthetransmissioncostis4 ��� V�754 _ge 4 Wie V e 
�7 ^ 7 . In both casesthereis the additionalcost, � a , incurredby
the initialisationof theVLCBs by the integerunit. However, becauseof the parallel
executionof the integerunit andtheVCP, communicationmaytakeplaceon thefirst
channelswhile theremainingchannelsarestill beinginitialised.In this thesiswehave
includedthefull costof thechannelinitialisationsin themodels.Thetotal costfor a
multi-channelcommunicationis:

1<z�SDA ���� ���
� a e |S ~ 46� _je 46� Wie 
�7 ^ e �	U c 7 if ��� Z6����Z 2�� �<��Z��5�<�?������<���5� ~ �<�?���e 4?�>w�
�7�4 _ge 4 Wfe V e 
�7 ^ 7� a e | ~ 4 _se 4 Wie V e 
�7 ^ 7 otherwise

Figure2.4showshow thecostof themulti-channelcommunicationof asinglemessage
varieswith thenumberof channelsandswitches.Figure2.5showsthatthecostof the
communicationwill beindependentof thenumberof switchchipstraversedprovided
thatenoughchannelsareused.

At worst,this methodgivesasgooda performanceaswhena singlechannelsatu-
ratesa link, exceptfor thecostof theadditionalchannelinitialisations.However, the
overheaddueto channelinitialisationis smallcomparedwith thefull costof thecom-
munication.For largenetworkswheretheroundtrip timeto receivetheACK dominates
thecostfor thesinglechannelcommunication,this methodprovidesa significantim-
provementin performance.Hencethismethodof communicationseemsworthwhilein
all practicalsituationswhether� and U areknown or not. If theseroutinesareprovided
aspartof acommunicationslibrary thena fixedvalueof � , say �\Ab� , wouldprobably
be usedwhich wassufficiently large to saturatethe link bandwidthfor communica-
tions acrossthe largestnumberof switch chipsthat is likely to occuron a machine.
For the examplethree-stageClose-typenetworkin Chapter1 Figure2.5 shows that
only 2 channelsareneededto saturatethelink.

If smallmessages(a few packetsin length)aretransmittedthenthemulti-channel
methodstill provides a significantperformanceimprovementover a single channel
communicationprovidedthatmorethanoneswitchchip is traversed(andthusasingle
channelcannotsaturatethe link bandwidth).Even with only onepacketperchannel
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Figure2.4: Costof multi-channelcommunicationagainstnumberof channels

thecostof theextra channelinitialisationsis only a smallpartof thetotal cost. For a
verysmallmessage(upto onefull packeti.e., �y� X	� ) thesimplesinglechannelcom-
municationis better. Most numericallibrary programswill communicatemessages
of a wide rangeof lengths,so both multi-channelcommunicationsandsinglechan-
nel communicationswill beused.For examplein Gaussianeliminationmulti-channel
communicationswould beusedfor scatteringthematrix, anda singlechannelmight
beusedto broadcastpivot informationateachstepof thealgorithm.

A furtherrefinementto thetechniquefor communicatinga messagebetweentwo
processorswould be to makeuseof several,   say, of the links on both the source
anddestinationprocessor. Eachlink would have enoughchannelsmappedonto it to
saturatethe link bandwidth. TheVCP would first initialise a packetcommunication
on a channelon onelink. After that, in thepreviousmulti-channelmethod,theVCP
mustwait until thatpackethadbeenoutputbeforeit couldinitialiseoutputof apacket
on a differentchannelmappedonto the samelink. To avoid this VCP idle time, the
new methodinsteadinitialisesthetransmissionof a packeton a channelmappedonto
a differentlink. The VCP cyclesroundthe links outputtingpacketson eachin turn
andreturnsto thefirst link hopefullybeforeit hasfinishedtransmittingits packet.The
VCP thenoutputsa packeton thefirst link again.This methodagaintries to saturate
the bandwidthof eachlink but usesmultiple links to increasethe outputrateof the
sourceprocessor. Full utilisationof eachlink is only attainedif thetime takenby the
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Figure2.5: Costof multi-channelcommunicationagainstnumberof switches

VCP to serviceall four links is lessthanor equalto thetime takenby a link engineto
transmitapacket: � _ � 4?V ehWfe 
�7 ^
With theestimatedvaluesof Section2.4 this is trueandsowe expecttheVCP to be
ableto sustaincommunicationon all the links at their full bandwidthsimultaneously.
This reducesthenumberof packetsoutputoneachlink by a factor   , giving acostof:

1<z�¡<A ���� ���
 �� a e |¡¢S ~ 46� _ge 4?� W�e 
�7 ^ e �	U c 7 if �P� Z6����Z 2£� �<��Z��5�<�?������<���5� ~ �I�6���e 4?�>w�
�7�4 _�e 4 W�e V e 
�7 ^ 7 �� a e¤|¡ ~ 4 _�e 4 Wie V e 
�7 ^ 7 otherwise

A comparisonof the predictedcostsof the threemethodsof communicatinga
messageis shown in Figure2.6. This graphshows that theuseof multi-channel(and
even bettermulti-link) messagecommunicationroutinessignificantlydecreasesthe
costof any communicationacrossmorethanoneswitchchip.
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Figure2.6: Comparisonof thecostsof transmittingamessage

2.7 A Simple Model for Communications

Thecommunicationsmodelspresentedabove arenotsuitablefor usein ouralgorithm
modelsbecausethey arefar too complicatedfor our desiredaim of easeof modelde-
velopment. This complexity is introducedto presentan accuratemodelof the true
costsof communication.However, it is unlikely thatthedegreeof detailinvolvedwill
give theexpectedaccuracy in practice.Therearemany otherfactorswhich have not
beenincludedin themodelswhich maybe significant. Theseincludethe overheads
of programcodeexecution,inefficiency of theimplementationlanguage,transmission
of partially full packets,memorybandwidth,caching,pipeliningandparallelexecu-
tion of theprocessorunits. As far astheswitchnetworkis concernedtwo important
unknownswhich will affectcostsaretheactualnumberof switchchipstraversedand
thepresenceof hot-spotsin thenetworkcausingcollisions.Ontopof all of thesecon-
cernsthereis theproblemof measuringidle timeasthetwo communicatingprocesses
synchroniseinitially. This idle time maybedueto thepresenceof otherprocesseson
thecommunicatingprocessorsor to imbalancein theworkloadof the two processes.
For all of thesereasonsweneedamuchsimplermodelwhichwill predictthecommu-
nicationcostadequatelyenoughfor usto beableto makedecisionsaboutthegeneral
performanceof differentalgorithmson aT9000/C104machine.

Let usconsiderfirst a simplemodelfor a singlechannelcommunication.As men-
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tioned in Section2.3 the simplestmodel 1�Ab¥ � doesnot matchthe true costwell
enough,sinceit ignoresthe significantstartup time, a , asthe channelis initialised.
Themodel 1]Ab¥ � e ¥ Z � includesthis initialisationtime but doesnot takeaccountof
thevariationin costwith U . This variationis very significant(referto Figure2.3) and
dominatesthecostwhena largenumberof switchchipsaretraversed.Theextra cost
incurredby switchchipsscaleswith themessagesizesincea delayis introducedfor
eachpacket,not just for thewholemessage.Hencethedelayis equallysignificantfor
bothsmallandlargemessages.

Oneway to modelthis delayis to introducea further termin thecostexpression
involving � and U : 1]Ab¥ � e ¥ Z � e ¥	¦�U � (2.5)

Unfortunately, theresultingcostexpressionis becomingascomplicatedasthemodels
presentedabove. Also, we will notknow thevalueof U to beused;evenfor a specific
machinewith a known numberof switch chipsin a known configurationeachindi-
vidualchannelcommunicationwill crossdifferentnumbersof switchchipsdepending
on the locationsof the processorsinvolved andwhetherrandomrouting is enabled
or disabled.It hasbeensuggestedthat the expressionUKA�§�¨	©ª/ couldbe usedasan
average,assumingtheswitchnetworkwasconfiguredasa hypercube.This is not sat-
isfactoryas the dimensionof the hypercube,if a hypercubeconfigurationis indeed
used,will vary dependingon the numberof switch chips,andthis is unlikely to be
thesameasthenumberof processorsin themachinefor reasonsof economy. Alter-
nativeconfigurationsof switchchipswouldgivedifferentrelationshipsbetweenU and/ : a grid configurationwould require UK«}¬ / ; anda linear chain: UK«h/ . A further
complicationin evaluatinga valuefor U occursif analgorithmusesonly onepartition
of a largemulti-usermachine:in this casethenumberof switchchipsis morelikely
to dependuponthe total numberof processorsin the entiremachineratherthanthe
numberbeingusedfor this particularcomputation.A reasonablesolutionseemsto be
to useEquation2.5 asa modelandexpecta suitableexpressionfor U to bespecified
by theuserwhich reflectsthesizeandconfigurationof his machine.This expression
for U mustgive an approximationto the averagenumberof switch chipsin the path
of a generalmessage,for examplehalf theworstcasenumber. This modeldoesnot
satisfyoneof ourmainaims,thatthecostmodelbeindependentof theswitchnetwork
configuration,but thisseemsunavoidable.

A simplecostmodelfor themulti-channelor multi-link communicationmethods
is much easierto specify sincethis dependenceon U is removed provided that the
link is saturated.In this situationwe canusethemodel 1]Ab¥ � e ¥ Z � without losing
any accuracy. Therelationshipbetweenthemulti-channelcostmodelandour simple
modelis givenby: ¥ ��­ � a¥ Z ­ _�e 4 Wie V e 
�7 ^V
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In practicevaluesfor ¥ � and ¥ Z wouldbeestimatedbyrunningtestcommunications
programsona realT9000/C104machineandfitting themodelto theresultsobtained.
This attemptsto takeaccountof the costof programcontrol flow andotherfeatures
not includedin themodels.

We arenow in thedifficult situationwherewe proposetwo differentcostmodels
for point to point communicationsdependinguponthe implementationof that com-
munication.Thecostmodelfor a numericalalgorithmmaycontaintermsdueto both
typesof communicationandwill only be correctif eachindividual communication
in the algorithmimplementationhasbeenperformedusingthe methodexpectedby
themodel. For numericallibrariesthis maynot be too muchof a problem;for many
algorithmsmostcommunicationsareof vectorswhich may be large. In thesesitua-
tionsmulti-channelcommunicationswouldbeusedthroughoutandtheassociatedcost
modelwouldbeindependentof U andthereforeapplicableto machineswith any switch
networkconfiguration.On theotherhandmany algorithmsinvolve the communica-
tion of smallamountsof data.Thesewouldbeimplementedusingsinglechannelsfor
communicationandhencethealgorithmiccostwoulddependon theswitchnetwork.

To summarisethisdiscussionof communicationmodelsfor theT9000/C104archi-
tecture,we proposedto modelsinglechannelcommunicationby:1®A`¥ � e ¥ Z � e ¥ ¦ U � �
Thisexpressionis dependenton theconfigurationof theswitchnetworkwhilst theal-
gorithmitself is not. It hasbeenshown thatutilising thefull bandwidthof thelinks is
not possiblewith only a singlechannelon a link whenmultiple switchchipsaretra-
versedby amessage.To overcomethis inefficiency, wesuggestthatacommunications
library is developedwhich includesa primitive routine to implementmulti-channel
communicationsfor a singlemessage.We modelthecostof sucha routine:1]A]¥ [ e ¥°¯ �
Thiscostmodelis independentof theswitchnetwork.Thismethodof communication
maybeusedto transmitlongermessagessuchasthevectorsandmatricesin numerical
algorithms. A further setof library routinesimplementinghigher level communica-
tionsoperationssuchasbroadcastandscattercouldusethisprimitiveto improve their
performance.

In Chapter1 it wasstatedthatamultistagenetworkgave thebestcost/performance
ratio of any networkdesign.We considerit very likely that productionT9000/C104
systemswill indeedbebasedon this typeof network.In particular, theexampleof the
three-stagefoldedClos-typenetwork(Figure1.5) seemsidealsinceit permitsnetwork
sizesup to 512 processorswhich is the probableupperboundon networksizeover
the next few years. A three-stagenetworkcanalsosupportalmost1000processors
(precisely992) thoughwith reducedbandwidth. Hencewe think it very likely that
productionsystemswill be three-stagenetworkswhich meansthat in the worstcase
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therewill be only threeswitch chipsalong the pathof a message.In addition,we
considerit unlikely that the necessaryeffort will be investedin the developmentof
multi-channelcommunicationroutines.

Taking theseexpectationsinto account,we have chosento usethe first single-
channelcommunicationcostmodel (Equation2.3) with a valuefor U of 3. Hence,
for theT9000/C104architecturewe have a communicationsmodelconsistingof two
constantparameters132 and 1BS . WhenT9000/C104machinesareavailablethesepa-
rameterswill beestimatedby runningtestcommunicationsandfitting the timingsto
the model. In the absenceof real machineswe makeestimatesfor the valuesusing
Equation2.3. This equationgives estimatedvaluesof 132gA 
T� s and 13SsA �	�
�

ns
for a doubleprecisionvalue,which is equivalent to a sustainedbandwidthof about
4.5Mbyte/s.

Thiswork complementsthework presentedin [51, Section6] whichdescribesthe
costsof link communicationin termsof the numberof cycles requiredby the vari-
ousprocessingunits to performa communication.That work alsoshows the effect
on performanceof partially full packets.It is comfortingto notethat thesetwo dif-
ferentapproachesbroadlyagreeon thecostspredictedfor channelcommunicationon
a T9000/C104machine.Gee[48] presentsanalternative communicationcostmodel
which he testson the Virtual ChannelRouter(VCR) [31]. The VCR is a software
implementationof theT9000communicationsmodelwhich runson a networkof T8
processors.

2.8 Summary

Thefundamentalmodellingparametersandexpressionsfor computationandcommu-
nicationof doubleprecisionvaluesfor transputersystemsareasfollows:
For T8 networks:

computationmodel 1]A � 13M where 13MPAQ

��O	��� s
communicationmodel 1]A � 1 S where 1 S A � � � ��� s

For T9000networks:
computationmodel 1]A � 13M where 1BM±AQ
R�	� ns
communicationmodel 1]A]132 e � 1BS where 1B2DAQ
�� s and 1BSDA �	�	� ns

In thefollowing sectionsthesesimpleexpressionsareusedto developcostmodels
for completealgorithms.Examplesof costmodelsusingtheseexpressionsmayalso
befoundin severalworkingpapers[3, 23, 61, 74, 62].



Chapter 3

Gaussian elimination

This chapterdescribessomeof our earliestwork on transputersystems,namely, to
designa parallelalgorithmto solve asetof simultaneouslinearequationsusingGaus-
sianelimination[74]. The original programwasdevelopedandtestedon the RSRE
Protonodein early1988. This prototypemachineconsistedof sixteenT4 processors
whoseconnectivity could be controlledelectronically. In its time this machinewas
quiteadvancedandwastheforerunnerof thesuccessfulSupernodemachines.In this
chapterwedescribethealgorithmdevelopedandpresentupdatedexperimentalresults
obtainedusingtheParsysSupernode,a memberof thecurrentgenerationof T8 based
Supernodemachines.Thechapterprovidesanintroductionto many of thedesigntech-
niquesthat apply to local memoryMIMD algorithmsandalgorithmcostmodelling.
Thesetechniquesarethenusedandexpandedthroughouttherestof thiswork.

3.1 Introduction

Almosteveryareaof scientificprogramminginvolvestheuseof linearalgebracalcula-
tions.Thesematrixoperationsfrequentlygoverntheoverallperformanceof numerical
applications.Suchwidespreadusehasled to thisfield of numericalcomputingreceiv-
ing moreattentionthanany otherfield. Linearalgebracomputationsmaybedivided
into two fieldsdependingon thestructureof theunderlyingdata:denselinearalgebra
andsparselinearalgebra.Denselinearalgebracoversall useof matricesandvectors
which aremainly filled with non-zerovalues. If matricesor vectorscontainonly a
few non-zerovaluesthensparselinearalgebraalgorithmsareusedto manipulatethese
sparsearrays.

Oneof thedominantoperationsin denselinearalgebrais thesolutionof asystemof
linearequations.Thereareseveralmethodsto solvethisproblembut themostcommon
methodis Gaussianelimination. Gallivan et al. [47] givesan excellentoverview of
parallel algorithmsfor denselinear algebraincluding parallelGaussianelimination
algorithms.Muchworkhasbeendoneonthedesignof parallellinearequationsolvers.
ChuandGeorge[21] describeaparallelGaussianeliminationalgorithmthatdistributes

37
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rowsof thematrixto processors.Howard[62] describesanalgorithmwhichdistributes
thematrixby columns.Two otherinterestingpapers[16, 93] discusstheperformance
of parallellinearequationsolversonverylargesystems.In thischapterwedescribethe
implementationof a row-distributedparallelGaussianeliminationroutineon a chain
of processors.

3.2 Algorithm

Thesolutionof adensesystemof linearequationscanbeexpressedas²�³ A`´
where µ·¶¹¸ is thecoefficient of the º th unknown in equation» , V5¶ is theright handside
valuefor equation» , and ¼�¶ is thesolutionvalueof the » th unknown variable.

Forareal,densematrix
²

, thebestmethodto solvethesystemof linearequationsis
Gaussianeliminationwith partialpivoting.Thismethodhasthelowestcostandpartial
pivoting maintainsgoodaccuracy in

²
by minimising the accumulationof rounding

errors.
Thecalculationof

³
canbesplit into two separateoperations:

1. reductionof thematrix
²

to uppertriangularform,

2. forwardseliminationandbackwardssubstitutionof ´ theright handside(RHS)
vector.

Reductionof thematrix hasa costof order � ¦ , where � is thedimensionof
²

, whilst
thecalculationof thenew vector

³
hasacostof order � Z .

The ¥�»�º forwardlookingversionof theGaussianeliminationalgorithmwith partial
pivotingmaybeexpressedasfollows:

Algorithm 1 (Gaussian elimination)

1. matrix reduction
for »8AQ
	:R������: � w{

1.1. find /�¶ whichminimises ½ µ¾k�¿¹¶À½ , where» � /�¶ ���
1.2. if /�¶ÂÁA`» thenfor ¥�Ab»Ã:R������: � perform µ	k�¿ÅÄPÆÇµ·¶ÈÄ
1.3. for º�A`» e 
	:R������: �

1.3.1. set µ ¸?¶ Abµ ¸6¶ � µ ¶�¶
1.3.2. for ¥ÉAb» e 
	:R������: � set µ ¸ÊÄ Abµ ¸�Ä whµ ¸?¶ µ ¶�Ä

2. RHS forwards elimination
for »8AQ
	:R������: � w{




3. Gaussianelimination 39

2.1. if /�¶ÂÁA`» thenperform VÃk�¿ËÆÇVC¶
2.2. for º�A`» e 
	:R������: � set V�¸ÌAbV�¸Dwhµ¾¸?¶�VC¶

3. RHS backwards substitution

3.1. set ¼ | AbV | � µ |T|
3.2. for »ÍA � w�

:�������:R
 set ¼�¶�A�ÎÏ�µ°¶�Ð | �I� w |Ñ¸ÊÒÓ¶ �<� µ·¶¹¸�¼Ó¸�ÔÕ � µ·¶Ö¶ ×

More detailsof thesequentialalgorithmcanbefound in any linearalgebratextbook,
for example[52].

3.3 Parallel implementation

TheparallelGaussianeliminationalgorithmwasdevelopedaspartof theSupernodeI
LiverpoolParallelLibrary. Compatibilitywith thismarkof theLibrary dictatesanum-
berof algorithmdesigndecisions.Firstly, theLibrary assumesthattheprocessornet-
work is configuredin achain(seeSection1.7). Secondly, parallelLibrary routinesare
calledfrom a sequentialmasterprogramexecutingon a singlemasterprocessor. This
seconddesigndecisionrequiresthatat thestartof aparallelalgorithminitial datamust
be scatteredfrom themasterto the slave processors,andat the endof thealgorithm
themastermustgatherbacktheresultdatafrom theslave processors.(SeeChapter7
for adiscussionof theissuesinvolvedin thedesignof aparallellibrary.)

TheLibrary specificationdoesnot placeany restrictionson thedatadistributions
usedin thealgorithm. TheRHSvector ´ will bedistributedbetweentheprocessors.
We wish to usea distribution for thematrix

²
which minimisestheamountof mid-

algorithmcommunication.Firstlet usconsiderarow distributionfor
²

. For eachstep»
in thematrixreductionphaseof thealgorithm,all theprocessorsmustcommunicateto
find thebestpivot row for this iteration.Oncechosen,thispivot row mustbebroadcast
to all theprocessors(andswappedwith row » if necessary).Theprocessorscanthen
updatetheir rowsof thematrix independently. TheRHSforwardseliminationrequires
thepivot value VC¶ to bebroadcastat eachstep » . For thebackwardssubstitutionphase,
ateachiteration » thevalue ¼�¶ is broadcastto all theprocessorswhichthenupdatetheir
partialsums Ø |¸ÊÒÓ¶ �I� µ°¶¹¸�¼Ù¸ in parallel. Thecommunicationrequirementsaredifferent
for a distribution of

²
by columns.In thematrix reductionphase,in iteration » , one

processorchoosesthebestpivot, calculatesthepivot factorsµ°¶¹¸ º x » andbroadcasts
thiscolumnof pivot factorsto all theotherprocessors.Thisavoidsthecommunication
of singlevaluesto chosethe bestpivot by performingthe whole calculationon one
processor. Thecolumnbroadcastcoststhe sameamountasthe row broadcastin the
row distributedcase,but doesavoid any extra communicationto swapthebestpivot
row androw » . For theRHSoperations,theforwardseliminationrequiresthecolumn
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µ�Ú ¶ to be scatteredat iteration » to allow the processorsto performpivoting on their
elementsof V . This is a greatercommunicationcost thanfor the row distribution of²

. In thebacksubstitutionphasethealgorithmis essentiallysequentialised:at each
iteration » only onenew value ¼�¶ is calculatedandthis only contributesto thesumma-
tion Ø |¸ÊÒÓ¶ �I� µ°¶¹¸�¼Ù¸ on theprocessorwhich ownscolumnº of

²
unlessat eachiteration

the columnof
²

is re-distributed. On balance,the communicationcostsfor the two
distribution schemesdo not differ by very much. As a routineto performGaussian
elimination basedupon a column distribution of

²
was alreadyavailable [62], for

comparison,this implementationdistributes
²

by rows.

3.3.1 Matrix reduction

Thealgorithmstartsby scatteringtherowsof thematrix
²

from themasterto theslave
processors.Eachprocessordoesnot receive a block of consecutive rows but instead
processor/Ew�» e 
 receivesrows » , » e / , » e ��/ , etc..This is calledacyclic distribution
with wrapping.This methodof distribution helpsto keepanevenworkloadbetween
theprocessorsthroughoutexecution. To makethis operationasefficient aspossible,
whilst onerow is beingoutputto theright by a slave, it will alsobereceiving thenext
row from the left. In this way the total time for a row to beoutputandthenext row
to beinput is only slightly greaterthanthatrequiredsimply to outputtherow. All the
rows for the rightmostslave aresentfirst, so that whilst rows arestill beingsentto
otherslaves,thoseon theright canbegin their calculations.

The parallelmatrix reductionconsistsof a main loop »ÉA 

:������R: � w¤
 , within
which thebestpivot elementfor column » is chosenandpivotingperformed.

Choosingthebestpivot elementis dividedinto two parts.Firstly, eachprocessor
choosesits elementwith largestmagnitudein column » asapivot. Then,therightmost
processor/ passesits pivot choiceto processor/Ûw¤
 . Processor/ywÜ
 compares
this pivot valuewith its own choicefor thepivot andpassesthepivot with the largest
magnitudeonupthechainto processor/>wÝ� . Thiscontinuesuntil processor1 chooses
the bestpivot value, which is then broadcastback down the chain. The pivot row
numberschosenateachsteparerecordedby eachprocessorfor subsequentusein the
formationof theresultvector.

Secondly, the owner of the bestpivot row broadcaststhe slice of that row from
element» to � . Thebroadcastisperformedasfollows: thesourceprocessoroutputsthe
vectorto left andright if thereareany processorson eachside. Theotherprocessors
input the vectorandpassit on alongthe chain if thereareotherprocessorsbeyond
them. If a row swapis required,whentheprocessorowning row » receivesthepivot
row it passesits row » from element» to � backto the processorwith the bestpivot
row for this iteration. Therows areexchangedinsteadof beingrenumberedto try to
maintainagoodworkloadbalance.

The pivoting thenproceedswith eachprocessorupdatingits rows of the matrix
accordingto Step1.3.2of thesequentialalgorithm.
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Whenthis main loop is completeeachprocessorin the networkhasa sub-setof
rowsof thereducedmatrixandavectorof thepivot rowschosenateachpivotingstep.

3.3.2 RHS computation

At thestartof thesecondphaseof GaussianeliminationtheRHSvector, ´ , is scattered
to theprocessors.As for thefirst phase,thedistributionof vectorelementsis suchthat
processor/�wg» e 
 receiveselements» , » e / , » e ��/ ,etc..Thisdistributionensuresthat
all thedatarequiredto performpivotingonaslave’sRHSelements(with theexception
of thepivot elementfor eachstep)is alreadyavailableon thatslave.

Thecalculationof the resultvectoris split into two phases:forwardselimination
(Step2 of thesequentialalgorithm)andbackwardssubstitution(Step3).

The first phaseis performedin a mannervery similar to that employedfor the
matrix reduction.

We have a loop in » for »�A 

:������R: � w¤
 . The owner of the » th elementof ´
broadcastsV ¶ to all theprocessors.If thepivot row chosenin thematrix reductionwas
not alsothe » th row thenthe correspondingelementsof the RHS vector, ´ , arealso
exchanged.This mayrequirecommunicationbetweenprocessorsto accomplish.The
processorsthenperformthepivoting of Step2.2 of thesequentialalgorithmon their
RHSelements,utilising thefactors,µ	¸6¶ calculatedin thematrix reductionphase.

Oncethepivoting is completed,thenew, equivalentsystemof linearequationsis
solvedby backwardssubstitution.Theresultvector

³
whichis calculatedis distributed

in thesamewayastheRHSvector ´ .
Initially, the lastelementof theresultvector,

³
, is calculated:¼ | A¤V | � µ |�| . This

valueis thenbroadcastto all theotherprocessors.
A loop in » , with »vA � wQ
	:����R��
 , is thenperformedto calculatethe remaining

elementsof theresultvector(Step3.2of thesequentialalgorithm).At thestartof each
iterationof this loop eachprocessorholdstheresultvectorelement¼l¶ �<� anda partial
sum:

totÞ\A |Ñ¸�ÒÓ¶ ��Z µ°Þ ¸ ¼ ¸
for eachrow � of thematrix that it holds.Eachof thepartialsumsis updated:

totÞÂA totÞ e µ·Þ Ð ¶ �I� ¼ ¶ �<� ß �K��» e 
	�
Theprocessorwhichownstheelement¼ ¶ thencalculates¼ ¶ :¼ ¶ Aà46V ¶ w tot¶ 7 � µ ¶�¶
This valueis thenbroadcastto all the otherprocessorsandthe next iterationof the
loopstarts.

After completingtheloopeachslaveprocessorpassesbackto themasterprocessor
its elementsof theresultvector

³
.
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3.4 Cost models

We now presentrun-timecostmodelsfor the matrix reductionandRHS operations.
Thesemodelsareexpressedin termsof thematrixsize, � , thenumberof slaveproces-
sors,/ , andthehardwareparameters13M and 1BS :13M thetime takento performa doubleprecisionarithmeticoperation,1BM±Ad
	��O
��� s;1BS the total time takento communicatea messageof � doubleprecisionvaluesis

givenby � 1BS , 13S8A � � � ��� s.

Chapter2 givesfull detailsaboutthehardwareparametersandtheirvaluesfor bothT8
andT9000/C104machines.

3.4.1 Matrix reduction

Thetotal costof thesequentialmatrix reductionis:á Z |�â¦ w |�ãZ w | �	ä 1 M �
This is thecostof thearithmeticoperationsin Step1.3.2of thesequentialalgorithm.
In theparallelalgorithmthis workloadis distributedover theprocessorssincethey all
have rows of thematrix. Thecyclic distributionof therows helpsto ensurethateven
towardstheendof theparallelalgorithmwhenfewerrowsof

²
arebeingupdatedthe

workloadis still reasonablydistributedbetweentheprocessors.With this assumption
of a well balancedworkloadwe cansay that the total time takenby a processorto
updateits rows is approximately:á Z | â¦ w | ãZ w | � ä J�åk �

Thecommunicationcostsfor theparallelalgorithmaremoredifficult to estimate.
Assumingthattwo parallelcommunicationson differenttransputerlinks canbothex-
ecuteat full speed,thetime takento scatterthematrix from themasterwill be � Z � 13S .
Themainloopin » involvescommunicationto find thebestpivot elementandto broad-
castthepivot row andswapthatrow with the » th row. In eachiterationthecostto find
andbroadcastthebestpivot elementis �Ó4�/�w}
�7Ê13S . This is summedto give thetotal
costto thealgorithmfor thisoperation:Ø |�æ �¶�Ò � �Ó4�/çw�
�7 � 1BS@Ab�Ó4�/fw�
�7�4 � w�
�7�1BS .

Thecostof thepivot row broadcastandrow swapwill vary dependingon which
processorsown the pivot row (processor» ) and the bestpivot row (processor/Ó¶ ) at
eachiteration.Assumingthata row swapis requiredonevery iteration,which is most
likely, the numberof consecutive interprocessorcommunicationsrequiredto broad-
castthepivot row andperformtherow swapis nÉp�q�4�/�wè/�¶6:6/�¶�w}
	:��<½é»ªwè/Ó¶À½¹7 , where/�wh/Ó¶ and /Ó¶ªwQ
 arethe numberof communicationsrequiredto broadcastthe best
pivot row to eitherendof the chain,and �<½ »8wh/Ó¶Ã½ is the numberof communications



3. Gaussianelimination 43

for processor» to receive thebestpivot row from processor/Ó¶ andsendbackthe » th
row. Since/Ó¶ is unknown we wantto find theaveragevalueof this functionover all »
and/�¶ , but we have foundnoanalyticalsolutionto this function. Insteadwe evaluated
thefunctionover thecompleterangeof possiblevaluesfor » and /Ó¶ for severalvalues
of / . Theseresultsgive ê��ë / asanapproximatevaluefor theaveragenumberof com-
municationsrequiredto broadcastthebestpivot row andperformtheswap.Thetotal
costto performtherow broadcastsandswapsfor thewholealgorithmis thengivenbyØ |�æ �¶ÈÒ � 4 � wì» e 
�7 ê�£ë /Ù13S8AQ4 |�ãZ e | Z w�
�7 ê�£ë /�13S .Thetotal costfor thematrix reductionis thusgivenby:á Z | â¦ w | ãZ w | � ä J åk e � Z513S e ��4�/çw�
�7�4 � w�
�7Ê13S e 4 | ãZ e | Z w�
�7ªê��ë /�1BSC:
or á Z |Tâ¦ w |�ãZ w | � ä J åk e á êZÊë � Z£/ e � Z e [ êZ6ë � /�wh� � w Z ê��ë / e � ä 13SÀ�
3.4.2 RHS computation

Thenumberof operationsfor thesequentialforwardseliminationis � 4 � w�
�7 , andfor
thebackwardssubstitution� Z . This givesa total costfor thesequentialRHScompu-
tationsof � 4?� � w�
�7�1 M �

Thecostmodelfor theparallelRHSforwardseliminationandbackwardssubstitu-
tion followsthesameprinciplesastheparallelmatrix reductioncostmodel.

The costto initially scatterthe RHS vector, ´ , is � 13S . The forwardselimination
phasewhichfollowsusesalmostthesamealgorithmasthematrixreductionexceptthat
only singlevaluesarecommunicatedandupdatedinsteadof vectors.Hencethetotal
costto broadcastthebestpivot elementof ´ , VÃk�¿ andswapV5¶ and VÃk5¿ in all iterationsis4 � w�
�7ªê��ë /�1 S . Thecostto performtheupdateis givenby � 4 � w{
�7 J åk .

For thebackwardssubstitutionwe needto modelthecostto calculateandbroad-
castthe elementsof the result vector ¼ ¶ andperform the partial sumupdates.The
numberof consecutive communicationsrequiredto broadcastanelementof theresult
vectordependson thesourceprocessorandvariesin valuefrom / � � whenthesource
processoris at thecentreof thechain,to /Pwè
 whenthesourceprocessoris atoneend
of thechain. If we againtaketheaveragenumberof communications,which is

¦6k æ Z[ ,
andsumover all the iterationswe have a total communicationcostfor broadcasting
theelementsof

³
of Ø �¶�Ò |�æ � ¦6k æ Z[ 13S8AQ4 � w�
�7 ¦6k æ Z[ 13S .

Assuming the workload is well balanced, the partial sum updates costØ �¶ÈÒ |�æ � �Ó4 � w�»í7 J�åk A � 4 � w®
�7 J�åk . Thecalculationof eachnew element¼l¶ from the
partialsumscostsanadditional�
13M . Thisgivesa totalcostfor calculatingelementsof³

of 46� � wo
�7�1BM .
Theresultvectoris thenreturnedto themasterata costof � 13S .
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Thus,thetotal costfor theparallelRHSoperationsis givenby:� � 1BS e 4 � w�
�7ªê�£ë /�13S e � 4 � w�
�7 J�åk e 4 � w�
�7 ¦Êk æ Z[ 13S e � 4 � w�
�7 J�åk e 4?� � w�
�7Ê13M	:
or á Z | ãk w Z |k e � � w�
 ä 13M e á ¦í¦ZÊë � / e ¦ Z � w ¦�¦Z6ë / e �Z ä 13SÃ�
3.5 Results

Weimplementedboththeparallelalgorithmandanefficientsequentialalgorithm.The
performanceof theseprogramswasthenmeasuredfor a rangeof problemsizesand
numberof processorson the ParsysSupernode(seeChapter1). We usedproblem
sizesof � Aî�	��:�
��
�Ó:5�
�	��: � �
� and600. Thesecover the rangeof problemsizesthat
canbestoredon a masterprocessorwith 4MB of memory. Theparallelprogramwas
timedfor theseproblemsizesusing /gAÜ
	:��Ó: � : � :�
ROÓ:5X
� and48 slave processors.For
thesequentialprogramwe measuredthetime takento reducethematrix andthetime
takento performthe RHS computations.For the parallelprogramwe measuredthe
time takento scatterthe matrix, the time requiredto reducethe distributedmatrix,
andthetimetakento performtheRHScomputationsincludingthevectorscatterfrom
andgatherto the masterprocessor. The run-timesweremeasuredusingthe built-in
timer on themasterprocessorandaveragedover five programruns. Thevariationin
run-timebetweenprogramrunsfor thesameproblemis very small. For example,for� A � �
� thevariationin total time wasunder ï9�����	�
� s (under0.1%),andfor � Ad�	�
thevariationwas ï9�Ó�Ö�	��
 s (under1%). Thetimingsarepresentedin AppendixC.

To test the accuracy of the costmodelsat predictingthe run-timeof the parallel
programwe evaluatedthecostmodelfunctionsfor eachproblemsizeandnumberof
processorsusedin theexperimentalmeasurements.

3.5.1 Matrix reduction

T8 architecture

Lookingat thesequentialmatrixreductioncosts,weseethatthemodelunderestimates
the total costby betweenaround20%for smallproblemsandaround10%for larger
problems.Thiserroroccursbecausetheactualalgorithmtestedhasagreateroverhead
for eacharithmeticoperationperformedthanthesimpletestprogramusedto evaluate13M . This resultsin lower cost predictionsespeciallyfor small problems. A least-
squaresfit of themodelto themeasuredvaluessuggestsavalueof 13MPAQ
	��ð�O�� s instead
of 13M�Añ

��O	��� s, an increasein 13M of 8%. An errorof 10%for the largeproblemsis
within reasonableboundsfor usingthemodelasapredictorof programcost.

Theparallelmatrix reductionmodelexhibitserrorsof similarmagnitudeto these-
quentialmodel.For smallproblems( � Aà�	� ) theerrorrangesfrom 22%for /gA¤
 to
28%for /�A �°� , andfor largeproblems( � AbO
�	� ) theerrorrangesfrom 16%for /ÉAd
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Figure3.1: Matrix reductionmodelcosts

to 9% for /sA �°� . As for thesequentialcasewe wouldexpecttheerrorin thesmaller
problemsto belargerdueto theincreasedoverheadscomparedto usefulcomputation
performed.Figure3.1comparesthepredictedmodelcostwith themeasuredcostfor
the largerproblemsizes� AQ�	�
�Ó: � �	� and600. This shows themodelto give a good
estimateof theactualrun-timefor thematrix reduction.The largererrorsfor smaller/ is dueto theunderestimatefor 13M whichaffectsthecostfor small / muchmorethan
thecostfor large / . This is becausefor small / thetermin 1BM is muchmoresignificant
thanfor large / wherethecommunicationcostaddssignificantlyto thetotal run-time.
If we performa least-squaresfit of theparallelmodelto themeasuredtimings,using
the fitted value for 1BM , to find a bettervaluefor 13S we get 13S�AôóÓ�Åð�ó�� s insteadof13S>A � � � ��� s, anincreasein 1BS of 11%. Figure3.2shows thepredictedandmeasured
timesfor � Aà�	�
�Ó: � �	� and600usingthesefitted hardwareparameters.In generalwe
cannotusefittedparametervaluesfor ourcostmodels,sincewewill beusingthecost
modelsto predicttheperformanceof algorithmsthathave not yet beenimplemented
andthereforewe cannothave fitted parametervaluesfor thosealgorithms.However,
if we areusinga costmodelto predict theperformanceof an existing algorithmfor
largerproblemson largermachinesthenwe mayusefittedparametervaluesobtained
from measurementsfor small problemson small machines.The advantageof fitted
parametersover generalparameterestimatesis that they moreaccuratelyreflectthe
overheadcostper arithmeticor communicationoperationfor a particularalgorithm.
But by definitionthatoverheadis specificto onealgorithmandaparticularimplemen-
tationandwill vary from onealgorithmto another, sowerecommendusingonesetof
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Figure3.2: Matrix reductioncostswith fittedmodel

generalparametervaluesfor all algorithmson a particulararchitectureinsteadof dif-
ferentfittedvaluesfor eachalgorithm.Sofor theT8 architecturewehave two general
parametersvaluesfor 13M and 13S .

So, the parallelmatrix reductionmodelgivesgoodtiming predictionsfor all but
thesmallestproblemsizes,keepingtheerrorbelow 20%. Comparethis with themost
näıve modelpossiblewhich assumesperfectparallelism,i.e.,

á Z | â¦ w | ãZ w | � ä J åk . A
graphshowing themeasuredcostsandcostspredictedby this näıve modelfor a prob-
lem sizeof � AàO	�
� is shown in Figure3.3. This clearlyshows thatthesmallamount
of effort investedin developinga costmodelproducesa muchbettercostpredictor
thanthenäıve model.We canalsosimplify thecostmodelby droppingtermsin only� , / or �Ë� / . Thisgivesusa simplifiedcostmodelofá Z | â¦ w | ãZ ä J åk e á êZ6ë � Z / e � Z e [ êZ6ë � / ä 1 S �
Thisnew modelpredictsalmostexactly thesamecostsasthefuller model.

Having establishedthat thecostmodelgivesa goodpredictionof the run-timeof
the parallelmatrix reductionlet us examinethe performanceof the algorithmusing
boththemeasuredtimingsandtimingspredictedby themodel.Figure3.4 shows the
speedupfor theparallelmatrixreductionalgorithmderivedfrom themeasuredtimings.
Thesevaluesarecalculatedusingthecostof theefficient sequentialalgorithmasthe
sequentialcost. (SeeSection1.7 for detailsof thesederivedquantities.)We aremost
interestedin the point at which the parallelalgorithmachieves the greatestspeedup
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Figure3.4: Speedupfor parallelmatrix reduction
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Figure3.5: Predictedspeedupfor parallelmatrix reduction

over the sequentialalgorithm. This tells us the numberof processorsto useto get
theshortestrun-timefor a givenproblemsize. Thespeedupat this point tells ushow
muchquickertheparallelalgorithmwill bethanthebestsequentialalgorithm.For the
problemsizesmeasured,thebestperformanceis achievedfor only smallnumbersof
processors,e.g.,between4 and16 processorsandthespeedis at bestonly 5.6 times
quickerthanthesequentialalgorithm.Theseresultsindicatethat for problemsin this
sizerangea significantfractionof thetotal time is takenupwith communicationonce
the numberof processorsexceedsaround16. The bestperformanceis also only a
smallfractionof themaximumfloating-pointperformanceavailablefrom thatnumber
of processors.

Wecanseehow largerproblemsonlargermachineswill performusingcostpredic-
tionsgivenby thecostmodel.Figure3.5shows thepredictedspeedupfor theparallel
matrix reductionalgorithm.Thegraphshows thataswe increasetheproblemsizewe
canachievebetterspeedupsandusemoreprocessorsto getthemaximumspeedup.For
theseproblemsizesthedatawill not fit on a singlemasterprocessor, but will have to
bereadin from secondarydisk storageandscatteredover theprocessorsor generated
directly by the slave processors.Suchproblemsizesoccurin theaerospaceindustry
wherethereis adesireto solve densesystemsof equationsin up to 100,000variables.

If we comparethis algorithmwith thealgorithmby Howard[62] we seethatboth
algorithmshave a very similar performance.Thatalgorithmalsousesa chainof pro-
cessorsbut distributesthe columnsof the matrix cyclically. Thusthereis not much
differencein the communicationperformanceof a row- or column-distributedalgo-
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rithm on thesamechaintopology.
However, the algorithmby Bisselingandvan de Vorst [17, 16] achievesa much

betterperformancethanour algorithmandscaleswell to muchlargernetworksizes.
For example,Bisseling’s algorithmachievesa speedupof 219on 400 transputersfor
a problemsizeof 1000. For � AõO	�
� and /oAö
RO his algorithmtakes15.2sto fac-
torisethematrix comparedwith 45.2sfor our algorithm. Someof this differencecan
be explainedby the useof assemblerBLAS in Bisseling’s algorithmwhilst our al-
gorithmusesonly occam code. But the mainadvantageof his algorithmis that the
communicationoperationsin the factorisationphasesendvectorsof lengthat most�Ë� ¬ / comparedwith � for our algorithm. This is achievedby usinga grid topology
of processorsanda double-cyclic distributionof thematrix, i.e.,elementµ°¶¹¸ is placed
onprocessor( »3n�¨�÷ ¬ / , ºvn�¨�÷ ¬ / ).

Theresultsindicatethatourparallelmatrixreductionalgorithmrunningoncurrent
generationT8 transputerswill only achieve small speedupsfor problemsizesthatfit
onasinglemasterprocessor, andthebestspeedupsfor suchproblemswill beachieved
for smallnumbersof processors.However, for muchlargerproblems,wherethedata
is pre-distributedor generatedby theslave processors,thealgorithmcanmakegood
useof largerarraysof transputersto achievehigherspeedups.

T9000 and T4 architectures

At this point it is interestingto speculateon the performanceof this algorithm on
differentparallelarchitecturesandalsoon futuregenerationsof transputers.We can
attemptto do this by usingthe matrix reductioncostmodelandsubstitutingin new
valuesfor thehardwareparameters1BM and 1BS that reflectthe new architecture.This
assumesthat theprocessorsin thenew architectureareconnectedin a chainandthat
computationandcommunicationcanbe modelledby a singleparametereach. It is
reasonableenoughto assumethatasingleparametercanbeusedto modelthecompu-
tationcost.Only vectorprocessingnodesor heavily pipelinedRISCarchitecturesmay
needan extra parameterto modelthe startuptime for a vectorarithmeticoperation.
However, thecomplexity of communicationarchitecturesrequiresthatmostarchitec-
tureswill needat leasttwo communicationparametersto modelthe communication
costreasonablywell. Theseparameterswould modelthedatathroughputof thenet-
work andthemessagestartupor latency time. An exampleof sucha communication
modelhasalreadybeenpresentedin Chapter2 for theT9000/C104architecture.

Bearingthe precedingcommentsin mind let us considera T9000machinewith
theprocessorsconnecteddirectly togetherin a chain.Chapter2 gavea valuefor 1 M A�Ó��
T� s, andassumingthe full link bandwidthis utilisedby direct connectionswe can
use 1 S A¤��� � � s. Now thesetimesarebothabouttentimesquickerthanthetimesfor
theT8 architecture,but still in thesameratio to oneanother. This meansthatthecost
modelwill give very similar run-timecurvesexceptthatall timingswill beaboutten
timesquicker. But thesequentialtimingswill alsobetentimesquickersothespeedup
of the algorithmon sucha T9000machinewill be the sameasfor the T8 machine.
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Figure3.6: T4 matrix reduction

This alsomeansthatthealgorithmwill only beableto effectively usesmallnumbers
of processorsin this new architecture.In orderto geta betterperformancefrom this
algorithmwemustuseanarchitecturewith amuchlowercommunicationcostrelative
to the computationcost. This will decreasethe relative costof the communications
operationsin the algorithmgiving betterspeedupsfor a given numberof processors
andwill alsoincreasethenumberof processorswhich givesthelargestspeedupfor a
givenproblemsizeallowing effectiveuseto bemadeof largernetworksof processors.

This is demonstratedby theoriginal timingsfor this algorithmwhich weremade
onaT4machine.Whenthisalgorithmwasfirst developedandtestedona16processor
T4 machinethealgorithmworkedwith singleprecisionfloating-pointnumbers.This
meansthatonly half thenumberof bytesneedto besentfor any givencommunication
comparedwith thedoubleprecisionversiontestedhere.Also, andmoreimportantly,
floating point arithmeticwasperformedin softwareby the T4 processorandso the
arithmeticcostwasvery largecomparedwith communicationandcomparedwith the
hardwarefloating-pointarithmeticof theT8. In fact, the T4 processorhasvaluesof1 M AÇ
�ð¾��O�� s and 1 S A � � � � s which givesa ratio of 1 M � 1 S Aø�Ó��
 . This compares
with a ratio of 1 M � 1 S AY�Ó�Ö� for theT8 processor. Measuredandpredictedrun-times
for thealgorithmon the T4 machinearegiven in AppendixC. Figure3.6 compares
the measuredrun-timeswith thosepredictedby the model. The modelexhibits the
sametendency on theT4 ason theT8 to underestimatethecost,but theaccuracy of
the model is at leastasgoodas for the T8 machine. The measuredspeedupof the
algorithmis shown in Figure3.7. This graphshows that even for the muchsmaller
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Figure3.7: T4 matrix reductionspeedup

problemsizestestedon the T4 machinebetterspeedupswereachieved thanfor the
T8 machine.Full detailsof theT4 implementationof thealgorithmcanbe found in
Oliver [74].

Anotherway to achieve a lower communicationcostfor thealgorithmis to usea
richer communicationstopology. For examplea T9000/C104machinewith a multi-
stageswitchnetworkwill provide muchbetterperformancefor broadcastandscatter
operationsthanasimplechainof processors.Thiswill reducethetotal timespentper-
formingcommunicationsin thealgorithmandresultin betterspeedupsandallow more
processorsto beusedeffectively to give the bestperformance.Chapter5 includesa
costmodelfor GaussianeliminationonaT9000/C104machineusingcommunications
operationsdescribedin AppendixA.

3.5.2 RHS computation

We now turn our attentionto theRHScomputationphase.As for thesequentialma-
trix reductionalgorithmwe find that the sequentialRHS computationmodelunder-
estimatesthe actualcosts. In this casethe overheadsper arithmeticoperationare
even greaterthan for the matrix reductionand the error is about38% for all prob-
lemsizes.A least-squaresfit of themodelto themeasuredtimingsgivesafittedvalue
of 1BM±A]�Ó���
X�� s. This is to becomparedwith theinitial approximationof 13MPAQ
	�ÖO	��� s
andthe matrix reductionfitted valueof 1BMùAÇ
	��ð�O�� s. The fitted valuedoesgive a
verygoodfit to themeasureddataindicatingthatthesequentialcostmodelaccurately
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Figure3.8: RHScomputation

modelsthenumberof arithmeticoperationsperformedeven if the initial estimateof
thecostof a singlearithmeticoperationis notaccurate.

However, theparallelRHSalgorithmmodelgivesa very poorfit to themeasured
timings.Individualdatapointsarein errorby around100%,but moresignificantlythe
generaltrendof the costmodeldoesnot agreewell with the timings. This is shown
clearlyin Figure3.8whichplotsthemodelledandmeasuredcostsfor aproblemsizeof� AbO	�
� . Forsmallnumbersof processorsthemodelagainunderestimatesthetruecost
of thealgorithmbut by anevengreatermargin thanfor thesequentialRHSalgorithm.
ThissuggeststhattheparallelRHSalgorithmhasevengreateroverheadsperarithmetic
operationthanthesequentialalgorithm.For largernumbersof processorsthepredicted
timings aregreaterthanthe measuredtimingsandthe trendappearsto increasethis
overestimatefor larger numbersof processorsgiving increasinglylarger errors. A
least-squaresfit of the modelto the measuredvaluesusingthe fitted 1 M gives 1 S A
������°ð�� s. However thesefitted valuesdo not changethe modelpredictionsgreatly:
for small / themodelstill underestimatesthecostby about100%andfor large / the
modeloverestimatesthecostfollowing thesametrendastheunfittedmodel.

A moredetailedexaminationof the practicalrun-timecostsfor theparallelRHS
computationshows that almostall of the total costof the algorithmcomesfrom the
actualforwardseliminationandbackwardssubstitutionandnot from the scatterand
gatherof the vector. The model predictsthe initial and final communicationcosts
well andso the error in the model is an error in predictingthe costof the forwards
eliminationandbackwardssubstitution.Themodellingtechniquesusedfor theRHS
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computationarethe sameasfor the matrix reductionwhich predictedthe costvery
well. The differencebetweenthe two algorithmsis that the matrix reductionis a
coarse-grainedalgorithmandthe RHScomputationis a fine-grainedalgorithm. The
matrix reductionperformsa lot of computationbetweensynchronisations,although
the communicationsarealsoof large amountsof data. For the RHS computationa
processoronly executesa few arithmeticoperationsbeforehaving to synchronisewith
otherprocessorsagainfor communication,althoughcommunicationshereareonly of a
few bytesof data.Thesefrequentsynchronisationsandsmallamountsof computation
aredifficult to modelusinga global view of themachinewhere,for example,we try
to model the costof an algorithmicbroadcastby the total time takenby the whole
networkof processorsto perform the broadcast.This meansthe model time starts
from the momentthe sourceprocessoris readyto start the broadcastoperationand
finishesonly whenthe last destinationprocessorhasreceived the broadcastdata. In
practice,during the broadcastoperationsomeprocessorswill receive the dataearly
onandcontinueexecutingsubsequentcomputationoperationswhilst otherprocessors
arestill waiting for the broadcastdata. Theexecutionof the broadcastoperationon
theprocessorsmoveslike a wave alongthechainof processorsaway from thesource
processor. Dueto thewaveformnatureof thesecommunicationsoperations,whichare
especiallynoticeablefor fine-grainedalgorithmslike the RHS computation,a better
costmodelmightbeobtainedby takinga local view of eachprocessorin themachine
andconsideringthe costof the broadcastasthe costof the broadcastoperationson
just a singleprocessor. Sucha modelwould give a lower cost for communications
operationslike abroadcast,andfor theRHScomputationthiswoulddecreasethecost
gradientfor large / andhopefullygivea closerfit to themeasuredtimingsfor large / .

Figure3.9showsthemeasuredspeedupachievedby theRHScomputation.As for
thematrix reductionthespeedupsaresmall dueto the large fraction of communica-
tion operationsin thealgorithm.Thehighestspeedupis only 4.8timesfasterthanthe
sequentialalgorithmfor a problemsizeof � AúO
�	� . Notice alsothat the speedups
achievedarelower thanthespeedupsfor thematrix reductionalgorithm. This is be-
causetheRHScomputationhasalargerfractionof communicationoperationsthanthe
matrix reduction.Anotherimportantfeatureis thatfor a givenproblemsize � theop-
timum numberof processorsto achieve thehighestspeedupfor theRHSoperationis
differentfrom theoptimumnumberfor thematrix reduction.Thiswill betrueof most
parallelalgorithmssincetheoptimumnumberof processorsdependsonthefractionof
communicationin analgorithm.Whenwesolveaproblemwewishtousetheoptimum
numberof processorsfor thatproblemsize.But if theoptimumnumberof processors
variesbetweendifferentparallelalgorithmsthat arecalled in the processof solving
theproblemhow many processorsdo we use?If thedatais alwaysgatheredbackto
themasterprocessorbetweeneachparallelalgorithmthenwecanusethedifferentop-
timum numberof processorsthateachparallelalgorithmrequires.Unfortunatelythe
overheadin scatteringandgatheringdatato themasterprocessormaybea significant
fraction of the total run-time. If insteadwe leave the datadistributedover the slave
processorsbetweenparallelalgorithmsthenwe caneitherchooseto re-distributedata
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Figure3.9: Speedupfor parallelRHScomputation

betweenalgorithmsto allow us to usetheoptimumnumberof processorsor we can
usethesamenumberof processorsfor all theparallelalgorithmsandleave thedatain
place.Re-distributingdatabetweenalgorithmsmayhavealargecostandtheimprove-
mentin performancefrom usingtheoptimumnumberof processorswill rarelyoffset
there-distributioncost.Hencethebestapproachis to leave thedatadistributedover a
fixednumberof processorsfor all theparallelalgorithms.Thenumberof processors
chosenshouldbe the numberthat givesthe lowestoverall run-timecost. For Gaus-
sianeliminationwe usethe optimumnumberof processorsfor the matrix reduction
algorithmsincethecostof thisalgorithmdominatesthetotal costof thealgorithm.

If we incorporatethe cost model for an algorithm into the implementation,the
programitself canselectthe optimumnumberof processorsto be usedfor a given
problemsize. The RHS computationmodel, even thoughit doesnot give a good
predictionof thetotal costof thealgorithm,still givesagoodestimateof theoptimum
numberof processorsto use.

3.6 Conclusions

Thischapterhasdescribedtheimplementationof Gaussianeliminationoncurrentgen-
erationT8 networks.Wehave shown theneedfor complex communicationoperations
to achievegoodperformancefrom achaintopology. Theadvantageof usingtherichest
processorconfigurationavailablehasbeenshown by thehigh performanceof Bissel-
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ing’sgrid-basedalgorithm.Also wehaveconsideredtheeffectof differentdistribution
strategiesfor thematrix. We have introducedthetechniquesfor developingcostmod-
els for parallel algorithmsusing the parallel Gaussianelimination algorithm as the
example.Thedifficultiesin modellinghave beenintroducedalongwith anindication
of theaccuracy thatcanbeexpectedfrom a model. In particular, we have shown that
coarse-grainedalgorithms(suchasthematrix reduction)canbemodelledvery well,
but otherfine-grainedalgorithms(suchastheRHScomputation)cannotbemodelled
well usingthesimpletechniquesdiscussedhere.We have comparedtheperformance
of this algorithmon T4 andT8 machinesto show the importanceof thebalancebe-
tweencomputationrateandcommunicationrate.

In thenext chapterwe describea completelydifferenttypeof algorithm: parallel
sorting.Wewill show how thesameprogrammingandmodellingtechniquesthathave
beenusedfor the linearalgebraproblemin this chaptercanbe usedin this different
areaof computationalmathematics.



Chapter 4

Sorting

In thischapterwe look at thesuitabilityof thetransputerarchitecturefor parallelsort-
ing algorithms.We presenttwo algorithmswhich implementbitonic sorting;onede-
signedfor the T8 architectureand one for the T9000/C104architecture. Practical
measurementsof the performanceof the T8 algorithmaregiven andcomparedwith
the costmodel. We thenusethe costmodelsfor the two algorithmsto comparethe
performanceof thealgorithmsfor largeproblems.

4.1 Introduction

Sortingis animportantoperationin dataprocessingandtherehasbeenalot of activity
in the designof parallelsortingalgorithms.Most of theearlierwork wasconcerned
with thedesignof algorithmsusingsimplecomparatorssuitablefor VLSI implemen-
tation. Akl [5] givesa gooddescriptionof many of the algorithmsdesignedfor use
in VLSI sortingnetworks.ThesealgorithmsincludeBatcher’s classicodd-evensort
andbitonicsort[12]. With thewidespreadavailability of massively parallelcomputers
recentwork hasfocusedon designingalgorithmsfor thesearchitectures.Muchof this
work hasbeentheoreticalin nature,with algorithmsbasedonthePRAM sharedmem-
ory parallelcomputationmodel. In practice,mostmachinesdo not exhibit the fixed
costcommunicationassumedby thePRAMmodel,but insteadtheinterprocessorcom-
municationhasa highcostwhichaffectstheperformanceof algorithmssignificantly.

Designingsortingalgorithmsfor distributedmemoryarchitecturesis difficult. One
approachis to partitiontheunsorteddatabetweentheprocessors,performasequential
sortandthenmergethesortedsubsets.LootsandSmith[69] describeanimplementa-
tion of this methodfor smalltransputernetworks.Onedifficulty with this basicalgo-
rithm is thelargecostof thefinal mergephase.In [97] themergephaseis avoidedby
initially partitioningtheunsorteddatainto / bucketswhichareordered.Thesequential
partitioningphasenow representsa significantproportionof the total algorithmcost.
Parallel partitioningalgorithmshave beensuggested,for example[45]. Algorithms
which usedatapartitioninghave thedisadvantagethat thedatadistribution might not

56
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bevery well balancedbetweentheprocessors.This impactson thememoryrequire-
mentsof eachnodeandtheprocessingtimeateachnode.

Parallel algorithmssuchasodd-even sortingandbitonic sortingdo not have this
problem.Themainproblemwith thesesortingalgorithmsis thatthesequentialcostis
muchgreaterthanthe costof goodsequentialalgorithmssuchasquicksort[66]. For
example,thecostof bitonic sort is �[ � §�¨	© Z � 4�§�¨	© Z � e 
�7 comparedwith � §�¨	© Z � for
quicksort.Theadvantageof bitonic sort is that it shouldscalewell to largearraysof
processorssinceit is inherentlyparallel.Bitonic sortalgorithmsfor a meshof proces-
sorsaredescribedin [26] and[5]. In thischapterwe look atbitonicsortalgorithmsfor
a chainof T8 processorsandaT9000/C104machine.

In the next sectionwe describethe genericbitonic sort algorithmfor distributed
memoryMIMD architectures.The two sectionsfollowing thatpresentdetailsof the
designof thealgorithmfor thespecifictransputerarchitectures:Section4.3describes
the T8 algorithmandSection4.4 describesthe T9000/C104algorithm. This is fol-
lowedin Section4.5by adiscussionof theperformanceof thetwo algorithmsandour
conclusionsin Section4.6.

4.2 Bitonic sort

A bitonicsequenceof � 4íA]� Ä 7 elementsû
¼ ë :5¼ � :R������:5¼ |�æ �5ü is suchthat¼ ë � ¼ � � ���R� � ¼Ù¸ æ � � ¼Ó¸�ub¼Ù¸ �<� uQ������ub¼ |�æ Z u�¼ |�æ �
or thesequencecanbeshiftedcyclically to satisfythis condition.

At the heartof the bitonic sort algorithmis a routinewhich mergesa bitonic se-
quenceto givea sortedsequence.To mergea bitonicsequenceof � elements:

Algorithm 2 (Bitonic merge)

1. let »8A �
2. while »;u��

2.1. for eachelement¼Ó¸ in thesequencesof elements¼ ë �����À¼ ¶�ý Z æ � : ¼�¶°���R�5¼ ¦í¶Èý Z æ � : �R����: ¼ |�æ ¶������À¼ |�æ ¶�ý Z æ �
compareeachelement¼Ó¸ with theelement¼ ¸ � ¶�ý Z ;
for ascendingorder, if ¼ ¸ x ¼ ¸ � ¶�ý Z thenexchange( ¼ ¸ ,¼ ¸ � ¶�ý Z ),
for descendingorder, if ¼ ¸ �`¼ ¸ � ¶�ý Z thenexchange( ¼ ¸ ,¼ ¸ � ¶�ý Z )
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2.2. let »ÍAb» � � ×
To constructa sortedsequencefrom anunsortedsequenceof length � thebitonic

mergeprocedureis usedto producesuccessively largersequencesof sortedelements:

Algorithm 3 (Bitonic sort)

1. let i = 2

2. while » ���
2.1. for eachbitonicsequenceof elements¼ ë ������¼l¶ æ � : ¼�¶°�����À¼ Z ¶ æ � : ������: ¼ |�æ ¶������À¼ |�æ �

sortthesequenceusingbitonicmerging(Algorithm 2) with alternatingsort
order.
For ascendingsortorder, sortfirst sequenceinto ascendingorderandsec-
ond into descendingorder, etc.,andvice versafor descendingsortorder.

2.2. let »ÍAb�
» ×
Theadaptationof thisalgorithmto sort � elementsonadistributedmemoryMIMD

machinewith / ( Ab� z , L � ¥ ) processorsis asfollows:
Initially the unsortedvector is scatteredblock-wiseto the processes,with each

processreceiving ��� / elements.To build up a sortedsequenceon eachprocessa se-
quentialquicksortroutineis usedasit hasabetterperformancethansequentialbitonic
sorting.Alternateprocessesperformsortingin ascendinganddescendingorder. Now
eachpairof adjacentprocesses/ Ä , / Ä �<� holdsabitonicsequence.

Next themergingstageis enteredasfollowed:

Algorithm 4 (Parallel bitonic sort)

1. let ºçAb�
2. while º � /

2.1. let »ÍAhº
2.2. while » x 
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2.2.1. for eachprocess/ÙÄ in theblocksof processes/ ë �R���£/ ¶�ý Z æ � : /Ó¶����R�£/ ¦í¶Èý Z æ � : �����R: /·k æ ¶�������/ k æ ¶Èý Z æ �
processes/ÙÄ and / Ä � ¶�ý Z perform a compare-exchangeoperationon
their vectorelements:
for LþAQ
 to ��� /
ascending: if /�Ä	4?Lÿ7 x / Ä � ¶�ý Z 4?Lg7 then

exchange(/ÙÄ	46Lg7 ,/ Ä � ¶�ý Z 46Lg7 )
descending: if /�Ä	4?Lÿ7D�è/ Ä � ¶�ý Z 4?Lg7 then

exchange(/ÙÄ	46Lg7 ,/�Ä � ¶�ý Z 46Lg7 )
(Theelementat index L of thevectoronprocess/ÙÄ is comparedwith
elementL of thevectoron / Ä � ¶�ý Z .)

2.2.2. let »ÍAb» � �
2.3. performbitonicmerging (Algorithm 2) oneachprocess

2.4. let ºfAb�Tº ×
The completesequencehasnow beensortedandeachprocessreturnsits vector

backto themasterprocess.
We arealsointerestedin a versionof the bitonic sort algorithmwhich usespre-

distributeddata. In this situationthe sortedvector is left distributedandthereis no
needfor theinitial scatteror final gatheroperations.

Step2.2.1of theparallelalgorithmcontainsall thecommunicationsfor thealgo-
rithm exceptfor the initial scatterandfinal gatherof thevector. Hence,thedetailed
codefor this stepwill beoptimisedto reduceor hidethecommunicationcostasmuch
aspossiblefor eacharchitecture.This resultsin differentimplementationdetailsfor
thisstepfor theT8 andT9000/C104algorithms.

4.3 T8 algorithm

4.3.1 Algorithm

Theprocessorconfigurationusedfor theT8 algorithmis a chainof / slave processors
connectedat oneendto a masterprocessor. Theselectionof this configurationis dis-
cussedin Chapter1. With suchaconfigurationstep2.2.1of theparallelalgorithmwill
involve many communicationsof longvectorsbetweendistantprocessors.In orderto
reducethecostof theseoperationsapacket-basedpoint to pointcommunicationsrou-
tinewasdeveloped.This routinesplitsthecommunicationof asinglelargevectorinto
many smallpacketswhich aretransmittedoneafteranother. This hasa muchsmaller
costthanasinglecommunication.For sufficiently largevectors,of size � , thecostfor
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thepacket-basedcommunicationapproaches� 13S for communicationbetweenslavesa
distanceof / apart.This compareswith a costof � /Ù13S for thesinglecommunication.
Full detailsof thealgorithmaregivenin AppendixA.

The bitonic sort algorithmfor the T8 architectureproceedsas follows. Initially
themasterprocessscattersthevectorto the / slavesusingthepacket-basedcommu-
nicationroutine,sendingtheblock for thefurthestprocessfirst. Oncetheslaveshave
received their blocks they sort themusing an efficient sequentialquicksortroutine.
Next themainphaseof theparallelbitonicsortstarts.

Step2.2.1of Algorithm 4 breaksdown into threeoperations:an initial commu-
nication,the compare-exchange,anda final communication.Within oneiterationof
step2.2.1all the communicationsarebetweenprocessesin a block of adjacentpro-
cesses,e.g., / ë �����?/Ó¶ æ � and /Ó¶�������/ Z ¶ æ � . Eachblock of processesperformsthe same
operationswithin its own block. We will considerthe casefor the processblock/ ë ���R�6/Ó¶ æ � . First,eachprocess/�Ä in thefirst half of theprocessblock,i.e., / ë �����6/ ¶�ý Z æ � ,
receivesthevectorfrom process/ Ä � ¶�ý Z in thesecondhalf of theprocessblock. Vectors
from the lower numberedprocessesaresentfirst, with all communicationsusingthe
packet-basedroutine.Onceeachprocess,/ Ä , in thefirst half of theprocessblock has
receiveda vectorit thenperformsthesequentialcompare-exchangeoperationon ele-
mentsin its own vectorandthevectorreceivedfrom process/ Ä � ¶�ý Z . If ascendingsort
orderis requiredthentheprocesskeepsin its own vectorthesmallerof eachpair of
elements/ÙÄ	46Lg7 and /ÙÄ � ¶Èý Z 46Lg7 andplacesthe larger in thevectorreceivedfrom pro-
cess/ Ä � ¶�ý Z . If descendingorderis requiredtheprocesskeepsthelargerelement.After
the compare-exchangeoperationthe updatedvector from process/ Ä � ¶�ý Z is returned.
Thevectorsaresentfrom highernumberedprocessesfirst. Thesethreeoperationsare
repeatedfor eachiterationof step2.2.1.

Oncetheparallelbitonicsorthascompletedeachslave processhasasortedvector
andthesevectorsarein sortedorderover the processes,i.e., for an ascendingorder
sort,thelargestelementon process/ÙÄ is smallerthanthesmallestelementon process/�Ä �<� andall subsequentprocesses.To finish thealgorithmthemasterprocessgathers
thedistributedvector. Eachslave processsendsits vectorbackto themasterprocess
startingwith theslave nearestthemasterprocess.

Thisalgorithmrequiresstorageoneachslave processfor � �Ë� / datavalues.

4.3.2 Model

In orderto predicttheperformanceof thealgorithmwedeveloparun-timecostmodel.
As for the Gaussianeliminationalgorithmof Chapter3 the modelwill be given in
termsof a setof hardwareandproblemparameters.In thatchapterwe modelledthe
computationcostby 13M . This is the time takento performa singledoubleprecision
floating point arithmeticoperationsuchasmultiply or add. For a sortingalgorithm
the “computation”operationis thecomparisonandexchangeof pairsof datavalues.
Thecostof this comparisonwill vary dependingon thetypeof thedatavalueswhich
may includeintegers,floatingpoint valuesandcharacters.In this chapterwe model
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thecomparison-exchangecostby a new hardwareparameter, 1�� , whichrepresentsthe
time takento performa singlecompare-exchangeoperationon a pair of datavalues.
Theotherhardwareandproblemparametersremainthesameasin thelastchapter:1BS ,
thecostof communicatingasingledatavalue; � , theproblemsize,i.e., thesizeof the
unsortedvector;and / , thenumberof processors.Presentedin its simplestform, the
parallelbitonic sortalgorithmrequiresboth � and / to have valuesthatarepowersof
two, i.e., � Añ� Ä and / Aî� z , 46L � ¥<7 . Theseconstraintson � and / areassumed
throughoutthis chapter.

We now develop a cost model for the T8 algorithm. In this model we usethe
simplifiedform of thecostof thepacket-basedcommunication,i.e., � 13S .

Scatteringthevectortoslaveprocessesandgatheringthesortedvectorusingpacket-
basedcommunicationscostsapproximately� � 1BS . The costof the initial sequential
quicksortoneachprocessis 4 �Ë� /<7°§�¨	© Z 4 ��� /<7Ê1�� .

In eachiterationof theparallelbitonic sortalgorithmwe have thefollowing. For
slave ¥ to geta vectorof ��� / valuesfrom slave ¥ e � ¶ æ � in step2.2.1involvesfirst
readingandpassingon 4?� ¶ æ � w�
�7 vectorsbeforereceiving its own. Usingthepacket-
basedroutinethiscostsapproximately� ¶ æ � 4 ��� /I7�1 S . This is followedby thecompare-
exchangeatacostof 4 ��� /I7�1 � . Sendingtherejectedvectorbackto slave ¥ e � ¶ æ � costs� ¶ æ � 4 �Ë� /<7�1 S .

To formsortedsequencesacrossº processes,step2.2.1is repeatedfor »ÍAQ
8�R���Ã§�¨
© Z º .
To thiscostweaddthecostof thebitonicmergeoneachprocessin step2.3. Thiscosts4 ��� ��/<7°§�¨	© Z 4 �Ë� /<7Ê1�� .

To completelysorttheunsortedvector, we needto form sortedsequencesacrossº
processesfor ºçA���: � : � :�������:6/ .

Thetotalparallelbitonicsortcostfor theT8 architectureis thusgivenby:� � 13S e �/ � ��46��/�wÛ§�¨	© Z /�wh�°7�1BS e 4£§�¨	© Z 4 ��� /I7 e �Z 4£§�¨	© Z � e 
�7°§�¨	© Z /<7Ê1����Í�
For large � andlarge / thecostmaybesimplifiedto O � 13S . Thecostfor a sequen-

tial quicksortof � itemsis 1�� � §�¨	© Z � andhencethespeedupfor large � and / hasa
simplifiedform of

J��� J�� §�¨	© Z � .

4.4 T9000/C104 algorithm

4.4.1 Algorithm

The implementationof the parallel bitonic sort algorithm for the T9000/C104ar-
chitectureis similar to that for the T8 architecture.A significantadvantageof the
T9000/C104architecturefor thisalgorithmis thattheswitchnetworkwill giveagreat
reductionin the costof communicationsbetweennon-neighbourprocesseswhich is
thedominantcostof step2.2.1of thealgorithm. In theT9000/C104algorithmdirect
point to point communicationsareusedfor step2.2.1of the algorithm. This should
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allow theperformanceof theT9000algorithmto scalewell to largearraysizeswhich
is not truefor theT8 algorithm.

A seconddisadvantageof theT8 algorithm,aspresentedabove, is thatstep2.2.1
only useshalf of the availableprocessesfor computation,the otherhalf remainidle
waiting to receive backtherejectedvector. In theT9000/C104algorithmwe remedy
this situationby splitting thevectoron eachprocessinto two halves. Step2.2.1then
proceedsasfollows. Eachpair of processes/ÙÄ and / Ä � ¶�ý Z exchangehalf of their vec-
tors: process/ÙÄ sendsits high half vectorto process/ Ä � ¶�ý Z andreceivesthelow half
vectorof / Ä � ¶Èý Z in exchange.Thesetwo communicationscanbe executedin paral-
lel providedthecommunicatedvectorsareinput into temporaryvectorsof size �Ë� �T/ .
Process/ÙÄ thenperformsacompare-exchangeoperationonelementsfrom its low half
vectorandthelow half vectorreceivedfrom / Ä � ¶Èý Z . Similarly, process/ Ä � ¶�ý Z performs
acompare-exchangeoperationon thehighhalf vectorsit holds.Thestepis completed
by returningthe high half vector to /ÙÄ andthe low half vector to / Ä � ¶Èý Z in parallel.
Hencethis methodhastwo communicationsoperationsperstep,eachoperationcon-
sistingof thecommunicationof two half vectorsin parallel.

This methodkeepsall theprocessesbusy, but thetotal amountof communication
performedis greaterthannecessary:the half vectorsare returnedto their sourceat
the endof the iterationand thenat the beginning of the next iterationoutputagain
if thesourceprocesshasthesamestateasin theprevious iteration(eitherexpecting
high or low half vectors). The communicationcostcanbe reducedby fetchingthe
half vectorsat the beginning of the stepdirectly from their location in the previous
iteration. This removestheneedto returnhalf vectorsat theendof thestep,but may
insteadrequiretwo half vectorsof aprocessto beinputat thestartof thestep:boththe
half vectorit would input underthepreviousmethodandits own half vectorfor this
iterationif this wasstoredon a differentprocessin the previous iteration. The total
amountof communicationin the worst caseis asmuchasfor the previous method,
i.e., 4 half vectorsper iteration,but all 4 communicationscanbeexecutedin parallel
in oneoperationatnoadditionalcostin storagespace,comparedwith 2 operationsfor
thepreviousmethod.

Simpleexpressionsspecify the locationof the 2 half vectorsthat process/ÙÄ re-
quiresin iteration » of Algorithm 4. Wedefinethestateof process/ÙÄ , �
	�	°¥ , as�
	�	°¥sAQ4?¥Â÷
���Ì» � �°78n�¨�÷f���
If �
	�	°¥ , i.e., �
	�	°¥sAQ
 , thenprocess/�Ä requireshighhalf vectors,otherwiseit requires
low half vectors.Process/�Ä is pairedwith process/�Ä � where¥3
PAb¥ e » � �Pw�4?»����
	�	°¥<75�
In thepreviousiterationthestateof process/�Ä � , �
	�	°¥3
Ã/ , was�
	�	°¥3
Ã/gAà46¥3
 ÷
���m»í7�n�¨�÷f��:
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�
	�	°¥	/
0 1�
	�	°¥ 0 ¥ ¡���� ¥�X � ¶�� �

1 ¥ÙX ¡���� ¥ � ¶�� �
own half vector

�
	�	°¥	/
0 1�
	�	°¥ 0 ¥ ¡���� ¥�X � ¶�� �

1 ¥�X ¡���� ¥ � ¶�� �
otherhalf vector

Figure4.1: Locationsof half vectors

andit waspairedwith process/ÙÄ Z¥��vAb¥B
 e »3w�46�
»����
	�	°¥3
Ã/I75�
If �
	�	°¥3
À/ then /ÙÄ � holdshigh half vectorsfrom the previous iterationand /�Ä Z holds
low half vectors.Hence,from theseexpressionseachprocesscancalculatewhetherit
needsto input vectorsfrom /ÙÄ � or /�Ä Z andwhetherthesevectorsarestoredin low or
highhalf vectorson thoseprocesses.

To find its own half vector, similar expressionsareused.In thepreviousiteration/�Ä hadstate �
	�	°¥	/gAà46¥�÷
���Ì»í7ªn�¨�÷f�Ó:
andwaspairedwith process/ÙÄí¦ where¥�XvAb¥ e »3w�46�
»����
	�	°¥	/<7��
If �
	�	°¥	/ then /�Ä holds high half vectorsfrom the previous iteration and /�Ä�¦ holds
low half vectors.Hence,from theseexpressionseachprocesscancalculatewhetherit
needsto input its own highor low half vectorfrom process/ÙÄí¦ .

Theseexpressionsaremoreclearlyshown in Figure4.1 astwo tableswhich give
thelocationof the2 half vectorsthatprocess/�Ä requiresat iteration » for thevarious
valuesof �
	�	°¥ , �
	�	°¥	/ and ��	�	°¥B
Ã/ .

Similar expressionscanbefoundfor thedestinationprocessesfor thehalf vectors
heldby a processat thestartof aniteration.

This operationis repeatedfor the loop in Step2.2 of thealgorithm. On exit from
this loop the half vectorsmustbe returnedto their correctprocessesbeforethe next
step.

This secondmethoddecreasesthe communicationcostof the algorithmby per-
formingcommunicationsin parallel,however, evenbetterperformancecanbeachieved
by overlappingcommunicationswith comparisons.Step2.2mayberearrangedto use
parallelthreadswhichoperateonquartervectors,i.e.,halvesof thehalf vectors.Whilst
onethreadperformsthecompare-exchangeonapairof quartervectors,anotherthread
inputsthenext pairof quartervectors.Step2.2becomes:

Algorithm 5 (Multi-threaded T9000/C104 main loop)
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2.2.1 process/ÙÄ getsfirst 
 � � vectorfrom / Ä � ¶�ý Z
2.2.2 while » x 


2.2.3 par
performcompare-exchangeonfirst 
 � � vector
getsecond
 � � vector

2.2.4 par
performcompare-exchangeonsecond
 � � vector
getfirst 
 � � vectorfor next iteration(if » x � )

2.2.5 let »ÍAb» � �
2.2.6 return 
 � � vectorsto ownerprocesses ×

This third methodrequiresthesameamountof storageasthepreviousmethod,but
hidesmostof thecommunicationsbehindcompare-exchangeoperations.

Theotherphasesof theparallelalgorithmarethescatter, gatherandquicksort.The
T9000/C104algorithmdiffersfrom theT8 algorithmin thatthemasterprocessis also
a slave process(seeChapter1). Hencein theinitial scatterof theunsortedvectorthe
masterprocesskeeps�Ë� / elementsof thevectorfor itself, distributing theremainder
over the /ywN
 slave processes.We also usecommunicationsoperationsthat have
beenoptimisedfor theT9000/C104architecture.Thescatterandgatheroperationsare
describedin AppendixA. The quicksorton eachprocessis the sameasfor the T8
algorithm.

4.4.2 Model

Thecostmodelfor this algorithmon a T9000/C104machineusesthesamehardware
andproblemparametersasthe T8 algorithmwith the additionof an extra hardware
parameter, 1B2 , for communications.Thehardwareparametersare: 1�� , thecostof the
compare-exchangeoperationfor a singlepair of datavalues;132 , thestartupcostfor a
communication;13S , thecostof communicatingasingledatavalue.(SeeChapter2 for
detailsof thehardwareparameters.)Theproblemparametersare: � , theproblemsize,
i.e., thesizeof theunsortedvector;and / , thenumberof processors.

If the vector to be sortedis storedon onemasterprocessthenwe must include
thecostof theinitial scatterof theunsortedvector, andthegatherof thesortedvector
backto themasterat theendof thealgorithm.Thealgorithmandcostmodelfor these
standardoperationsaregivenin AppendixA. They havea combinedcostof/�w�
� � 1B2 e �/ 13S��j�
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If thevectoris alreadydistributedbeforethealgorithmstartsweleavethesortedvector
distributedalso.

Themainalgorithmbeginswith eachprocessperforminganinitial quicksortonits
vectorcosting 4 ��� /<7¾§�¨	© Z 4 �Ë� /<7�1�� .

The parallel threadsin Step2.2 cost n�p�q�461B2 e 4 �Ë� � /I7�13S5:�4 �Ë� � /<7Ê1��T7 . The loop
in » executes§�¨	© Z º times,andon the last iteration the secondthreadonly performs
a compare-exchangeoperation.Beforethefirst iterationa 
 � � vectoris input at cost132 e 4 �Ë� � /<7Ê13S . At the endof the loop two 
 � � vectorsarereturnedto their owner
processin parallelatcost 132 e 4 ��� � /I7�1BS . Thisgivesa total costfor the » loopof:

4?�Í§�¨
© Z ºvw{
�7°nÉp�q � 1 2 e �� / 1 S : �� / 1 � � e ��461 2 e �� / 1 S 7 e �� / 1 � �
After this loop endseachprocessperformsa bitonic merge(Algorithm 2) on its own
vectorat cost 4 �Ë� �T/I7°§�¨
© Z 4 �Ë� /I7�1�� . All of this work in the loop of Step2 is repeated
over º , with º�Ab� Ä where¥�AQ
8�R���Ã§�¨
© Z / . Thetotal costof this stepis thus

n�p�q � 1B2 e �� / 13SÃ: �� / 1����y4£§�¨	© Z /<7 Z e �Ó461B2 e �� / 13Sí7°§�¨	© Z / e � 
 e �Í§�¨
© Z �/ � �� / §�¨	© Z /�1��5�
Thisgivesthetotal costfor a pre-distributedbitonicsortas| k §�¨
© Z | k 1 � e nÉp�q á 1 2 e |[ k 1 S : |[ k 1 � ä 4�§�¨
© Z /I7 Z e� á 1B2 e |[ k 1BS ä §�¨
© Z / e á 
 e �Í§�¨
© Z | k ä |[ k §�¨
© Z /�1��5�

Thetotal costfor a parallelbitonicsortof avectorinitially ona singleprocessis:k æ �Z á 1B2 e z k 1BS ä e | k §�¨	© Z | k 1�� e n�p�q á 132 e |[ k 13SÃ: |[ k 1�� ä 4£§�¨
© Z /<7�Z e� á 1B2 e |[ k 1BS ä §�¨
© Z / e á 
 e �Í§�¨
© Z | k ä |[ k §�¨
© Z /�1��5�
4.5 Performance

4.5.1 T8 algorithm

We have implementedtheparallelT8 algorithmandanefficient sequentialalgorithm
ontheParsysSupernode(seeChapter1). Theseprogramssortvectorsof 32bit integer
values.Programsto sorttheotherdatatypesareeasilygeneratedbysourcelevelglobal
replacementsof thedatatypename(e.g.,replaceINT by REAL32). Theperformance
of theprogramswasmeasuredfor a rangeof problemsizesandnumberof processors.
Theproblemsize � waslimited by thenumberof valuesthatcanbestoredonamaster
processorwith 4MB of memoryandtherequirementfor � to bea powerof two. This
allowedproblemsizesup to 524288.Sincetheslaveprocessesrequirespacefor twice
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Figure4.2: Measuredspeedupof algorithmfor T8 architecture

theamountof datathey initially receive, this largestproblemsizecannotbeusedon
only asingleslaveprocessor. Theparallelprogramwastimedusing/�Ab�Ó: � : � :�
�O and
32slave processors.

We recordedthetotal time takenby thealgorithmasmeasuredby themasterpro-
cessor. In additionwe measuredthetime takenby four partsof theparallelalgorithm
to illustratetheproportionof the total time that they consumed.Thesefour partsare
theinitial scatterof theunsorteddata,thesequentialquick sortoneachprocessor, the
parallelbitonic sort,andthefinal gatherof thesorteddata. Thetime givenfor these
phasesof the algorithmis the time measuredby the first slave processor. The times
measuredonotherprocessorsin thearrayvaryasfollows: As theprocessornumberin-
creases,i.e., theprocessorsgetfurtheraway from themasterprocessor, thecostsvary
asfollows: thescattercostdecreases,thesequentialquick sortcostremainsconstant,
andthebitonic sortandgathercostsincrease.Hencethesefiguresarepresentedonly
to illustrateapproximatelytheproportionof the total time spentin eachphaseof the
algorithm.All thesetimingsaregivenin AppendixD.

Figure4.2showsthespeedupof thealgorithmoveranefficientsequentialquicksort
algorithm. Theseresultsarevery disappointingshowing that the parallelalgorithm
doesnot give any speedupat all for mostproblemsizestested.Insteadthesequential
quicksortalgorithmis shown to bequicker. Lookingat thetimesfor thefour phasesof
thealgorithmgivenin TableD.2 shows that,for all but thesmallestarrays,thecostof
thebitonic sortphasedominatesthetotal cost.Thecostof the initial scatterandfinal
gatheralsomakeupasignificantproportionof thetotalcost.Thispoorperformanceis
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dueto severalfactors.Themostimportantfactoris thehighcostof communicationsin
thebitonicsortphasecomparedwith theamountof computationperformed.For each
comparisonoperationthecommunicationof two datavaluesis required.

Thecostto communicateasingle32bit integeris 1BSÍA � � � ��� s. Thisvaluewasob-
tainedby measuringthetimetakento sendalargevectoracrossalink (seeChapter2).
It is not so easyto obtaina reasonableestimatefor the costof a singlecomparison
operation. In this case,we decidedto estimatea valuefor 1�� by fitting the sequen-
tial timings to the sequentialcostmodelusinga leastsquaresfit. This givesa value
of 1���A 
	�Öó�� s. This estimatefor 1�� takesinto accountthe costof the IF language
constructandthe exchangeof datavaluesaswell asthe comparisonoperation.No-
tice that this valueis higherthanthe averagecostof an integer arithmeticoperation
( 1BM±Aà
	�Ö��� s).

Fromthesevaluesfor 1�� and 1BS we seethatthecommunicationcostin thecentral
bitonic sortphaseis about5 timesgreaterthanthecomputationcost. Sowe cansay
thattherun-timecostof theparallelalgorithmis dominatedby thecostof thecommu-
nications. Henceasmoreprocessorsareused,small reductionsin computationcost
arehiddenby the muchlarger, andalmostconstant,communicationcosts. At best
thecostsof thepacket-basedcommunicationswill remainconstantasnetworksizein-
creases,for constantproblemsize � , but for smallproblems(suchasthosemeasured)
communicationcostsincreasewith networksize. Thusthespeedup,if onecancall it
such,reachesa maximumandthenfalls asfurtherprocessorsareadded.Sofor prob-
lemsof similar sizeto thosetestedhere,theparallelalgorithmwill providealmostno
benefitandwill probablycostmorethanagoodsequentialquicksort.

Anotherfactorwhich affectsthespeedupof thealgorithmis the useof only half
theprocessorsin thebitoniccomputationsteps.But thisonly hasasmalleffecton the
totalcostof thealgorithmsincewehavealreadydeterminedthatcommunicationcosts
dominatetotal costs. To reducethe communicationcostswe could implementsome
of the techniquesusedin the T9000/C104algorithm. Splitting the vectorsinto half
vectorsandsendinghalf vectorsin bothdirectionsdown links mightreducecommuni-
cationcostsslightly, but for theT8 architecturethereis notmuchsparelink bandwidth
for this extra communicationon eachlink. Using quartervectorsand overlapping
communicationand computationwould also improve the performanceof the algo-
rithm slightly. With thegivenvaluesfor 1�� and 13S all thecomputationcouldbehidden
behindcommunication.However, sinceit is the communicationcostthatdominates
thisagaingivesonly a slight improvement.Theonly otherway to improve theperfor-
manceof thisalgorithmwouldbeto usearichertopologysuchasagrid of processors.
This would increasethe available bandwidthand decreasethe diameterof the net-
work. Unfortunately, thecurrentimplementationwaslimited to a chaintopologyfor
compatibilitywith theLiverpoolParallelLibrary (seeChapter1).
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Figure4.3: Comparisonof measuredtimeandmodeltime for T8 algorithm

4.5.2 Comparison with T8 model

We have shown that for problemsizesthatcanbestoredon a singlemasterprocessor
a sequentialquicksortalgorithmwill give comparableif not betterperformancethan
theparallelalgorithm.Now, we comparethemeasuredcostswith thecostspredicted
by themodelandusethemodelto indicatetheperformancethatmightbeobtainedfor
very largepre-distributedproblems.

Figure4.3 shows a graphof the measuredrun-timesandpredictedrun-timesfor
theparallelalgorithm.For thelargerproblemsizesandfor smallnetworksfor smaller
problemsizesthemodelpredictslower run-timesthanwereactuallymeasured.The
large divergencebetweenpredictedtimesandmeasuredtimes for smallerproblems
andlargernetworksizesis difficult to explain. Onefactor is thatthecommunications
modelbecomesinvalid for suchsmallproblems.Howeverthisshouldleadto predicted
timingswhicharelessthanthemeasuredtimings,but in fact thepredictedtimingsare
muchgreaterthanthemeasuredones.Theerrorin thecostmodelfor largerproblem
sizesisabout25%.Theseobservationsleadustoconcludethatthecostmodelcanonly
beusedto give a roughguideto theactualrun-timeof thealgorithm,but it doesnot
modelthetruecostsof thealgorithmaccuratelyenoughtoplaceany greaterconfidence
in it.

Bearingin mind theseconsiderations,Figures4.4and4.5show thespeedupsthat
the modelpredictsfor very largeproblemsizesandlargearraysof processors.Fig-
ure4.4showsthepredictedspeedupof thealgorithmif theunsorteddatawereinitially
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Figure4.4: Speedupfor singlesourcealgorithmonT8 architecture
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storedon a singlemasterprocessor. Figure4.5 shows the speedupof the algorithm
when the unsorteddatais pre-distributedover the slave processorsbeforethe algo-
rithm begins, and the sorteddatais left distributedover the array. In practice,the
volumeof datathat the largestof theseproblemsizesrepresentcould not be stored
on a singleprocessorbut canonly be processedin a distributedmanner. The only
differencein costbetweenthe two algorithmsis the costof scatteringandgathering
thedata,but it is clearthatthisextracostreducestheperformanceof thesinglesource
algorithmconsiderably. Themodelfor thepre-distributedalgorithmpredictsthat the
performancereachesa plateauvery quickly asthenumberof processorsis increased
andthereafterno improvementis achievedby addingmoreprocessors.This supports
theobservationmadein theprevioussubsection,thattherun-timecostof theparallel
algorithmis dominatedby thecostof thecommunications.Thecommunicationcost
is constantfor constantproblemsize(assumingthesimplerpacket-basedcommunica-
tion modelis valid) andthesmalldecreasesin thecomputationcostobtainedby using
additionalprocessorsarehiddenby themuchhighercommunicationcost.Noticealso
that even for thesevery largeproblemsizesthe run-timeis only reducedby a small
factor. Eventhealgorithmicimprovementssuggestedin theprevioussubsectionwould
only givea smallincreasein performance.

Theseresultsleadto theconclusionthat for a chainof T8 processorstheparallel
bitonic sort algorithmis not worth using. Instead,a goodsequentialquicksortalgo-
rithm shouldbeused.If theproblemis too largeto beheldon asingleprocessor, then
theparallelalgorithmcanbeusedto allow thedatato besortedbut theperformance
will not begood.Thepoorperformanceof thealgorithmis fundamentallydueto the
large ratio of communicationcost to computationcost for the bitonic sort phaseof
the algorithm. This ratio is determinedby the hardwareparametersandthe ratio of
communicationoperationsto computationoperationsin this phaseof the algorithm.
Thusa betterT8 algorithmmustdecreasethe ratio of communicationoperationsto
computationoperations.This cannotbedonewith thebitonic sortalgorithmsoother
sortingalgorithmsmustbeconsidered.Theotherway to achieve betterperformance
is to changetheratio of thehardwareparametervalues.Thenext subsectionlooksat
theperformanceof thealgorithmon theT9000/C104architecturewhich doesindeed
have adifferentvaluefor this ratio.

4.5.3 T9000/C104 algorithm

In the absenceof theT9000processorwe mustmakeanestimatefor thecostof the
compare-exchangeoperation.Herewe have madetheassumptionthat this costwill
bethesameasthecostfor doubleprecisionfloatingpoint operations,i.e., 1��>Aà13MvA
��
� ns (seeChapter2). The true cost is probablyhigher thanthis if the exampleof
theT8 architectureis relevant to theT9000aswell. Thecostof communicationson
the T9000/C104architectureis detailedin Chapter2. For 32 bit datavalueswe use1 2 AQ
T� s and 1 S A �
�	� ns.

Neglecting the communicationstartuptime the ratio of communicationcost to
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Figure4.6: Speedupfor pre-distributedalgorithmonT9000architecture

computationcost is 13S � 1�� A � � � for the T9000/C104architecturecomparedwith13S � 1��yA ����X for the T8 architecture. The T9000/C104ratio is worsethan the T8
ratio,suggestingthattheperformanceof theT9000/C104algorithmwill alsobeworse
than that of the T8. However, this is not the case. In the bitonic sort phaseof the
T9000/C104algorithmtheexchangesof quartervectorstakeplacein parallelinstead
of sequentiallywithin eachblock of processorsas for the T8 algorithm. This is a
considerableadvantageespeciallyfor largenetworkswherethenumberof vectorex-
changesbecomeslarge. This factorallows theT9000/C104algorithmto scalewell to
large networks. Figure4.6 shows the speedupachieved by the pre-distributedalgo-
rithm for very largeproblemsizes.This shows that thealgorithmdoesscalewell to
largenetworks.Thealgorithmalsobenefitsfrom theoverlapof communicationsand
computation,essentiallyhiding thecomputationentirelybehindcommunications.

Eventhoughthepre-distributedT9000/C104algorithmscaleswell for largeprob-
lemsandlargenetworksits efficiency isverysmall.Thisisbecauseof themuchhigher
costof the sequentialbitonic sort algorithmcomparedwith sequentialquicksortand
alsobecauseof the dominantcommunicationcostsin the parallelalgorithm. If the
hardwareparameterratio waslessthan1, the communicationswould be hiddenbe-
hind computationandtheefficiency of thealgorithmwould bemuchhigher. For the
fundamentaldatatypessucharatio is veryunlikely for any architecturesincecommu-
nicationbetweenprocessorswill alwaystakelongerthanlocal memoryaccessesand
thecomparisonitself hasavery low cost.Ontheotherhand,sortingstringelementsin
a databasewouldhave abetterbalancebetweencommunicationandcomparisoncost.
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Figure4.7: Speedupfor singlesourcealgorithmon T9000architecture

The low efficiency of the T9 parallel algorithm can be improved somewhat by
the useof a variationin the bitonic sort algorithm. Insteadof performingcompare-
exchangeoperationson the vectorpairs, this improved algorithmmergesandsplits
the sortedvectors. The communicationpatternremainsthe sameasfor the original
algorithm.Thischangedoublesthearithmeticcostin theparallelthreadsandremoves
theneedfor thebitonic sorton eachprocessorat theendof eachloop. Hence,given
thecurrentratiobetweencommunicationandcomparisontheextrawork performedin
thethreadsis still hiddenbehindcommunicationsandtheoverall costof thealgorithm
is reduced.

Figure4.7 shows the speedupfor the algorithmwhendatais initially held on a
singlesourceprocessor. This clearly shows that the scatterandgatherof the vector
doesnot scalewell for largenetworksandsincethis is a largeproportionof thetotal
costs,theoverallspeedupis greatlyreducedfrom thatof thepre-distributedalgorithm.
Thescatteroperationcannotscalewell becausethereareonly 4 links outof thesingle
sourceprocessor. Pre-distributedparallelalgorithmsin otherfieldsof numericalmeth-
odsoftenhave a muchhighercostcomparedwith problemsizewhich meansthatthe
scattercostis muchlesssignificantandbothformsof thealgorithmwill giveasimilar
performance.However, thetotal costfor all pre-distributedparallelsortalgorithmsis
low comparedwith the problemsizeandso this scatterbottleneckwill affect all the
sortalgorithmsandresultin poorspeedups.
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4.6 Conclusions

TheT9pre-distributedparallelalgorithmgivesreasonableperformanceandscalesvery
well ontolargenetworks.Thisis dueto theability to communicatedirectlybetweenall
T9 processorsin thenetwork. Unfortunately, therelatively high costof initial scatter
meansthat the singlesourcealgorithmhasa very poor performance.In conclusion,
theparallelT9 bitonic sortalgorithmcanberecommendedfor applicationswherethe
datais pre-distributed,especiallyfor extremelylargevectorswhich cannotbeheldon
asingleprocessor. For smallervectorswhichareinitially storedonasingleprocessor,
a sequentialquicksortis easierto useandis only a few timesslower thanthe single
sourceparallelalgorithm.Otherparallelsortalgorithmsmayyield agreaterefficiency
thanthe bitonic sort algorithm,but all will give only a poor performanceon the T9
wheninitial scatteris required.

For the T8 architecturea good sequentialquicksortalgorithm is preferablefor
small problemsizes. Very large problemswhich canonly be storeddistributedwill
have to usea parallelsortalgorithm,but theparallelbitonicsortalgorithmon a chain
of processorscannotberecommended.



Chapter 5

Newton

In the last two chapterswe have examinedparallelalgorithmsfor two importantar-
easof numericalmethods:linearalgebra(Gaussianelimination)andsorting(bitonic
sorting). We now turn our attentionto parallelnumericaloptimisation. In previous
work [78] we presentedan overview of paralleloptimisationalgorithmswhich high-
lighted two algorithmsfor detailedstudyon the transputerarchitecture.The two al-
gorithmsarethe Newton methodandquasi-Newton method. Thesetwo algorithms
illustratethe problemsthatarisewhendesigningparalleloptimisationroutines. The
Newton methodhighlightstheuseof parallelevaluationsof theobjective functionto
utilise arraysof processors.Thequasi-Newton methodemphasizestheneedfor effi-
cientparallel linearalgebraroutinesfor theHessianupdates.This chapterdiscusses
theNewtonmethodin detailandthequasi-Newtonmethodis coveredin Chapter6.

In this chapterwe describeparallelimplementationsof theNewton algorithmfor
both T8 machinesandT9000/C104machines.The chapterhighlights two main is-
sues:parallelfunctionevaluationsandcommunicationnetworkperformance.Paral-
lel evaluationsof the user’s objective function, gradientvector and Hessianmatrix
areessentialto achieve goodperformancefrom a parallelmachinesincein practice
theseevaluationsareoftenvery expensive. Thealgorithmalsoincludestypical com-
municationprimitivesin the linear algebraphase.We examinethe improvementin
communicationsperformancethattheC104switchnetworkachievesover thebestT8
configuration—agrid of processors.We develop run-timecostmodelsfor the algo-
rithmsandcomparetheirperformanceusinganexamplefunction.

We usethefollowing notationthroughoutthenext two chapters:�! , a continuous,twice differentiablefunctionin � variables,with value  4 ³ 7 at
thepoint

³
,�#" 4 ³ 78A%$  4 ³ 7 , thegradientvectorat thepoint

³
,�'& 4 ³ 7;A%$ÝZ  4 ³ 7 , theHessianmatrixat thepoint
³

,�!( , a suitablesearchdirectionvector,

74
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�') 4 ³ 7 , anapproximationto theHessianmatrix & 4 ³ 7 , and�'* 4 ³ 7 , anapproximationto theinverseHessianmatrix & 4 ³ 7 æ � .
Usuallythesenotationsareabbreviatedby droppingthereferenceto

³
, andasubscript

is usedto indicatethevalueat aparticulariteration ¥ , e.g., ) Ä .
5.1 Newton and quasi-Newton methods

Theunconstrainedoptimisationproblemis of theform:n+�-,.
/
0�1  4 ³ 73254 |76 4
where  4 ³ 7 is at least twice continuouslydifferentiable. Sequentialunconstrained
optimisationalgorithmsareusuallybasedon thefollowing algorithm:

Algorithm 6 (Model algorithm)

Let
³ Ä bethecurrentestimateof

³98
theminimumof thefunction  4 ³ 7 .

1. Testfor convergence.
Terminatethealgorithmif theconvergenceconditionsaresatisfiedreturning

³ Ä
asthesolution.

2. Computea search direction.
Computea vector ( Ä to useasasearchdirection.

3. Computea steplength.
Computea scalar̂ Ä suchthat  4 ³ Ä e ^ Ä ( Ä�7 satisfiesthecondition 4 ³ Ä e ^ Ä ( Ä�7>�  4 ³ Ä�7 .

4. Updateestimatefor theminimum.
Set

³ Ä �<� A ³ Ä e ^ Ä ( Ä , ¥�Ab¥ e 
 andgo to step1.
×

TheNewton andquasi-Newton family of methodscomputesthesearchdirection,( Ä , in step2 of themodelalgorithmdirectlyasthesolutionto:& Ä ( Ä�AQw " Ä
In Newton’s method& Ä is computedexplicitly eitheranalyticallyor usingfinite dif-
ferences.Quasi-Newton methodsdo not compute& Ä directly but insteadanapproxi-
mation, ) Ä , to theHessianis maintainedandupdatedin step4 of themodelalgorithm.
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Themostwidely usedupdateis therank2 Broyden-Fletcher-Goldfarb-Shanno(BFGS)
update: ) Ä �<� A ) Ä>w ) Ä;:�Ä�: J Ä ) Ä: J Ä ) Ä<:�Ä e>= Ä = JÄ: J Ä = Ä
where :�ÄPA ^ ( Ä and = Ä±A " Ä �I� w " Ä . If ananalyticHessianis available,theNewton
methodis generallyusedfor its superiorconvergenceproperties.Whentheanalytic
Hessianis not available the quasi-Newton methodis usedif function evaluationis
expensive andtheproblemsize � is not too large,otherwiseif thefunctionevaluation
is cheapa finite differenceNewtonmethodis used.

Severalpapershave lookedat methodsfor utilising parallelfunctionandgradient
evaluation. van Laarhoven [94] hasexaminedStraeter’s parallelvariablemetric al-
gorithm[89]. Duringstep4 this methodcomputesin parallelthegradientat � points
displacedby smallstepsfrom

³ Ä along � linearlyindependentdirections.Thesegradi-
entvaluesarethenusedto sequentiallyupdatetheapproximateinverseHessian* Ä by
thesymmetricrank1 update.Theresultingalgorithmexhibits quadratictermination.
vanLaarhovenalsodevelopsaparallelgeneralisationof Broyden’s rank1 formula. In
addition,heusesparallelfunctionandgradientevaluationduringtheline search.His
algorithmcomputes 4 ³ 7 at multiple pointsalong the searchdirectionandchooses
threepointswhich brackettheminimum. Theline searchalsoincorporatesa parallel
interpolationprocedure.

Freeman[46] pointsout that thesealgorithmsarenot guaranteedto producepos-
itive definitematrices * Ä . He thenproceedsto describea similar algorithmwhich
utilisesa parallelsymmetricrank 2 updatingformula basedon Davidon’s updating
formula [28]. This algorithmhasquadraticterminationandguaranteesthat the ap-
proximatematrices* Ä exist andarepositive definite.

Althoughtheprecedingalgorithmsutiliseparallelcomputationfor gradientevalua-
tion they donotallow the � matrixupdatesto beperformedin parallel.Thisoperation
could thenbecomethe major costwithin eachiteration. Thesealgorithmsfind the
minimum of a quadraticfunction in one iteration,comparedwith � iterationsfor a
sequentialquasi-Newtonupdatealgorithm.This is becauseeachiterationof theparal-
lel algorithmsperforms� quasi-Newton updates.Hencethesealgorithmsshow good
performancethrougha muchreducednumberof iterations.However, eachindividual
iterationhasa greatlyincreasedfunctionevaluationcost,but this is mainlyhiddenby
theuseof parallelgradientevaluations.Neverthelessthereis still scopefor improved
performance.Only a low level of parallelismis achievedin theline searchstep—most
processorsremainingidle, andasalreadymentionedthe updatesmustbe performed
sequentially—allextraprocessorsbeingidle.

The normaldescriptionandcostanalysisof thesemethodsassumesthat at least� e 
 processorsareavailableto computeanalyticgradientsor 4 � e 
�7 Z processors
if gradientsareapproximatedby finite differences.If only �Ë� � , say, processorsare
available then the algorithmsin their proposedforms cannotbe executed,also any
processorsavailablein additionto thoserequiredcannotbeutilised. Thishighlightsa
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generalproblemfor any paralleloptimisationroutine,namelythatthegrainsizeof the
parallelalgorithmwill bedetermineddirectlyby � .

Many of theoptimisationtestfunctionsprovide goodexamplesof this difficulty.
Rosenbrock’s[72] functionin 2 variables( � Ab� ) with analyticfirst derivativescanuse
atmost3 processorsto calculatethegradientvaluesusedto updatetheinverseHessian
approximation.If gradientsareapproximatedby finite differencesthen9 processors
couldbeutilised.Hence,evenif theparallelarraycontainedmany moreprocessorsthe
maximumspeeduppossiblewouldbelessthen9 sinceonly thatnumberof processors
couldbeusedby thealgorithm.A furtherpointfollowsfrom this. Theexpenseof func-
tion evaluation,althoughdependenton � , canbeconsiderableeven for small � since
the function itself maybe, for example,a sub-optimisationproblemor a simulation.
Thusaproblemfunctionwith largecostbut only smalldimension� whichrequiresan
impracticablylargerun timeto solve onconventionalcomputerarchitecturescanonly
have thesolutiontimereducedby asmallfactorof order � or perhaps� Z but not / . Of
course,many smalldimensionproblemfunctions,includingtheRosenbrockfunction,
arevery cheapto solve andin thesecasestheparallelmethodswould probablyhave
poorerperformancethantheir sequentialcounterpartsdueto thehigh communication
to computationratio.

A well known extensionto Rosenbrock’s functiongivesa generalfunctionof di-
mension� ( � even). For a largerdimensionproblemof, say, � Ad�	� either21 or 441
processorscould be utilised. However, it is likely that processorarrayswould have
someintermediatenumberof processors.If ananalyticgradientalgorithmis executed
only 21 processorsareusedandthemaximumspeedupattainableis only 21. There-
mainingprocessorsnot usedby thealgorithmcouldbemadeavailableto othertasks
runningon the array, requiringmulti-useroperatingsystemsupporton the machine.
To makeuseof all theavailableprocessorson thearrayexecutinga finite difference
gradientalgorithmcouldbeachievedin two ways.Firstly, the441processesrequired
by the algorithmcould be mappedonto the smallernumberof availableprocessors.
This useof excessparallelismwould allow themaximumpossiblespeedupgiventhe
limited resources.A secondapproachwouldbeto developalgorithmswhichcompute
only asmany of thegradientvectorsasthenumberof availableprocessorsallows.

We now describea family of parallelmethodsdueto Byrd, SchnabelandShultz
[19] which follow this approachandmayusea variablenumberof processors.These
algorithmsareinterpolationsbetweenNewton’s methodanda quasi-Newton method.
Duringtheline search,step3 of themodelalgorithm,thesemethodsutiliseidleproces-
sorsto calculategradientinformationwhichis thenusedin step4 to updatetheHessian
approximation) Ä . As in thepreviousalgorithms,theuseof gradientsto improve the
Hessianapproximationis expectedto decreasethe numberof iterationsrequired. In
theirpapersByrd etal. considerthecasewheregradientvectorsarecomputedby finite
differences,but thesameideasmaybeappliedwhengradientsarecomputedanalyti-
cally with only thenumberof processorsutilisedchanging.

Thealgorithmsdueto StraeterandFreemanincuranextracostin eachiterationin
thecomputationof thegradientinformationin step4 of themodelalgorithm.In con-
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trast,thealgorithmsdueto Byrd, SchnabelandShultzdonot increasethecostof each
iterationsincethegradientinformationis computedin parallelwith theline searchof
step3 andonly asmany functionevaluationsasthenumberof processorspermitsare
computed.Hencefull useis madeof the availableprocessorsduring step3 without
increasingtheruntime. Schnabelcallsthisprocessspeculativegradientevaluation.

Therearealternativeusesof theprocessorsduringtheline searchstep.As already
mentioned,vanLaarhovenusesmultipleprocessorsto brackettheminimumandcom-
putethe interpolation.Lootsma[70] andothershave alsosuggestedevaluating  4 ³ 7
at multiple pointsin thesearchdirectionandeven in otherdirectionsin parallelwith
thecomputationof  4 ³ 7 at thetrial point. However, it doesnotseemlikely thatpoints
off the searchdirectionwill be betterchoicesfor the next iteratethanthoseon that
line. Also the large body of resultsfrom sequentialquasi-Newton methodsclearly
show thaton averageonly between1 and2 trial pointsareselectedbeforeanaccept-
able point is found and at eachnew acceptedpoint a completegradientevaluation
is performed.This ratio of functionevaluationsto gradientevaluationssuggeststhat
processorswould bemuchbetterutilisedin computinga speculative gradientthanin
computingadditionaltrial pointswhenthecurrenttrial point is likely to beaccepted
anyway.

Schnabel[87] makessomesuggestionsabouttheuseof thegradientinformation
computedata rejectedtrial point. Onesimpleapproachwouldbeto usethesearchdi-
rectiongradientto helpcomputethesteplengthto thenext trial pointalongthecurrent
searchdirection.Somecurrentsequentialline searchalgorithmsusegradientsat trial
pointsbut thesedo not improve the algorithm’s performancesignificantly. Another
suggestionis to usegradientinformationto solvea tensormodelof thefunctionrather
thanthe standardquadraticmodel to find the next iterate[86]. Finally he proposes
updatingthe Hessian& Ä immediatelyusingthe gradientinformationat the rejected
trial pointandcomputinganew searchdirection.

If thenumberof processorsavailable / is lessthanor equalto � e 
 thenByrd et
al. recommendusingthequasi-Newtonalgorithmwith /çwb
 elementsof thegradient
vectorat thetrial point speculatively computedin parallelwith thetrial point function
evaluation.Whena trial point is acceptedtheremainingelementsof " arecomputed
in parallel,otherwiseanew trial point is chosenandtheprocessrepeated.

When /{uñ4 � Z e X � e �·7 � � thentheentireHessianmatrix canbeapproximated
by finite differencesalongwith thetrial point functionandgradientin oneconcurrent
functionevaluationstep.Thismethodis aparalleldiscreteNewtonmethod.Morethan4 � Z e X � e �·7 � � processorscannotbeutilised.

Themostcommonsituationwill be � e 
 � / � 4 � Z e X � e �·7 � � . In this caseLñA@?�4�/Ewg4 � e 
�7À7 � 4 � e 
�7�A gradientvectorsfrom aroundthetrial pointarecomputed
in step3 of themodelalgorithm.In [19] they describeandcompare11suchalgorithms
includingthequasi-Newton anddiscreteNewton algorithmsmentionedabove. These
algorithmsall includeat step4 a multiple updateof the Hessianapproximation& Ä
usingthe L gradientvectorsalongthe finite differencedirections.Themethodsfall
into 3 categoriesbasedon the usemadeof the standardquasi-Newton updatein the
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searchdirection:� Only thegradientsalongthefinite differencedirectionsareusedto update& Ä .� The searchdirectionupdateof & Ä is performedafter the finite differenceup-
dates.� A temporaryupdateof & Ä in thesearchdirectionis madeafterthefinite differ-
enceupdates,andthe resultingmatrix is usedto computethe searchdirection
for thenext iteration.

Two differentmethodsareusedto selectthefinite differencedirections.Onemethod
simply cyclesthroughthe unit vectorsandthe othercomputesa setof L directions
thatareorthogonalto theprevious LNwì
 directions.Also, theBFGSandotherupdate
formulaeareused. The first andthird categoriesof methodshave L -stepquadratic
convergenceand1-stepQ-superlinearconvergencerates.Neitherof theseresultshas
beenshown for thesecondcategory in general.

Computationalresultsarepresentedfor thecaseLôAÜ
 . Theseshow thatthefirst
category of methodsall performmorepoorly thantheparallelquasi-Newton method
usingBFGSupdateseventhoughthey usefinite differenceHessianinformation.Tem-
porarysearchdirectionupdatemethodsgave betterperformancesbut werestill not
betterthantheBFGSmethod.Thethird category of methodsusingbothfinite differ-
enceandsearchdirectionupdateshasthebestperformancebeingsignificantlybetter
thantheBFGSmethod.Of thethreemethodsin thiscategorythetwowhichutilisedthe
BFGSupdateweresuperiorandByrd etal. recommenda unit vectorfinite difference,
BFGSmethodsinceit doesnot have the complicationof calculatingthe conjugate
directionswhicharerequiredby theotherBFGSmethod.

In [18] simulatedresultsarepresentedfor the BFGSunit vectorfinite difference
algorithmandthe parallelBFGSquasi-Newton andNewton methodswhen � Añ�
� .
Over the rangeof problemstestedthe averagespeedupover the sequentialBFGS
methodof the parallel BFGS quasi-Newton methodwas 17.5, and for the parallel
Newton methodthe averagespeedupwas 82.3. With L rangingfrom 1 to � , the
BFGSunit vectorfinite differencealgorithmgaveaveragespeedupsbetween32.6and
69.5. Thesesimulatedspeedupsassumethateachalgorithmhadsufficient processors
to computeall the speculative gradientevaluationsin a singleconcurrentevaluation
step.Thatpaperalsoshows thattheBFGSunit vectorfinite differencesalgorithmhas
superlinearconvergence.

If functionevaluationis not expensive thelinearalgebrainvolvedin steps2 and4
becomessignificant.It is thusessentialto parallelisethesestepsif possibleto maintain
goodperformance.In [18] four different implementationsof the linear algebraare
considered.This shows that an efficient algorithmcanbe developedby storingand
updating & æ �Ä , the inverseHessianapproximation,usingonly matrix-vectorandrank
1 updateswhich parallelisewell. They demonstratethis by implementinga parallel
algorithmbasedonanunfactored& æ �Ä , distributedby rows.
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In thenext chapterwe discussthedesignandimplementationof a parallelBFGS
algorithmfor transputersystems.In therestof this chapterwe look at thedesignof a
parallelNewtonmethodfor transputers.

5.2 Newton algorithm

Iteration ¥ of Newton’smethodconsistsof thefollowing steps:

Algorithm 7 (Newton method)

1. Evaluategradientvector " Ä at
³ Ä .

2. EvaluateHessianmatrix & Ä at
³ Ä .

3. Solve linearsystemfor searchdirectionvector ( Ä :& Ä ( Ä Adw " Ä
4. Performline searchalong ( Ä to find new estimate

³ Ä �<� of theminimumpointof 4 ³ 7 in thedirection ( Ä :³ Ä �<� 2  4 ³ Ä �<� 7;A�n+��,�  4 ³ Ä e ^ ( Ä�7 ×
Thefirst threestepswithin eachiterationaresuitablefor parallelisationandthelaststep
canalsobeparallelisedto a lesserextent. For optimumefficiency thedistributeddata
structuresusedby theseparallelstepsmustbecompatible.Withoutthisprovisionthere
wouldbea requirementto re-distributethedatabetweensteps.For Newton’s method
thedatastructureis determinedby thealgorithmwhichsolvesthelinearsystemto find
thesearchdirection.Theparallelalgorithmwe have chosenis row-orientedGaussian
eliminationwith partial pivoting. This parallelalgorithmis known to performwell
andhasalreadybeenimplementedon thecurrenttransputerarchitecture(see[74] and
Chapter3 for details). The distributeddatastructurethereforeconsistsof scattered
rowsof & oneachprocessoralongwith theassociatedelementsof " . Whenthesystem
of equationsis solvedthesearchdirection ( is alsodistributed,with eachelementof( locatedon theprocessorthatholdstheassociatedelementof " . Theotherparallel
steps,namelythe evaluationof the Hessianmatrix, & , andgradientvector, " , must
thereforeproduceadistributeddatastructureof scatteredrowsof & andtheassociated
elementsof " .

Methodsto parallelisethelinesearchof step4 havebeendiscussedin thepreceding
section.In thissectionweuseasequentialcontrolthreadto determineanew minimum
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point with parallel function evaluationsto calculaterequiredgradientvectors. This
stepmustbe precededby gatheringthe distributedelementsof ( Ä at oneprocessor.
Similarly, after thenew minimumpoint

³ Ä �<� is found it mustbebroadcastto all the
otherprocessorsbeforethenext iterationcanproceed.

We assumethata networkof / slave processorsis available,connectedto a single
masterprocessor. TheT9000/C104networkis configuredasa threestagefoldedClos
networkasdescribedin Chapter1. In orderto makeafair comparisonbetweentheper-
formanceof the T9000/C104communicationarchitectureandthecurrentgeneration
T8 architecturewe assumethat theT8 machineis configuredasa grid of processors
with nowraproundof edgelinks. For simplicityof therun-timecostmodelweassume
furtherthattheT8 processorsareconfiguredin a squaregrid.

5.3 The user interface

Theuserinterfaceto thealgorithmis throughtheuser-providedfunctionsto evaluate
theobjective function,  , thegradientvector, " , andtheHessianmatrix, & . Sequential
Newton algorithmsexpecttheuserto provide sequentialfunctionsthatwill calculate
all of theHessianandgradientin asinglecall. If thissameuserinterfacewereretained
for the parallelalgorithmthenit would not be possibleto exploit parallelevaluation
of the Hessianor gradient. However with only small changesto the userinterface
parallelismcanbeachieved.

We modify theHessianevaluationfunctionparameterlist to includea vectorof �
elementswhichspecifyto theuserfunctionwhichrowsof the � � � Hessianmatrix it
shouldevaluate.This allows theNewton algorithmto utilise all theavailableproces-
sorsin parallelto calculatedifferentrows of thematrix. Theparameterlist couldbe
furtherextendedto allow specificationof whetherthe functionshouldcalculaterows
or columnsor evenblocksof thematrix. Thegradientevaluationfunctionparameter
list is similarly extendedto specifyto theuserfunctionwhichelementsof thegradient
vectorit shouldcalculate.

The user’s functions remain largely unalteredexcept that they should perform
checksto ensurethat they only evaluatethoseelementsspecified.Theuser-provided
functionto evaluate is identicalto thatrequiredby currentsequentialalgorithms.

5.4 Modelling the algorithm

To developrun-timecostmodelsfor thealgorithmwe needto identify theparameters
thatcharacterisetheperformanceof thearchitectures.For distributedmemoryMIMD
machinestheseparametersrepresentthecomputationandcommunicationcosts.We
use1BM to modelthecomputationcostfor botharchitectures.Thisparameteris thetime
takento performonedoubleprecisionfloatingpointoperation.Eacharchitectureactu-
ally hasadifferentvaluefor thecomputationcostbut theuseof a singleparameter1BM
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makesthecostmodelsclearer. It shouldbeclearfrom thecontext whicharchitecture,
andhencewhichvaluefor 1BM , is beingreferredto in this chapter.

We model the communicationsusinga similar groupof parameters.For the T8
architectureweusea singleparameter13S to modelthecostof sendinga doublepreci-
sionvalueacrossa link. It hasbeenshown [74, 62] thatthis singleparametermodels
communicationcostswell without theadditionof a communicationstartupparameter.
Thecostof communicationover theswitch networkof theT9000/C104architecture
canbemodelledby two parameters:a messagelatency or startuptime, 132 , anda cost
for eachvaluetransmittedthroughthenetwork, 1BS . Again we usethesameparame-
ter 13S for boththeT8 andT9000/C104architecturebut thecontext shouldmakeclear
which valueis intended.Full detailsof thecommunicationsnetworksandmodelling
parameterscanbefoundin Chapter2.

5.5 Gradient and Hessian evaluation

To modelthecostof theuser-providedfunctionsto evaluate , " and & we introduce
threeparameters1CB , 1D� and 1�E . 1FB is the costof a single function evaluation. 1G�
and 1�E are the costsfor evaluatingthe most expensive single elementof " and &
respectively. Theseparametersall specifya cost in termsof the numberof floating
pointoperationsrequired,i.e.,acostgivenas ¥Ù1�E meansa realtimecostof ¥�1�EB13M .

ThegradientvectorandHessianmatrixcalculationsrequirenocommunicationand
sowill have thesamecostexpressionfor botharchitectures.Eachof the / processors
evaluates�Ë� / rowsof & and �Ë� / elementsof " . Thishasacostof:� � Z/ 1�E e �/ 1D�;��1BM	�
5.6 Solving the linear system

Step3 of theNewton methodrequiresthesolutionof a systemof linearequationsto
find a new searchdirection " Ä . This is achieved usinga parallelGaussianelimina-
tion algorithmwith partialpivoting. Thealgorithmconsistsof two phases:forwards
eliminationof the full matrix & andright-hand-side(RHS) vector w " , followed by
backwardssubstitutionof the RHS vector. Full detailsof the algorithmaregiven in
Chapter3, but a summaryof theparallelalgorithmis givenbelow:

Algorithm 8 (Forwards elimination)

For theforwardseliminationphasethefollowing stepsareperformed:
For »ÍAQ
	:��R����: � w�


1. find bestpivot elementon eachprocess,
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2. global maxoperationperformedon individual processors’bestpivots with » th
row holderasdestination,

3. broadcastof bestpivot holderfrom » th row holder,

4. broadcast4 � wj» e 
�7 elementsof bestpivot row andassociatedRHSelementby
its holder,

5. send 4 � w{» e 
�7 elementsof » th row andassociatedRHSelementto pivot row
holderif row swaprequired,

6. pivot 4 � wh»�7 rowsandRHSelements.
×

Algorithm 9 (Backwards substitution)

For thebackwardssubstitutionphasethefollowing stepsareperformed:
For »ÍA � :��R����:�


1. holderof row » evaluateselement/�¶ ,
2. broadcastelement/Ó¶ ,
3. Updatesubtotalsonprocessors.

×
Essentiallythe sameparallel algorithmis usedfor both the T8 architectureand

theT9000/C104architecture.Theonly differencebetweentheprogramsconcernsthe
implementationof communicationoperations.We have beencareful to specify the
algorithmin termsof reasonablyhigh-level communicationprimitivessuchasbroad-
castandglobaloperations.This ensuresthat theprogramcodefor botharchitectures
is almostthesame.Slave codesin bothprogramsexecutecommunicationsoperations
by calling communicationssubroutines.TheT8 programwill link in versionsof the
communicationsubroutinesspecificallyfor the T8 architectureandthe T9000/C104
versionwill link in aT9000/C104library of communicationsubroutines.AppendixA
describesthesecommoncommunicationprimitivesandgivescostmodelsfor bothT8
andT9000/C104architectures.

The following two subsectionsbriefly describethestepsin the forwardselimina-
tion andbackwardssubstitutionalgorithmsandpresentmodelsfor the run-timecost
for theT8 andT9000/C104architectures.
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5.6.1 Forwards elimination

Theproblemof findingthebestpivot valuefor eachiterationis dividedinto two steps
(steps1 and2). First,eachprocessorfindsthebestelementit holdsin step1. Letussay
for simplicity that theaveragenumberof elementpairscomparedin eachiterationis�Ë� �T/ thenthecostof thisstepfor botharchitecturesis

|Z k 13M . Thesecondstepinvolvesa
globalcommunicationoperationin which theprocessorscommunicatetheir localbest
pivot valuesto find theglobalbestpivot value.Thisoperationis codedasasubroutine
so thateacharchitecturecanusea routinewhich is optimisedfor its communication
network.Eachinterprocesscommunicationconsistsof two datavalues:a pivot value
and the pivot owner processnumber. The communicationalgorithmsare given in
AppendixA. Thedestinationfor theglobal operationis theprocessorowning row »
where» is theiterationnumber. Thecostfor theT8 architectureis

¦ �IH k æ �?�Z 46�	1BS e X	1BM¾7 ,
andfor theT9000/C104architecture: J §�¨
© ~ 4Ã4?V>w�
�7 / e 
�7�w�
�K;461B2 e �
13S e VT1BM�7 . In
thelattercostexpressionV is thebranchingfactorof thecommunicationstreeusedfor
thebroadcastalgorithm.We useavalueof V�A � . SeeAppendixA for details.

Thebestpivot valueowneris thenbroadcastto all slavesfrom theprocessorown-
ing row » in step3. Again this stepusesa communicationssubroutinedescribedin
the appendix. For the T8 architecturethe costof this stepis

¦ �IH k æ �?�Z 1 S and for the
T9000/C104:J §�¨
© ~ 4Ã4?V>w�
�7 / e 
�7ªw�
�K;461 2 e 1 S 7 .

In step4 theownerof thebestpivot row broadcastselementsof that row andthe
RHSelementto all theslave processors.T8 cost:

¦ � |�æ ¶ ��Z�� � H k æ �?�Z 13S , T9000/C104cost:J §�¨	© ~ 4À46V>w�
�7 / e 
�7ªw�
LK@4?132 e 4 � w�» e �·7�1BSí7 . In iteration » the row containingthe
bestpivot valuemaynot berow » . Hencea row swapmayberequiredbetweenrow» andthe bestpivot row. In this situationstep5 needsto be performedto sendthe
elementsof row » to theprocessorowning thebestpivot row. In theory, theHessian
matrix shouldbepositive definiteandno swappingshouldbenecessary. However, let
usassumethata row swapis requiredon every iteration. For theT8 architecturethe
maximumdistancebetweenthesourceanddestinationprocessorsis ��4 ¬ /çwb
�7 when
the sourceanddestinationarein oppositecornersof the squaregrid. Theminimum
distanceis 0 whenthesourceanddestinationprocessorsarethesame.Let ususean
averagedistancebetweensourceanddestinationof 4í¬ /�wQ
�7 . This givesa cost for
step5 for the T8 architectureof 4�¬ /�wQ
�754 � w®» e �·7�1BS . The costof step5 for the
T9000/C104architectureis 132 e 4 � wh» e �·7Ê13S .

Now thateachprocessorhasa copyof thepivot row, they updatetheir rowsof the
matrixandRHSelementsin step6. Thispivotingoperationhasthesamecostfor both
architectures,i.e., � |�æ ¶ � ��Z |�æ Z ¶ � ¦ �k 1BM .

Thetotal costfor the forwardseliminationon eacharchitectureis foundby sum-
mingthecomponentcostsover » . For theT8 architecturethetotalcostfor theforwards
eliminationis: M � 4?� � e �·7XT/ edóÓ4 ¬ /�w�
�7� N 4 � w�
�7Ê13M e
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�754 � w�
�7Ê13SÃ�
For theT9000/C104architecturethetotal costfor theforwardseliminationis:M � 4?� � e �·7XT/ e 4�J §�¨	© ~ 4À46V>w�
�7 / e 
�7ªw�
�K�w{
�7ÊV N 4 � w{
�7Ê13M e4?XOJ�§�¨	© ~ 4Ã46VEw�
�7 / e 
�7ªw�
�K�wè�·7�4 � w�
�7Ê132 eM 4 � e 
R�·7� J�§�¨	© ~ 4Ã46VEwo
�7 / e 
�7�wo
LK�whX N 4 � w�
�7Ê13SÃ�
5.6.2 Backwards substitution

Thebackwardssubstitutionis muchsimplerthanthe forwardselimination. In step1
the next unknown elementof :�Ä is calculatedby its owning processorat a cost of�	1BM . Step2 involvesthebroadcastof thisvalueto all theslave processorssothatthey
canupdatetheirpartialsums.For theT8 architecturethis costs

¦ � H k æ �?�Z 13S , andfor the
T9000/C104J §�¨
© ~ 4Ã4?V>w�
�7 / e 
�78w�
LK846132 e 13S�7 . In step3 eachprocessorusesthenew
elementof :RÄ to updateits partialsums.Thiscosts ZÃ� ¶ æ �?�k 13M .

Thetotalcostfor thebackwardssubstitutiononeacharchitectureis foundby sum-
ming thecomponentcostsover » . For theT8 architecturethe total costfor theback-
wardssubstitutionis: P � 4 � w�
�7/ e � �DQ 1BM e X �� 4 ¬ /çw�
�7Ê13SÃ�
For theT9000/C104architecturethetotal costfor thebackwardssubstitutionis:P � 4 � w�
�7/ e � �DQ 1BM e � 4
J §�¨
© ~ 4Ã4?V>w�
�7 / e 
�7ªw�
�K�wo
�75461B2 e 1BSí75�
5.7 Line search

After solvingthesystemof linearequationsto find anew searchdirectionthelaststep
in an iterationof Newton’s methodis to searchalong this new searchdirection for
an updatedestimateof the minimum point of the function. This is implementedby
a sequentialcontrol threadrunningon themasterprocessorwhich determinesa new
minimumpoint,alongwith parallelfunctionevaluationsto calculaterequiredgradient
vectorsperformedby theslave processors.

Beforethe line searchcanbe performed,the distributedsearchdirectionvector,( Ä , mustbe gatheredfrom the slave processorsto the masterprocessor. On the T8
architecturethis hasa cost of � 13S and for the T9000/C104architecturethe cost isR k æ �[TS 461B2 e 4 �Ë� /<7Ê13SÃ7 .
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We will fit a third-orderpolynomialto the functiongiven the functionvalueand
gradientat two distinct pointsalong the searchdirection. The numberof stepsre-
quiredin sucha line searchis problemdependent,but in practicereasonableperfor-
manceis attainedwith, on average, 

��� steps. In eachstepthe gradientevaluations
areperformedin parallelon the slaves with eachslave calculating �Ë� / elementsof
the gradientvector. To calculatethe gradientat thesetwo points, the positionvec-
tors of thesepoints must be broadcast,and after eachslave has calculatedits el-
ementsof the gradientvectors,the gradientvectorsmust be gatheredback to the
masterprocessor. Thesecommunicationscost

� ¬ / � 13S on the T8 architecture,and�Ó4
J §�¨
© ~ 4Ã46V;w�
�7 / e 
�7�wo
LK@4?132 e � 13S67 e R k æ �[US 4?132 e 4 ��� /<7Ê13SÃ7Ã7 on theT9 architecture
perstep. Thefunctionevaluationsaredoneby themasterprocessor. Thecostof the
functionandgradientevaluationsis approximately�Ó461 B e 4 �Ë� /<7Ê1 � 7 perstep.

After the line searchthe new minimum point
³ Ä �<� mustbe broadcastto all the

slave processorsfor thestartof thenext iteration. This costs 4?�·¬ /�w®
�7 � 1 S for a T8
architectureand J §�¨	© ~ 4Ã46VEw�
�7 / e 
�7ªw�
�K;461 2 e � 1 S 7 for theT9000/C104architecture.

5.8 Performance

To assesstheoverall performanceof a parallelalgorithmwe wantto examinetherun-
timecostof thealgorithmfor problemsfrom arangeof problemsizes.In thepreceding
chapterstheproblemsizehasbeenspecifiedin termsof a singleparameter� which
uniquelydeterminesthecomplexity of theproblem.For optimisationalgorithms,and
especiallytheNewtonmethod,theproblemcomplexity cannotbespecifiedby asingle
parametersinceit dependson the complexity of the userprovided functions. In the
caseof theNewtonmethodweneedfourproblemparametersto specifythecomplexity
of the algorithm. Theseparametersare � , the dimensionof the problemspaceand
hencethe size of vectorsand arrays; 1FB , the cost of performinga single objective
functionevaluation; 1D� , thecostof evaluatinga singleelementof thegradientvector;
and 1�E , thecostof evaluatingasingleelementof theHessianmatrix.

For agivenproblem,� canbespecifiedpreciselybut thecostsof theuserprovided
functions,1FB , 1D� and 1�E , will usuallyvarydependingon run-timeconditions,suchas
thecurrenttrial point. In addition,for many problemsthataresolved in practicethe
userfunctionsarevery complicatedandtheusercannotprovide ananalyticrun-time
cost for them. In order to makeuseof our costmodel in spiteof thesedifficulties
we proceedasfollows. If theuserfunctionsarerelatively simpleandwe canobtain
analyticcostmodelswe usethe modelsto give valuesfor 1 B , 1 � and 1 E which are
themaximumcostfor evaluatingthefunction. If thefunctionsaremorecomplicated
thenwe usevaluesfor theseparametersobtainedby timing samplerunsof theuser’s
sequentialfunctionson oneprocessorof theparallelmachine.

To vary theproblemcomplexity we canvary thevaluesfor � , 1CB , 1G� and 1�E and
thenfind therun-timecostsof theparallelalgorithmonmachineswith avaryingnum-
berof processors.For thischapterwehavechosenasastartingfunctionRosenbrock’s



5. Newton 87

extendedfunction[72]. This is asimplefunctionof size � ( � even)givenby 46¼37;A |Ñ¶�Ò �  Z¶ 4?¼ 7 where  ¶64?¼ 7;A r 
���46¼�¶ �<� wì¼IZ¶ 7ú» odd
Âwh¼�¶ æ � » even.

This functionhasa Jacobiangradientvector " givenby:V ¶64?¼37@A r w � �	�
¼l¶?46¼�¶ �<� wh¼IZ¶ 7ªwo4À
�wh¼�¶ 7ö» odd�	�
�Ó4?¼l¶Bwè¼IZ¶ æ � 7 » even,

anda Hessianmatrix & :

& ¶¹¸R46¼37;A ����� ����

R�	�
�	¼IZ¶ w � �
�	¼�¶ �<� e 
 » odd, º�Ab»�
�	� » even, º�A]»w � �
�	¼�¶ » odd, º�Ab» e 
 ; » even, º�A]»3w�
� otherwise.

For this function the costto evaluatethe function  is 1CB Aú4 � � wQ
�7�1BM . Themost
expensive elementsof " to calculatearetheoddelements,with a cost 1G� A¤O	13M , and
themostexpensive elementsof & arethediagonalelementson oddrowswhich have
a cost 1�EÿA]�	13M .

We usethevaluesfor thehardwareparametersfor theT8 andT9000/C104archi-
tecturetakenfrom Chapter2.

Figures5.1 and5.2 show graphsof the modelledspeedupof theT8 andT9 par-
allel algorithmsfor Rosenbrock’s test function. We calculatethe speedupusingan
efficient sequentialNewton algorithmto give thesequentialcost. Thesegraphsshow
how the speedupvarieswhenwe vary the problemcomplexity by changing� . The
other problemparametershave the valuesgiven above. Rosenbrock’s function and
derivativesarevery cheapto evaluateandso the main contribution to the total cost
of thealgorithmscomesfrom solving the systemof linearequationsin step3 of the
algorithm. Thecostof this stepis independentof theuserfunctionevaluationcosts,
dependingonly on � . With thesesmallvaluesfor thefunctioncosts,andincreasingly
largevaluesfor � , thecostof theGaussianeliminationalgorithmdominatestheoverall
costandthegraphstendto indicatetheperformanceof theparallelGaussianelimina-
tion algorithmonthearchitecture.Thegraphsshow thattheT9000/C104architecture
achievessignificantlybetterspeedupsthantheT8 architecturefor this operation.This
is in spiteof the fact that the T9000/C104architecturehasa slightly worseratio be-
tweencomputationandcommunication,13M � 13SÂAÜ����


 , thantheT8 architecturewith13M � 13SvAþ�Ó��
 � . The betterperformanceof the T9000/C104architectureis dueto its
superiornetworkconnectivity which keepsmessagetransmissioncostdown even for
largenetworksizesandallowsahighernodebandwidthto beachievedby makingfull
useof all four links oneachprocessor. In addition,theT9000/C104architectureoffers
abouta ten-foldimprovementin absoluteperformanceover theT8.

Theproblemparameter� determinesthemaximumdegreeof parallelismthatcan
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Figure5.1: Speedupof algorithmas � variesfor T8 architecture
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Figure5.2: Speedupof algorithmas � variesfor T9000/C104architecture
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Figure5.3: Speedupof algorithmas � variesfor T8 architecture

beachievedwith thesealgorithms.Firstly, this is because� determinesthetotalsizeof
thematrix for theGaussianeliminationstepwhich putsanupperlimit on thenumber
of processorsthatcanbeusedfor thatstepof thealgorithmwheneachprocessorhas
a singlerow of thematrix, i.e., /sA � . However, thegraphsshow clearlythatthebest
performanceis obtainedfor theGaussianeliminationstepfor a muchsmallernumber
of processorswhich is indicatedby themaximumpoint of thecurves. Theparameter� also determinesthe numberof parallelgradientandHessianevaluationsthat can
be performedsincethe total numberof theseoperationsis � and � Z respectively. If
thetotal costof functionevaluationsis smallcomparedwith theGaussianelimination
costasin thecaseof this function thenthealgorithmshouldusethe numberof pro-
cessorswhich optimisestheperformanceof theGaussianeliminationstep.However,
wemustrethinkthisstrategy if functionevaluationcostsdominatethetotal costof the
algorithm.

To view theeffectsof functionevaluationcostontheperformanceof thealgorithms
we againuseRosenbrock’s extendedfunctionastheobjective function,but insteadof
usingtheanalyticalgradientandHessianfunctionswe estimateelementsof thegradi-
entvectorandHessianmatrix usingfinite differenceapproximations.This increases
thecostof thesecalculationsconsiderably. In addition,weartificially increasethecost
of all threefunctionsby repeatingeachevaluation � times. Thesechangesgive usan
exampleproblemwith variablefunctionevaluationcostsaswell asvariable� .

Figures5.3and5.4show graphsof themodelledspeedupof theT8 andT9 parallel
algorithmsfor this new function. In thesegraphswe have kept � fixedat � A �
�	�
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Figure5.4: Speedupof algorithmas � variesfor T9000/C104architecture

andvariedthefunctionrepeatcount � . For smallvaluesof � thegraphscloselyfollow
thepreviousgraphssincethetotal costof thealgorithmis still dominatedby thecost
of theGaussianelimination.TheGaussianeliminationcostis fixedasit dependsonly
on � , andso as � increasesthe costof function evaluationsbecomemoreandmore
significant.Hence,thesegraphsshow how well thealgorithmsparallelisethefunction
evaluations.For boththeT8 andT9000/C104architecturethespeedupincreasesasthe
repeatcountincreases.This is to be expectedsincetheparallelfunctionevaluations
of steps1 and2 do not involve any communicationoverheads.It is worth noticing
thattherateof improvementin performanceis greaterfor theT8 architecturethanthe
T9000/C104,with the former reachinga speeduparound32 for the largestproblem
sizeshown whilst thelatteronly achievesaspeedupof about20 for thesameproblem.
This is becausefor a givenincreasein thetotal computationcostatfixedcommunica-
tion costthearchitecturewith thehighestratioof computationcostto communication
costwill gain the greatestimprovementin performance.As statedabove the T8 ar-
chitecturehasthe larger ratio of thesevalues. The betterspeedupsachieved by the
T8 architectureneedto be balancedagainstthe fact that theT8 architectureis about
ten timesslower thanthe T9000/C104architecture.This featureof thesealgorithms
illustratesnicely theprinciplethatonewayto designanarchitecturewhichgivesgood
speedupsis to give the architecturea very poor computationratecomparedwith its
communicationrate.This is alsowhy it is importantwhencomparingdifferentarchi-
tecturesto look at theabsoluteperformanceof algorithmsaswell asthespeedup.

As thecostof theparallelfunctionevaluationscomesto dominatethecostof the



5. Newton 91

totalalgorithmit will becomeworthwhileto determinethenumberof processorsused
not by theoptimumnumberrequiredfor theGaussianeliminationstep,whichwill be
significantlylessthan � , but by themaximumnumberof processorsthatcanbestbe
usedfor parallelfunctionevaluations,which is � . This balancesthedecreasedperfor-
manceof theGaussianeliminationstepwith increasesin thespeedof parallelfunction
evaluations.If thenumberof processorsavailableexceeds� thentheHessianelement
calculationscanbe redesignedso that a processorcancalculatea singleelementof
theHessianmatrix insteadof a wholerow asis currentlythecase.Thischangewould
alsointroduceadditionalcommunicationsto re-distributetheelementsof theHessian
matrix to thelocationsexpectedby theGaussianeliminationalgorithm.

Limiting thenumberof processorsthatcanbeusedto � mayhave importantcon-
sequencesfor many practicalapplications.Many realworld objective functionsonly
have a small valueof � in the tens.This limits thenumberof processorsthatcanbe
usedandhencelimits themaximumspeedupthatcanbeobtainedhowevermany pro-
cessorsareavailableto solve theproblem. This is particularlyimportantsincemany
of theseobjective functionshave very high run-timecosts. If only a small number
of processorscanbeusedto solve theproblemtheneventheparallelrun-timeof the
algorithmmaybetoo largeto bepractical.

5.9 Conclusions

This chapterhasshown thatthecommunicationssystemof theT9000/C104architec-
turegivesa significantboostto theperformanceof algorithmscomparedwith thebest
T8 configurations.For theNewton methodpresentedherewe have seenthatbothal-
gorithmsgivereasonableperformance.Theperformanceis particularlygoodwhenthe
functionevaluationsareexpensivecomparedwith thedimensionof theproblemspace� .

Furtherwork shouldexploit thesymmetryof theHessianmatrix in both theeval-
uationof the matrix andin the solutionof the linear system.The latter will involve
replacingtheGaussianeliminationalgorithmby aCholeskifactorisationof thematrix.
This factorisationwill needto handleindefinitematrices.WhenT9000machinesbe-
comeavailableit will beworthwhileimplementingtheparallelalgorithmto establish
thevalidity of thecostmodel.



Chapter 6

BFGS

In thepreviouschapterwe studiedtheway in which parallelfunctionevaluationscan
beusedin theimplementationof a parallelNewtonmethodfor unconstrainedoptimi-
sation.In thischapterweexaminequasi-Newtonmethods,andin particularwelook at
waysto parallelisetheBFGSupdate.Alongsidetheparallellinearalgebraalgorithms
developedin this chapter, a full quasi-Newton methodcanalso exploit the parallel
functionevaluationtechniqueof thepreviouschapter. We describeandcomparethree
parallelalgorithmsfor theBFGSupdatedesignedfor a T9000/C104basedmachine.
Thesealgorithmsaredistinguishedby thewayin whichHessianinformationis stored.
We presentrun-timecostmodelsfor eachalgorithmandusethesemodelsto choose
thebestparallelalgorithmfor thetargetT9000/C104architecture.Finally we discuss
aninitial implementationof this algorithmrunningundertheVCR [30].

6.1 Introduction

An iteration, ¥ say, of thequasi-Newton methodfor unconstrainedoptimisationmay
bestatedasfollows:

Algorithm 10 (Quasi-Newton method)

Let
³ Ä be thecurrentestimateof theminimumof thefunction  4 ³ 7 . Also, let ( Ä be

thecurrentsearchdirection.

1. Testfor convergence.
Terminatethealgorithmif theconvergenceconditionsaresatisfiedreturning

³ Ä
asthesolution.

2. Computea steplength, WÙÄ , alongthesearch direction ( Ä .
3. Updateestimatefor theminimum.

Set
³ Ä �<� A ³ Ä e W�Ä ( Ä .

92
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4. UpdateHessianapproximationandcalculatenext search direction ( Ä �<� .
Set ) Ä �I� A ) Ä eYX Ä , and ( Ä �I� AQw ) æ �Ä �<� " Ä �<� .

5. Set¥�Ab¥ e 
 andgo to step1.
×

Steps2 and4 accountfor mostof the costof thealgorithm. Both of thesesteps
cantakeadvantageof parallelfunctionevaluationsdiscussedin thepreviouschapter.
In this chapterwe examinewaysto parallelisethe two linear algebracalculationsof
step4: theupdateof theHessianapproximation,) Ä , andthecomputationof thenext
searchdirection, ( Ä �<� .

Oncea new point,
³ Ä �<� , is found the Hessianapproximation,) Ä , is updatedto

reflectthenew curvatureinformationobtained:) Ä �<� A ) Ä e'X Ä��
Theupdatematrix,

X Ä , is chosensothat ) Ä �<� satisfiesthequasi-Newtoncondition:) Ä �<� :�Ä�A = Ä�:
where :�Ä is the changein ¼ ( :RÄ`A ³ Ä �I� w ³ Ä ), and = Ä is the changein gradient
( = ÄgA " Ä �<� w " Ä ) in iteration ¥ . In addition,updates) Ä �<� mustpossessthe prop-
erty of hereditarysymmetry. This requiresthatif ) Ä is symmetricthen ) Ä �<� mustbe
symmetricalso. In mostquasi-Newton methods) is positive definite(suchmethods
areoftencalledvariablemetricmethods).

Thesimplestupdatematrixwhichsatisfiestheseconditionsis therankoneupdate
matrix. Fromthis weobtainthesymmetricrankoneupdate:) Ä �<� A ) Ä e 4 = Ä>w ) ÄL:�Ä�7�4 = Ä>w ) Ä<:�Ä�7 J4 = Ä>w ) Ä;:�Ä�7 J :�Ä �
This updatehassomedrawbacksso in generalrank two updatesarepreferred.The
mostpopularranktwo updatesaretheDavidon-Fletcher-Powell (DFP)update:) Ä �<� A ) Ä>w ) Ä;:�Ä�: J Ä ) Ä: J Ä ) Ä : Ä eZ= Ä = JÄ= JÄ : Ä e 4[: J Ä ) Ä�:RÄ�7[\çÄ<\ JÄ :
where \çÄ�A = Ä= JÄ :�Ä w ) Ä : Ä: J Ä ) Ä;:�Ä :
andtheBroyden-Fletcher-Goldfarb-Shanno(BFGS)update:) Ä �<� A ) Ä w ) Ä;:�Ä�: J Ä ) Ä: J Ä ) Ä;:�Ä e = Ä = JÄ= JÄ :�Ä �
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matrixunfactored matrix factored) storefull )) Ä �<� A ) Ä e ranktwo
form Choleskifactors

2 triangularsolvesfor ( Ä �<�
store ] where: ) AZ]^] J_ Ä �<� A>]�Ä e rankone` Ä �I� ] J Ä �<� A _ Ä �<� by Jacobirotations

2 triangularsolvesfor ( Ä �I�* storefull ** Ä �<� A * Ä e ranktwo
m-v multiply for ( Ä �<�

store
_

where: * A _a_ J_ Ä �<� A _ Ä e rankone
2 m-v multipliesfor ( Ä �<�

Table6.1: Fourmethodsfor implementingtheBFGSupdate

It is generallyacceptedthat the mosteffective of theseis the BFGSupdate,andso
this chapterconsiderstheperformanceof parallelBFGSupdateson theT9000/C104
architecture.Furtherdetailsof this andother updatescanbe found in Fletcher[85,
Chapter3] andGill, Murray& Wright[49, Section4.5.2].

The Hessianapproximationis usedto calculatethe searchdirectionfor the next
iteration. For this reasonthecombinedcostof theupdateandcalculationof thenext
searchdirectionshouldbeconsideredwhencomparingmethods.

Thenext searchdirectioncanbecomputedin two ways,eitherusingtheHessian
approximationitself: ) Ä �<� ( Ä �<� Adw " Ä �<� : (6.1)

or by usingtheinverseHessianapproximation,* Ä �<� :( Ä �<� AQw * Ä �<� " Ä �<� � (6.2)

Equation6.1 involvesthesolutionof a systemof linearequationsat a costof b 4 � ¦ 7 ,
where � is the size of the squareHessianmatrix, whilst using the inverseHessian
in Equation6.2 only requiresa matrix vectormultiply costing b 4 � ZT7 . However, if
theHessianmatrix is storedasCholeskifactors, ]3] J , thenEquation6.1 canalsobe
solvedin bv4 � Z�7 . Suchconsiderationsleadto four methodsfor performingtheBFGS
updatewhichvarydependingonhow Hessianinformationis held: storingtheHessian
matrixor inverseHessianmatrix,eachonefactoredor unfactored.SeeTable6.1for a
summaryof thesefour methods.

UpdatinganunfactoredinverseHessian(weshallcall thisMethodI) wasthemost
popularmethodin early implementationssinceit avoidedthecostof solvinga linear
systemof equations.But, in additionto thecostsof thevariousupdatemethodsanim-
portantconsiderationis maintainingpositive definitenessof thematrix. It is claimed
thatit is easierto recogniseandcorrectanindefinitematrixwhentheCholeskifactors
arestoredandthis hasleadto many recentimplementationsupdatinga factoredHes-
sian(MethodII). The factoredinverseHessianupdate(MethodIII) hasnot received
muchattentiondueto doubtsaboutits numericalstability. However Byrd, Schnabel
& Schultz[18] andothersreportno significantnumericaldifferencesbetweenany of
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themethods.We have chosento examineparallelalgorithmsfor thesethreemethods,
neglectingtheunfactoredHessianupdatebecauseof its significantlyhighersequential
cost.

To predicttheperformanceof thesealgorithmsonaT9000/C104machinewehave
developedrun-timecostmodels.Thesecostmodelsusethesamehardwareconstants
andproblemparametersastheotherT9000/C104costmodelsdevelopedin thiswork,
i.e., thethreehardwareconstants:1 M thetime takento performa doubleprecisionarithmeticoperation,1 M A}
R�	� ns;1B2 ,13S the total time takento communicatea messageof � doubleprecisionvaluesis

givenby 132 e � 13S , 1B2@AQ
T� s, 13S8A �	�
� ns;

andthetwo problemparameters:� , thesizeof theHessianmatrix, and / thenumber
of processors.(SeeChapter2 for detailsaboutthehardwareparameters.)

In theprecedingchapters,thealgorithmsdesignedfor T8networkshadtwodistinct
classesof process:a “master” processand “slave” processes.The masterprocess
wassonamedbecauseit provideddataandacceptedresultsfrom theslave processes
andcontrolledexecutionof theparallelalgorithm,but did not usuallytakepart in the
computationitself. This processstructurewaswell matchedto T8 transputersystems
which generallyconsistedof an arrayof processorsconnectedto a separatecontrol
processorby a single link. In this chapterwe experimentwith a different process
structurein whichall / processesareexpectedto takepartin thecomputation,andone
processis additionallythesourceof dataanddestinationfor theresult.This structure
assumesthattheuser’s masterprocessoris partof theT9000/C104networkandnot a
separateT9000. In this casetheC104switch networkmakesno distinctionbetween
theuser’s masterprocessorandslave processorsandcanprovide themasterprocessor
with thesameconnectivity astheslave processors.

All threeof theseparallelalgorithmsusefundamentalcommunicationprimitives,
namelythebroadcast,scatterandgatherof data.A broadcastof a vectorof � values
from oneprocessto /fwh
 othersis implementedasfollows: thesourcecommunicates
the vector to four other processesin parallel on its four links. Then eachof these
five processes(including the source)communicatethe datato four more processes
in parallel. This continuesfor J£§�¨	© ¯ /DK stepswhen all / processeshave a copy of
the data. The cost for this operationis J §�¨
© ¯ /DK;46132 e � 13Sí7�� The scatterof � values
between/ processes(includingthesourceprocess)consistsof 4�/vwh
�7 � � stepsin each
of whichthesourceprocesssends�Ë� / differentelementsto four differentprocesseson
thefour links. Thishasacostof

k æ �[ á 1B2 e | k 13S ä � Gatheringdatausesthereverseof the
scatteralgorithmandhasthesamecost.Full detailsof theseandothercommunication
algorithmsaregivenin AppendixA.

In thefollowing threesectionswedescribeparallelalgorithmsfor eachof thethree
updatemethods. The chapterthen finisheswith a comparisonof the methodsand
discussionof theimplementationof thebestmethodin Section6.5.
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6.2 Method I: unfactored inverse Hessian update

TheunfactoredinverseHessianupdatemaybeexpressedas:* Ä �<� A * Ä e 4�:�ÄÂw * Ä = ÄT7c: J Ä e :�Ä	4�:RÄ>w * Ä = ÄT7 J= JÄ :RÄ w 4�:�ÄEw * Ä = Ä�7 J = Ä;:�Ä�: J Ä4 = JÄ :�Ä�7 Z �
This is followedby a matrixvectormultiplicationto find thenew searchdirection:( Ä �<� A * Ä �<� " Ä �<� �
Byrd, Schnabel& Schultz[18] presenta sequenceof operationsto performthesetwo
stepswhich is cheaperthana direct implementationof theseequations.We baseour
algorithmontheirmethod:

Algorithm 11 (Method I)

1. d9A * Ä " Ä �<�
2. efAf:�ÄÂw#d e ( Ä
3. a Ag: J Ä = Ä
4.
c Age J = Ä

5. eih�AQ4[eKw�4 c � � a 7�:�Ä�7 �Ra
6. * Ä �<� A * Ä e eihj: J Ä e :�ÄLeih J
7. a h A%: J Ä " Ä �I�
8.
c h�A%eih J " Ä �I�

9. ( Ä �<� Afd e a hjeih e c hk:�Ä ×
Since * is symmetriconly its lower or uppertriangleneedbestored.In this casethe
totalsequentialcostof thealgorithmis 4 � � Z e 
�ð � wf
�7�1BM . If thefull matrixis storedthe
costof theranktwo updateis increasedandthetotalcostbecomes46O � Z e 
�� � wè
�7Ê13M .
Thecostof themethodis dominatedby thematrix vectormultiply of step1 andrank
two updateof step6. Bothof thesestepsinvolvetheinverseHessianapproximation*
andso in our parallelalgorithmwe needto considerthestorageof * carefullysince
thechoiceof storagewill affect thecostsof steps1 and6.

For a parallelalgorithmwe will considerstorageof both the full matrix * and
triangularmatrix. Theupdateof step6 shouldbecheaperif only atriangleisstoreddue
to thesmallernumberof elementseachprocessormustupdate.However, for triangular
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storagein step1 a lot of extra communicationwill berequiredto give completerows
of * to theprocessors.

The storageschemesfor thesetwo algorithmsare thus as follows: the inverse
Hessianapproximation* is storedeitherin full or justtheupperor lowertrianglewith
rowsdistributedto theprocessors.If a triangleonly is storedthenpairsof rowsequi-
distantfrom thecentralrow aregivento eachprocessorto try andbalancethenumber
of elementsheldby eachprocess.Bothalgorithmswouldprobablyin practicerequire
enoughstoragefor a full matrixsincethetriangularmatrixalgorithmneedstemporary
storagein step1 for completerowsof thematrix. Distributing thematrixby columns
would increasethecostof step1 by introducingmorecommunicationsandso is not
consideredfurther. Block storageinsteadof row or columnstoragewould increase
the maximumnumberof processesthatcould beusedto solve a problemof a given
size.However theresultingsmallgranularitywould leadto poorerperformanceasthe
amountof communicationcomparedwith computationoneachprocessis increased.

The vectors ( Ä , " Ä �<� , : Ä , = Ä , d and e aredistributedacrossthe processeswith
eachprocessstoringthoseelementsof thevectorsfor which it alsoholdsthe row of
the inverseHessian* . Thevectorse h and ( Ä �I� overwrite e and ( Ä . Four temporary
distributedvectorsarealsorequiredfor communicationof vectorslicesof " Ä �<� , : Ä ande duringsteps1 and6. We assumethatat thestartof aniterationof thealgorithm = Ä
holdsthe old valueof " Ä �I� and ( Ä holdstheold valueof ( Ä �<� , but all othervectors
areundefined.

Parallel MethodI startswith the processwhich holdsthe minimum point,
³ Ä �<� ,

scatteringthevectors" Ä �I� and :�Ä . This hasa costof 4�/�wà
�754?132 e 4 ��� /<7Ê13SÃ7 � � . The
distributedvector = Ä is thencalculatedfrom: = ÄÂA " Ä �<� w = Ä , costing 4 ��� /<7Ê13M .

The next step is the calculationof the distributedvector d . For the full matrix
this proceedsin / stepsasfollows: In eachstep(except the last) the processespass
segmentsof " Ä �<� to a neighbourin a ring of processes.Thesesegmentsareheld in
a temporaryvector. In parallelwith this eachprocessupdatesits segmentof d using
the segmentof " Ä �<� which it input into anothertemporaryvector in the preceding
step.With currentestimatesof thehardwareparametersthishidesthecommunication
behindcomputationexceptin thelastiteration.Thetotal costfor the / stepsis:

n�p�q � 132 e �/ 1BSÃ: � � Z/ Z 13M��j4�/fw�
�7 e � � Z/ Z 1BM	�
If insteada triangularmatrix is storedthencompleterows of the inverseHessian

mustbe gatheredto the processes.Eachprocessmustoutput all elementsit holds
exceptelementsin columnsfor which it alsoholdsthe row. Assumingan even dis-
tribution of elementsbetweenthe processesthenthe elementsa processoutputsare
distributedequally betweenthe other processes.Eachprocessmust also input the
samenumberof elementsfrom theotherprocesses.If eachprocesshas �Ë� / rows of
the triangularmatrix distributedasdescribedpreviously we approximatethenumber
of elementsheldby eachprocessas � 4 � e 
�7 � �T/ . Of these4 �Ë� / e 
�7 ��� ��/ donotneed
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to be output. Hencethe numberof elementsthat a processmustsendto eachother
processis 
/çw�
 � � 4 � e 
�7��/ w � 4 �Ë� / e 
�7�T/ �{A � 4 � wy/<7��/ Z �
Eachprocessinputs 4�/Âwy
�7 messagesandoutputs4�/Âwy
�7 messagesusingall four links
giving acommunicationcostof/fw�
� � 1 2 e � 4 � wy/<7��/ Z 1 S�� �
Thecomputationof d thentakesplaceasfor the full matrix algorithmabove. It may
bepossibleto arrangefor columnsof thematrix to begatheredto theprocessesateach
stepof the algorithmthusreducingthe storagerequirementandperhapshiding that
communicationbehindthecomputation,however for simplicity this is not considered
here.

Thecalculationof e whichfollowsdoesnotrequireany communicationsinceeach
processcancalculatethoseelementsof e for whichit holdscorrespondingelementsof:�Ä , d and ( Ä ata costof 4?� �Ë� /<7Ê13M .

The two inner productcalculationsfor a and
c

in steps2 and3 areexecutedin
parallel,but for simplicity we assumefor the costmodel that they areexecutedse-
quentially. Thefirst stagein the inner productcalculationis for all the processesto
form the partial innerproductfor the elementsof the vectorswhich they hold. This
costs 4?� ��� /gwb
�7Ê1 M . This is followedby J §�¨	© ¯ /DK stepsin eachof which groupsof 5
processescommunicatetheir partial inner products.Oneof the processesinputsthe
partialproductsfrom theother4 processeson its 4 links andsumsthemwith its own
partial product. In the next stepthis processthenoutputsthe new partial productto
anotherprocess.Thecommunicationsform a treestructurewith 4 branchesat each
node.Eachstep » , »>AlJ §�¨
© ¯ /mK@�R����
 , of theoperationinvolvesprocesseson level » of
the treeoutputtingtheir partial productsto their parentprocessat level »8wà
 . In the
laststeponeprocessformsthecompleteinnerproductof thedistributedvectors.This
communicationphasehasa costof 4 � 13M e 132 e 13Sí7nJ §�¨	© ¯ /mK giving a total costfor a
singledistributedinnerproductof46� �Ë� /Ýwo
�7Ê13M e 4 � 13M e 132 e 1BSí7nJ §�¨	© ¯ /DK;�
We executethe two innerproductcalculationsso that the resultsendup at the same
process,whichis themasterprocess.Thisprocessthencalculates

c � � a andbroadcasts
it, togetherwith a , to all the processesat a costof �
13M e �Ó461B2 e 13Sí7aJ §�¨
© ¯ /mK . The
calculationof eih followscosting 46X ��� /I7�13M .

The inverseHessianupdateof step6 usesthe sametechniqueof communication
hiding asstep1 does,proceedingin / stepsasfollows: In eachstep(exceptthe last)
theprocessespasssegmentsof eih and :RÄ to a neighbourin a ring of processes.These
segmentsareheldin two temporaryvectors.In parallelwith thiseachprocessupdates
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its elementsof theinverseHessianusingthesegmentsof eih and :�Ä which it input into
anotherpair of temporaryvectorsin theprecedingstep,alongwith its own segments
of eih and :�Ä . For full matrix storageeachprocessupdates� Z � /�Z elementsof * giving
a total costfor thestepof

nÉp�q � 132 e � �/ 1BSÃ: � � Z/ Z 13M<�j4�/çwo
�7 e � � Z/ Z 13M	�
If a lower triangleis storedonly approximatelyhalf thenumberof elementsareup-
datedat eachstagegiving acostof

nÉp�q � 132 e � �/ 1BSÃ: � � Z/ Z 13M<�j4�/çwo
�7 e � � Z/ Z 13M	�
Thenext two operationswhichcalculatea h and

c h have thesamecostastheearlier
distributedinnerproducts.Theseoperationsarefollowedby thebroadcastof a h andc h costing 461 2 e �	1 S 7nJ §�¨	© ¯ /DK readyfor the calculationof the next searchdirection( Ä �<� . Thedistributedvector ( Ä �<� is calculatedat a costof 4 � ��� /I7�1 M . Thedistributed
partitionsof ( Ä �<� arethengatheredtogetherat themasterprocessin a similarmanner
to thescatteralgorithmcosting 4�/fw�
�754?132 e 4 ��� /<7Ê13SÃ7 � � .
6.3 Method II: factored Hessian update

ThefactoredHessianupdateis themostwidespreadsequentialBFGSupdatemethod.
It avoidsthelargecostof solvinga linearsystemof equationsto find thenext search
directionby storingtheCholeskifactors]3] J of theHessianapproximation) . Meth-
odshave beendevelopedto updatethe factorsdirectly to the factorsof the updated
Hessianapproximation.The papersby Brodlie et al. [67] andGill et al. [81] give a
goodintroductionto the techniquewhilst Goldfarb[50] presentsdetailsof the most
efficient factoredupdatealgorithms.

If westorethefactors ]3] J of ) theHessianupdatecanbeexpressedas) Ä �<� A _ Ä �<� _ Ä �<� J : where
_ Ä �<� AQ4o]�Ä eqp Ä<r J Ä 75:

with thevectorsrªÄ and
p Ä for theBFGSupdategivenby:

r Ä A = Ä w ^ ] Ä ] J Ä : Ä : where ^ A � = JÄ :�Ä: J Ä ]8Ä�] J Ä :�Ä � � ý Z :p Ä A ] J Ä :�Äs = JÄ :�Ä��k: J Ä ]�Ä�] J Ä :�Ä �
If we thencalculatethefactorisatioǹ Ä �<� H Ä �I� of

_ Ä �I� J AQ4 H Ä e rªÄ p JÄ 7 theupdated
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Choleskifactor ]�Ä �<� is given by

H J Ä �<� . The
` H

factorisationis performedby two
sequencesof Jacobirotations.Thefirst � wb
 JacobirotationstransformrªÄ p JÄ to the
matrix t;rªÄut Zwv � p JÄ and

H Ä to anupperHessenberg matrix

H �Ä . Thefollowing � wì
 ro-
tationsthentransformthematrix

H �Ä e t;rªÄut Zwv � p JÄ to theuppertriangularmatrix

H Ä �<�
which thengivestheupdatedCholeskifactor ]�Ä �I� . An implementationof the algo-
rithm doesnotneedto transposethematrices]8Ä and

H Ä �<� . Instead,everyreferenceto
anelement

H ¶¹¸ is replacedby a referenceto theelement]�¸6¶ . HencethefactoredHes-
sianupdatemethodconsistsof calculatingrªÄ and

p Ä followedby a
` H

factorisation
performedby a sequenceof Jacobirotations.

Oncethe updatedCholeskifactor ]�Ä �<� is known, the next searchdirection ( Ä �<�
canbecalculated: ) Ä �I� ( Ä �<� AQw " Ä �<� �
Sincethefactors ]�Ä �<� of ) Ä �<� arestoredandnot theapproximateHessianitself this
equationcanbesolvedby performingtwo Choleskisolves:]�Ä �<� d A w " Ä �<� :] J Ä �<� ( Ä �<� A d°�

ThesequentialfactoredHessianupdatealgorithmwhich follows is basedon Alg
A9.4.2.givenin [35].

Algorithm 12 (Method II)

CalculaterÍÄ and
p Ä

1.
_ A = JÄ :�Ä

2.
p Ä�A%] J Ä :RÄ

3. a A p JÄ p Ä
4. ^ A e7x _ a
5. rªÄ�A = Ä>w ^ ]�Ä p Ä
6.
c A 
¬ _ a

7.
p Ä�A c p Ä` H

factorisation(dropping¥ subscript)

8. For »ÍA � w�
8���R��
_ 4 � :5»Ã:zyl¶�:�w{y�¶ �<� 7y�¶�A e s y Z¶ e y Z¶ �<�
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9. For »ÍAQ
8���R� �]ª¶�Ð � A%]ª¶�Ð � e y �}| ¶
10. For »ÍAQ
8���R� � w{
_ 4 � :5»Ã:;]Í¶�Ð ¶£:RwO]ª¶�Ð ¶ �<� 7

WheretheJacobirotation
_ 4 � :5»Ã:5µI:5V�7 is givenby:

J1. ^ A e ¬ µ Z e V Z
J2. ��Abµ ��^ , UKA`V ��^
J3. For º�A`»������ �_ AZ]Ë¸?Ð ¶a A>]�¸?Ð ¶ �<�]�¸6Ð ¶�Ab� _ whU a]�¸6Ð ¶ �I� AbU _�e � a

Calculatenext searchdirection:solve ]8Ä
] J Ä ( Ä �<� A " Ä �<� (dropping¥ subscript)

11. ~ � A V Ä �<� � � ] � Ð �
12. For »ÍAb�>���R� �~ ¶ A V Ä �I� ¶ w Ø ¶ æ �¸�Ò � ]ª¶�Ð ¸}~Ê¸] ¶�Ð ¶
13. /ÙÄ �<� | Af~ | � ] | Ð |
14. For »ÍA � w�
8���R��
/�Ä �<� ¶ A ~í¶Ùw Ø |¸ÊÒÓ¶ �<� ]�¸6Ð ¶�/ÙÄ �<� ¸]ª¶�Ð ¶
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15. ( Ä �<� AQw ( Ä �I� ×
Whencalculatingthecostof thisalgorithmwemusttakecarefulnoteof thecostof

thesquareroot operations.In thepastall floatingpoint operationswereimplemented
in software.Becauseof this multiplicationanddivision costsignificantlymorethan
additionandsubtraction,andthesquareroot functionitself hada hugecostcompared
with multiplication. For this reasonmucheffort wasexpendedto designalgorithms
which requiredno squareroot evaluationsor at leastkept theseto a minimum. More
recentmicroprocessordesignsincorporatehardwarefloatingpoint arithmeticunits to
improvetheperformanceof numericalcalculations.With theseunitsthecostof simple
arithmeticoperationssuchasaddandmultiply arecomparable.However, evenwhen
thesquareroot functionhashardwareassistanceit still hasa costwhich is largerthan
thesimpleoperations.In thispaperwemodelthecostof thesquareroot function, 1B2�� ,
asamultipleof thesimplearithmeticoperationcost,i.e. 1B2��>A ^ 13M . Usingcycletimes
givenin [64] avalueof 4 is givento ^ .

For a sequentialimplementationof thealgorithm,the initial calculationof rªÄ andp Ä costs 46� � Z e ð � e 
�7Ê13M e �	132�� . The
` H

factorisation,which updates] instead
of

H
, hasa costof 46O � Z e 
 � � wh�
�·7�1BM e �Ó4 � wb
�7Ê132�� . If eachnegationoperationof

step15 costs 
�13M thenthecalculationof thenext searchdirectioncosts� 46� � e 
�7Ê13M .
Thisgivesa total costfor thealgorithmof 4À
�� � Z e �	O � wè��
�7Ê13M e � � 132�� .

Thefirst considerationin developingtheparallelalgorithmis thedistributedstor-
ageof the Choleskifactor ] . We have againrestrictedour considerationto storage
by rows or columns,excluding block storage.The expensive stepsin the algorithm
involving ] aresteps2, 5, 8, 10,12 and14. Of thetwo matrix-vectormultiplications
of steps2 and5, oneinvolves ] andtheother ] J sothecombinedcostis not affected
by the choiceof row or columnstorage.However, it may be worthwhile to store ]
by both rows andcolumns,which is identicalto usingthe samestoragemethodfor
both ] and ] J . This would allow themoretime-efficient matrix-vectoralgorithmto
beusedfor bothsteps.Thedisadvantagesof thisarethealmostdoublingof thestorage
requirementto � Z andtheadditionaltime costof eithercommunicatingthetranspose
of thematrixor updatingboth ] and ] J . Similarly, theCholeskisolveswhichinclude
steps12and14useboth ] and ] J sothesameargumentappliesheretoo.

In the
` H

factorisationeachJacobirotation operateson 2 rows of

H
, that is 2

columnsof ] . The obvious storagemethodis thus to store ] by rows allowing all
processesin parallelto updatetheir elementsof the2 columnswithin a singleJacobi
rotation.This requiresonly thebroadcastof � and U at eachrotation.Alternatively, if
columnstorageof ] is usedtheneachrotationwould requirethe communicationof
all elementsto beupdatedfrom oneprocessto anotherandthenatmosttwo processes
performingthe update. This very poor parallelismcould be improved by beginning
the next Jacobirotationas soonas the essentialelementfrom the previous rotation
hadbeencalculated,however the largenumberof communicationsrequiredfor each
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rotationsuggestthatthis methodwouldnotperformaswell asusingrow storage.
For this work we look at thecostof a row storagealgorithmfor MethodII. The

datadistribution schemeis as follows: The matrix ] hasits rows distributedin the
samemannerasusedfor the triangularmatrix in Method I. Only spacefor a lower
Hessenberg matrix is requiredgiving this algorithma greatstorageadvantageover
the other algorithmspresentedin this paperwhich requirespacefor a full matrix.
Thevectors:RÄ , = Ä , rÍÄ , d , " Ä �I� and ( Ä �<� aredistributedwith a processholdingthose
elementsof thevectorsfor whichit alsoholdstherow of ] . Eighttemporaryvectorsof
size �Ë� / arerequiredon eachprocessfor thesummationof vectorsin step2. Finally,
an � -vectoris storedin full on eachprocessto hold partialresultsof

p Ä in step2 and
to storethepartialsumsfrom theCholeskisolvesin steps12 and14. We assumethat
at thestartof aniterationof thealgorithm = Ä holdstheold valueof " Ä �<� , but all other
vectorsareundefined.

Theparallelalgorithmstartsby scattering" Ä �<� and :�Ä from themasterprocessat
a costof 4�/gwQ
�75461 2 e 4 �Ë� /<7�1 S 7 � � . Then = Ä is calculatedfrom: = Ä A " Ä �<� w = Ä ,
costing 4 �Ë� /I7�1 M . The distributed inner productof step1 storesthe result

_
on the

masterprocessandcosts46� �Ë� /Ýwo
�7Ê1 M e 4 � 1 M e 1 2 e 1 S 7nJ §�¨	© ¯ /DK;�
To calculate

p Ä eachprocessfirst forms the partial sums(dropping ¥ subscript)| ¶ A Ø ¸ ¶ÈÒ � ] ¸6Ð ¶ U ¸ for eachrow, º , of ] that it holds. This costs 4 � Z � / e �Ë� /I7�1 M . The/ vectors
p Ä are thensummedto oneprocessand the result vector scatteredto the

processes.Thesummationof vectorsproceedsin L stepsasfollows: In eachstep,» , a
processinputsa segmentof thesummationvector

p Ä beginningat index 4 ��� Lg7�» and
of size 	èA ��� L from its 4 childrenin a treestructureinto 4 temporaryvectors. In
parallelwith this the processaddsthe 4 vectorsegmentsinput in the last stepto the
process’s own segmentat index 4 ��� Lg754?»Íwb
�7 andtheresultsegmentis outputto the
parentprocess.This arrangementallows communicationsof segmentsto beexecuted
in parallelwith thesummation.Thecostto get thefirst segmentsummedat the root
processis 4?132 e 	°13S e � 	°13M	7nJ §�¨	© ¯ /mK . Readingin theremainingsegmentsandadding
themcosts n�p�qI4?132 e 	°13S5: � 	°1BM	7546Lúw 
�7 . The valueof L shouldbe chosenwhich
give the leastcost. Until the bestvaluefor L canbe measuredexperimentallyon a
T9000/C104systemwe shalluse L�AQ/ . The resultvectoris thenscatteredbackto
theprocessesata costof 4�/çw�
�754?132 e 4 ��� /I7�13SÃ7 � � .

Step3 is anotherdistributedinnerproductleaving theresultonthemasterprocess.
Themasterprocessnext calculatesandbroadcastŝ for step4 costing13M e 132�� e 4?132 e13S�7nJ §�¨
© ¯ /DK .

Thematrix vectormultiply of step5 is similar to that in step1 of MethodI. The
segmentsof

p Ä arecycledroundaring of processes,andateachstepaprocessupdates
its elementsof a temporaryresultvector. Assumingthatat eachstephalf of the full
matrixelementsinvolvedin theupdatearezerothenthetotal costof thematrixvector
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multiply is n�p�q � 132 e �/ 1BSÃ: � Z/ Z 13M � 4�/fw�
�7 e � Z/ Z 1BM°�
Therestof thecalculationof r Ä in step5 costs46� �Ë� /<7�1 M .

Thecalculationandbroadcastof
c

costs�	1 M e 1 2�� e 4?1 2 e 1 S 7nJ §�¨	© ¯ /mK . In thefinal
stepin the initializationphaseeachprocessupdatesthoseelementsof

p Ä for which it
alsoholdstherow of ] ata costof 4 �Ë� /<7�1 M .

Thesecondphaseof thealgorithmis the
` H

factorisationwhich is dominatedby
the Jacobirotations

_ 4 � :5»Ã:5µI:5V�7 . We paralleliserotation » asfollows: For step8 the
processholding y�¶ �I� communicatesit to the processholding y�¶ . Then the process
holding y�¶ calculates� and U andbroadcaststheseto theotherprocesses.For step10,
theinitial communicationis not requiredsinceoneprocessholdsboth ]Í¶�Ð ¶ and ]ª¶�Ð ¶ �<� .
Next eachprocessupdatescolumns» and » e 
 for thoserowswhichit holds.Assuming
theupdatesto ] (stepJ3)areevenlydistributedacrossprocessesthenthetimetakento
performall theupdatesin step8 or 10 is 46X � Z e X � whO°7�13M � / . To this weaddthecost
to calculateandbroadcast� and U for � wb
 Jacobirotationswhich is 4 � w®
�7546O
13M e132�� e 461B2 e �
13Sí7aJ §�¨
© ¯ /mK	7 for step10 andanadditional 4 � w}
�75461B2 e 13Sí7 for step8
to communicatey�¶ �<� . Thereis no additionalcostto updatey�¶ sinceits new valuewas
calculatedwithin theJacobirotation.Step9 requiresy � to bebroadcastgiving a total
costfor thatstepof 4?� �Ë� /<7Ê13M e 4?132 e 13S�7nJ §�¨
© ¯ /DK .

Thecalculationof thenext searchdirection ( Ä �<� in thefinal phaseof thealgorithm
involvestwo parallelCholeskisolves;oneusingthematrix ] andthenext using ] J .
Theserequiretwo differentalgorithmsto solve because] is distributed. For solving]�Ä<dgA " Ä �<� in steps11 and12 eachprocessmaintainsa partial sum ]ª¶�Ð ¸z~6¸ for each
row » of ] that it holdsandthis is updatedat eachiterationasa new elementof d is
calculated.At iteration » in step12 we proceedasfollows: theprocessholdingrow »
calculates~�¶ from its partialsum.Thisnew elementis thenbroadcastandall processes
updatetheirpartialsums.Assumingthatthepartialsumupdatestakesimilar timeson
eachprocessthetotal costfor steps11and12 is4À4 � w�
�7 Z � / e � � w�
�7Ê1 M e 4 � w�
�75461 2 e 1 S 7nJ�§�¨	© ¯ /DK;�
In practicewe would expect the broadcastof ~ ¶ to be overlappedwith updatingthe
partialsumswhichwill givesomeimprovementin performance.

The secondCholeskisolve involves ] J andhenceis similar to a Choleskisolve
with ] where ] is distributedby columnsinsteadof by rows. For this situationeach
processmaintainsa partial sum for every row of ] J . Thesepartial sumshold the
values ]Ë¸?Ð ¶ ( Ä �<� ¸ for every row » of ] J and for those º for which a processholds
row º of ] . At the startof iteration » all processestakepart in a summationof their
partial sumsfor row » of ] J with the result finishing on the processholding row »
of ] . This processthencalculates/�Ä �<� ¶ andupdatesits partialsumsbeforethenext
iterationbegins. Sinceonly oneprocessin an iterationupdatesits partial sumsthe
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costof this parallelalgorithmasit standsis thecostof thesequentialalgorithmplus
thecostof thedistributedsummations.In practicethealgorithmshouldbecodedsuch
thatassoonastheprocesshasupdatedits sum »�w�
 thenext iterationbeginswith the
summationof partialsums »Íw}
 . In this way many processesmaybeupdatingtheir
partialsumsatatimeaswell ascommunicatingfor thesummationof distributedpartial
sums.Unfortunately, thisappearsto bedifficult to codesincethetimetakento perform
the partial updatesvariesas the iterationsproceedmakingefficient synchronisation
betweenthecommunicatingandupdatingprocessesdifficult to achieve.

It is alsovery difficult to proposea costmodelfor this algorithmother thanthe
worstcasesequentialone. A workablesuggestionthat will give a roughideaof the
costof this algorithmcanbeobtainedby comparingthecostof performinganupdate
in an iterationwith the costof the summingthe partial sumsandcalculatinga new
elementof ( Ä �<� . The worst casefor an updateinvolvesa processupdating � wÜ

partialsummationsata costof �Ó4 � wo
�7�13M . In thefollowing /vw{
 iterations,sincethe
rows of ] aredistributedcyclically, this processdoesnot needto performany other
updates.However it doesneedto takepart in thesummationof thepartial sumsfor
theseiterations.It seemsreasonablethereforeto comparetheworstupdatecostwith
thecostof thefollowing />wg
 summationsandcalculationsof / Ä �I� ¸ :6ºfAb»	wj
8�����5»
wv/
which cost 4�/�wb
�7�4Ã461 2 e 1 S e � 1 M 7aJ£§�¨	© ¯ /DK e � 1 M 7 . With thecurrentvaluesfor the
hardwareparametersthecostof theupdateis hiddenby thecostof communications
on mediumto large networks(/�uõX	� ). Sowe assumethat the partial sumupdates
executein parallelwith thecommunicationsandfinish soonerallowing us to neglect
theupdatecostin thecostmodel.Thisgivesanestimatedcostfor steps13and14 of4?� � w�
�7Ê13M e 4 � w�
�754?132 e 13S e � 13M	7nJ §�¨	© ¯ /DK;�

Finally we negatethevector ( Ä �<� andgatherthefull vectorto themasterprocess
ata cost 4 �Ë� /<7Ê13M e 4�/fw�
�75461B2 e 4 �Ë� /I7�1BS�7 � � .
6.4 Method III: factored inverse Hessian update

Thismethodhasnotreceivedasmuchattentionasothermethods,but hasbeeninvesti-
gatedby Davidon[28] andPowell[84]. As in MethodII weexpresstheinverseHessian
updatein productform * Ä �<� Ad4o� e rÍÄ p JÄ 7 * Ä	4�� e rÍÄ p JÄ 7 J �
If we thenstorethefactors

_n_ J
of * theupdateof thefactorsis givenby_ Ä �<� AQ4o� e rªÄ p JÄ 7 _ Ä	: where,

r Ä A �[��[��i� � :p Ä�A e7� � �� � �� ��������� �[� * æ �Ä :�ÄEw = Ä��
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This canbesimplifiedsince * æ �Ä :�ÄvAîwOW " Ä and :�Ä * æ �Ä :�ÄvAîwOWm:�Ä " Ä where W is the
steplengthusedin this iterationof thequasi-Newtonalgorithm.Oncethefactorshave
beenupdateda new searchdirectionis calculatedby performingtwo matrix vector
multiplications: ( Ä �<� Adw _ Ä �<� _ Ä �I� J " Ä �<� �
Thesequentialalgorithmis thusgivenby:

Algorithm 13 (Method III)

CalculaterÍÄ and
p Ä

1. ^ A%: J Ä = Ä
2.
_ A%: J Ä " Ä

3. rªÄ�A%:�Ä ��^
4. a A s æ5� ��
5.
p Ä�Aàw a " ÄÂw = Ä

Update
_

6. d J A p JÄ _ Ä
7.

_ Ä �<� A _ Ä e r Ä d J
Calculatenext searchdirection

8. d9A _ Ä �<� J " Ä �<�
9. ( Ä �<� AQw _ Ä �<� d ×

Thetotal costfor thesequentialalgorithmis 4 � � Z e � � e �·7Ê13M e 1B2�� .
Thecostof a parallelimplementationof this algorithmagaindependson thestor-

ageschemeselectedfor thematrix
_

. Thecostlystepsin thisalgorithmaresteps6, 7,
8 and9. For steps6 and8 columnstorageis preferableallowing thesamemethodto
beusedasis usedin step1 of MethodI. Step9, however, wouldbecheaperto perform
if the matrix werestoredby rows. The costof the rank oneupdatein step7 is not
affectedby the selectionof row or columnstorage.For the leastcost,we chooseto
distributecolumnsof

_
to the processes,eithercyclically or in block columns. The

storagefor thevectorsis asfollows: :�Ä , = Ä , rªÄ , p Ä , d and " Ä �<� aredistributedto the
processeswhilst ( Ä �<� is storedin full oneachprocess.Eighttemporaryvectorsof size�Ë� / arerequiredon eachprocessfor thesummationof vectorsin step9. We assume
that at the startof an iterationof the algorithm = Ä holdsthe valueof " Ä �<� from the
previousiteration.



6. BFGS 107

Thefirst phaseof thealgorithm,startswith thescatteringof :�Ä and " Ä �<� costing4�/ywÜ
�754?132 e 4 �Ë� /<7�1BSí7 � � . Then = Ä can be calculatedat cost 4 ��� /<7Ê13M from = Ä A" Ä �<� w = Ä . Thetwo innerproductsfollow eachcosting 4?� ��� /�w�
�7�13M e 4 � 13M e 1B2 e13S�7nJ §�¨
© ¯ /DK . Next, w a is calculatedandbroadcastalongwith ^ costing
� 13M e 132�� e461B2 e �
13Sí7nJ §�¨	© ¯ /mK . This allowsthecalculationsof rªÄ and

p Ä to beperformedat cost46X �Ë� /<7�1BM .
Steps6 and8 bothusethealgorithmin step1 of MethodI. An additionalcostof4 ��� /I7�13M is incurredin negating d at theendof step8. Therankoneupdateof step7 is

similar to theranktwo updatein step6 of MethodI andcosts

n�p�q � 132 e �/ 1BSÃ: � � Z/ Z 13M��j4�/fw�
�7 e � � Z/ Z 1BM	�
Step9 is similar to step2 of Method II except that in this caseall elementsof

the full matrix arenon-zero.This increasesthe costof the initial partial summation
on eachprocessto 46� � Z � /I7�13M . Finally, ( Ä �<� is gatheredto themasterprocessat cost4�/çwo
�754?132 e 4 �Ë� /<7�1BSÃ7 � � .
6.5 Comparison of methods

Figures6.1to 6.3show graphsof the Mflop rateachievedby thealgorithmsfor vary-
ing numbersof processorsandproblemsizes.Thegraphsshow for eachmethodthe
predictedMflop ratefor a given � and / . Theseratesshouldbe comparedwith the
Mflop rateof a singleT9000processorto seethespeedupachieved. In this thesiswe
usea valueof 10 Mflop/s for a singleT9000.Theefficiency of theparallelalgorithm
on / processorscanbejudgedby comparingits Mflop ratewith themaximumpossible
Mflop ratedeliveredby thatnumberof processors.Thesegraphsgiveusanindication
of how efficienteachparallelalgorithmis andlet usseehow well thealgorithmsscale
with thenumberof processorsandproblemsize.

For large problemsizes( � A 
R�	�
� ) MethodsI and III have good efficiencies
around60–70%for the numbersof processorsshown. This indicatesthat both of
thesealgorithmswould scalewell for big problemson big machineswith MethodIII
beingpreferred.Thegraphfor MethodII revealsa very poorperformance.Even for
largeproblemsthealgorithmachievesmuchlower efficienciesthantheothertwo al-
gorithms. Particularly importantis the fact that thealgorithmdoesnot scalewell as
the numberof processorsis increased.TheMflop ratepeaksat only 100 processors
for thebiggestproblemsizeshown. Also for smallnetworkstheperformanceis not
asgoodasfor theotheralgorithms.HenceMethodsI or III areto bepreferredfor all
problemandnetworksizes.

Thereseembetworeasonsfor thiscontrastin performancebetweenthealgorithms.
Firstly, thegreaterproportionof thesequentialcostsin MethodsI andIII is in level 2
BLAS operations.Thecomputationsrequiredby theseBLAS paralleliseverywell and
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leadto efficientalgorithmswith few synchronizationsfor communication.MethodII,
however, containscostly Jacobirotationsandbackwardsolveswhich aredifficult to
paralleliseandrequirefrequentcommunicationsbetweenprocesses.Thesecondfactor
giving MethodsI andIII muchbetterperformancesthanMethodII is thewayin which
mostof the moreexpensive communicationsin MethodsI andIII have beenhidden
behindarithmeticoperationsand thereforedo not contribute much to the total cost
of thealgorithms.This is not achievedby MethodII sinceit requiresfrequentsmall
communicationswith only few arithmeticoperationsbeingperformedin betweeneach
communication.

Figure6.4 shows a comparisonof themethodsfor two problemsizes.Thealgo-
rithms arecomparedby plotting the speedupof eachparallelalgorithmwhencom-
paredwith the bestsequentialmethod,which is MethodI. This givesa comparison
of the “elapsedtimes” of the differentalgorithms. For large problemsthe dominant
factor in determiningthe bestparallelmethodis the costof the method’s sequential
algorithm.This factorhasmoreeffect thanthesuitability of thesequentialalgorithm
for parallelisation,or thedetailsof theparticularimplementationof theparallelalgo-
rithm, suchaswhetherfull or triangularstorageis used.Hencethetop graphshowsa
cleardistinctionbetweenthethreemethodswith performanceincreasingfrom Method
II (sequentialcost �Ç
�� � Z ) to MethodIII (

� � Z ) andthenMethod I (
� � Z ). Thereis

relatively little differencein theperformanceof the two implementationsof Method
I comparedwith theothermethodsemphasisingtheimportanceof basingtheparallel
algorithmonthebestsequentialalgorithmunlessthisis clearlyunsuitablefor paralleli-
sation.Therapidfall in speedupwhen � Ab�	�
� andmorethan50processorsareused
indicatesthat the granularityof all thesealgorithmsis quitecoarseandeachprocess
shouldholdseveral(perhapsat least4) rowsof thematrix for goodefficiency.

Anotherimportantfactortoconsiderwhencomparingthesealgorithmsis theamount
of informationwhich eachalgorithmprovides. All of thealgorithmsgive anupdated
Hessianor inverseHessianmatrix andthenext searchdirection. In additionMethod
II, sinceit storesthefactors]3] J of theHessian,caneasilyprovide informationabout
thepositive-definitenessof thematrix. This is essentialfor practicalproblemsto en-
surethat thealgorithmis robust. A further factor in favour of MethodII is its lower
memoryrequirement;MethodsI andIII requiredistributedstoragefor about� Z words
whilst MethodII only needsabout � Z � � . The maindisadvantageof MethodII is its
largesequentialcost.A moreefficientsequentialalgorithmwhichstorestheCholeski
factorsis givenin [50]. This algorithmstill hasa highercostthanMethodI andcon-
sistsof many level 1 operationsinvolving a lot of synchronisationsbut may well be
worth futureinvestigationdueto theadvantagesof themethodoutlinedabove.

6.6 Implementation

Wehave implementedtheparallelfull matrixMethodI BFGSupdate.This implemen-
tationrunsundertheVCR [30] on theParsysSupernode.A listing of theslaveprocess
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codeanddiscussionof theprogrammingtechniquesusedin theprogramaregivenin
AppendixB.

Tables6.2 and 6.3 show the wall-clock executiontime for the single precision
algorithmonan

�D�E�
gridandachainof processorsrespectively. Timesweremeasured

usingthebuilt-in timeron themastertransputerandaveragedover five programruns.
All timesarein secondsandaregivento up to threesignificantfigures.Thevariation
in run-timebetweenprogramrunsis around1%.�/ 100 200 400 600

1 �����·ð � ����� � � 
°��� � ��� � X
2 �����	�
X ����
RO	� �����·ð � 

���
O
4 �����	��
 ����
R�	ó ����X	X
� ����O � O
8 �����·ð � ����


 � ����� � ð ��� � OÓ


16 ����
��
ó ����
 � � �����	X�
 ����X
� �
32 ����
�ð
ð �����
�	ó �����	ó
X ����X°ð	ð

Table6.2: Timingsfor parallelBFGSMethodI onan
�����

grid
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4 �����	O
X ����
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ó ����O
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O ��� � 
	


Table6.3: Timingsfor parallelBFGSMethodI ona chain

Notice that the timings for the two processorconfigurationsaredifferent; this is
especiallynoticeablewhenrunningthe programon 32 processors.This variationin
timingsis dueto thelargeraveragenumberof hopsthateachmessagemustmakefor
the 
 � X	� grid comparedwith the

�����
grid andthesmallerbandwidthof the 
 � X	�

grid.
Dueto thedifferentcharacteristicsof theunderlyingcommunicationsof T8/VCR

andT9000/C104programswedonotexpectourT9000/C104run-timecostmodelsto
givea verygoodfit to themeasuredVCR timings. In fact, if we fit theseresultsto our
T9000/C104run-timecostmodelwe get: 1BMKA¤
	��
�X�� s, 132>AàX·ð�X�� s and 13S;AQX	X�� � � s
for the

� �y�
grid and 13MgAö

��
R��� s, 1B2iAø
�X � ��� s and 13SvAõ� � � � � s for the 
 � X	�

grid. Thesevaluesarequite reasonable.Theaveragenumberof interprocessorhops
for communicationson the

�Û�h�
grid is about5 hops. Interpolatingperformance

informationin the VCR userguide[30] suggeststhat we could very roughly expect



6. BFGS 113

theaveragemessagestartuptime to bearound132ÂA � �	��� s, andaveragetransmission
timeto beabout13S8A � ��� s for singleprecisionvalueswith communicationsinvolving
5 hops. Thesevaluesmatchquite well with the fitted valuesfor the

�g���
grid (see

Figure6.5).
In generalT9000/C104run-timecostmodelswill not predictthecostof T8/VCR

programswell usingfixedvaluesfor 13M , 1B2 and 13S . This is becausethecommunica-
tion parameterswill varyastheprocessorconfigurationis changedor largernetworks
areused.Thusparametervaluesfor differenttopologiesandnetworksizeswould be
neededto predictthe run-timeof T8/VCR programs.TheT9000/C104modelsusea
singlesetof parametervaluesfor awide rangeof numbersof processors.

6.7 Conclusions

Theresultsin thischaptersuggestthatMethodI is thebestparallelalgorithmto usefor
the linearalgebrasectionswhensolvingnon-linearunconstrainedoptimisationprob-
lemsusingaquasi-Newtonmethod.Thealgorithmgivesgoodperformanceandscales
verywell asthenumberof processorsincreasesespeciallyfor largerproblems.

It is importantto view theseresultsin the context of a completeoptimisational-
gorithm. As mentionedin Section6.1, the calculationof the steplengthalong the
searchdirectionis alsocostly. This operationnormally involvesfunctionandgradi-
entevaluationsandwhentheobjective functionis complicatedthesecalculationscan
dominateover the linear algebracosts. Hence,aswell asusingparallel linearalge-
brain aquasi-Newtonalgorithmonemustuseparallelfunctionevaluationsin theline
searchof Step2.

In thenext chapterwe draw togetherall thework describedsofar anddiscussthe
lessonslearnedandthedirectionof presentandfuturework.
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Chapter 7

Discussion

In theprecedingchapterswe have studiedmany aspectsof thedesignof parallelsci-
entific algorithmsfor the distributedmemoryMIMD transputerarchitecture.In this
chapterwe presenta discussionof someof the issuesraisedand suggestareasfor
futurework.

7.1 Parallel algorithms

We have looked at several different areasof numericalcomputationin this thesis.
Thesehaveshown anumberof importantprinciplesin thedesignof parallelnumerical
algorithms.

Thealgorithmswe have implementedhave beenparallelversionsof well known
sequentialalgorithms. When choosingbetweensequentialalgorithmsthat perform
thesameoperationtwo issuesmustbeconsidered.Firstly, how well canthesequen-
tial algorithm be parallelised?This is a function of the inherentparallelismin the
algorithm, the ratio of computationto communicationthat is requiredby a parallel
implementationof thealgorithm.Thesefactorsdeterminetheefficiency of theparallel
algorithm:theproportionof time eachprocessorperformsusefulwork. A parallelal-
gorithmwith ahigherefficiency makesbetteruseof thehardwareresources.However,
alongsidethis considerationwe mustcomparetherelative costsof the initial sequen-
tial algorithms.If onesequentialalgorithmhasa significantlyhighersequentialcost
thananother, thenevenif theparallelversionof thatalgorithmhasa muchhigheref-
ficiency thantheotheralgorithm,thelower costsequentialalgorithmmaystill give a
lower-costparallelalgorithm(seeChapter6).

Another importantissueis the amountof memoryrequiredby an algorithmon
eachprocessor. Thebitonic sortalgorithmof Chapter4 is anexampleof a relatively
memory-greedyalgorithmsinceit requiresenoughstorageon eachprocessorfor two
copiesof the processor’s vector. This limits the maximumproblemsizethat canbe
solvedto half thatof a memoryefficientalgorithm.

As machinesbecomelargerthescalabilityof theparallelalgorithmto largenum-

115
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bersof processorswill becomeveryimportant.If thealgorithmscalespoorlyandgives
its bestperformancefor only smallnumbersof processorsthenthemaximumspeedup
achievablewill only be low andtheresourcesof themachinewill bepoorly utilised.
TheT8 sortingalgorithm(Chapter4) is anexampleof analgorithmthatscalesbadly.
In this casethepoorscalingis dueto thepoorcommunicationsscalabilityof a chain
of T8 processors.The T9000/C104algorithmgives goodscalability sinceit hasa
scalablecommunicationssystem.

Thescalabilityof an algorithmis linked to thegranularityof the algorithm. The
granularityof analgorithmis theamountof computationperformedbetweensynchro-
nising communications.If the granularityis high the algorithmis saidto be coarse
grainedandwill give goodefficiency. In the extreme,embarrassinglyparallelappli-
cations,suchasray-tracingandotherimageprocessingtasks,requirealmostno com-
municationandscaleto largenumbersof processorswith very high efficiency. Most
algorithms,like thosestudiedhere,have a moremodestdegreeof granularity. They
scalewell over a rangeof machinesizes,but for fixedproblemsizegive poorperfor-
manceonvery largesystems.Onewayto utilise largermachineswith suchalgorithms
is to increasethe problemsize. If we increasethe problemsizeaswe increasethe
numberof processorsthenweretaincoarsegranularityandcanachieveverygoodper-
formancefrom largemachines.For example,in finite elementapplicationswecanuse
finermeshesto givemoreaccuratesolutions.

7.2 Modelling

For eachof the algorithmsstudiedwe have given run-time cost models. We have
shown thatwhenthealgorithmis reasonablycoarsegrained,suchasfor theforwards
eliminationphaseof the Gaussianeliminationalgorithmin Chapter3, thenthe cost
modelsgive a goodpredictionof the performanceof the algorithmon T8 systems.
Themodelscanbeincorporatedinto programcodesothatatruntimetheprogramcan
decideon theoptimumnumberof processorsto usefor a givenproblemsize.

Perhapsmoreimportantly, the modelsallow us to predict the performanceof an
algorithmonaparticulararchitecturebeforewe implementthealgorithm.Thisallows
usto compareprospectivealgorithmsandchoosethemostsuitableonefor implemen-
tation insteadof implementingall thealgorithmsandfinding thebestby experiment.
This approachcansave a lot of developmenttime. We appliedthis ideain Chapter6
whenselectingaBFGSupdatemethodfor theT9000/C104architecture.

Themodelsalsoallow usto comparetheperformanceof analgorithmondifferent
architectures(seeChapters3, 4 and5). Cost modelscan be usedto show us how
muchbetteran algorithmwould performon a new machinecomparedto thecurrent
machine.They canbeusedin thedesignof new architectures;for example,themodels
canrevealthebenefitsof doublingthecommunicationratefor importantalgorithms.

The costmodelstry to addmathematicalprecisionto the parallelprogrammer’s
intuition.
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Themodelsarenot thesameasacomplexity analysisof analgorithm.A complex-
ity analysisgivestheorderof thecomputationcostandcommunicationcostseparately.
It doesnot takeinto accountthepossibleoverlapof communicationsandcomputation
nordoesit giveanestimateof theabsolutecostof thealgorithmnor therelativecosts
of computationandcommunication.Complexity analysisgivesa growth functionfor
thecostof computationandcommunicationof analgorithm.We try to doall of these
thingsin thecostmodelspresentedin this thesis.

The successof this approachcannotbe judgeduntil more experiencehasbeen
gainedwith modelling algorithmsand comparingthe model with actual run-times.
Althoughthemodelfor theforwardseliminationphaseof theGaussianeliminational-
gorithmpredictsthecostwell, themodelfor theRHSforwardseliminationandback-
wardssubstitutionphasegave ratherpoor predictions. The latter phaseis very fine
grainedwhilst theformer is coarsegrained.This suggeststhat it is difficult to model
algorithmswith frequentsmallcommunicationsaccurately. Suchalgorithmshave fre-
quentsynchronisationsbetweenprocesseswhich introducesunknown amountsof idle
time,andtheidle time is a significantcostcomparedto thecommunicationandcom-
putationcost.In thecaseof thebitonicsortalgorithmof Chapter4 theerrorin thecost
modelis probablydueto thedifficulty of modellingthespecialpacket-basedcommu-
nicationroutine.

During this work we have developedseveral techniquesfor modellingthecostof
algorithms. In the earlierT8 work, we took an algorithmandmodelledthe costof
eachindividualcomputationandcommunicationoperationin turn. This followedthe
style of developmentof the algorithmswhich involved writing codeto performthe
local operationson eachprocess. For the later T9000/C104algorithms,which are
designedassequencesof standardparalleloperations,suchasbroadcastandBLAS
operations,a differentview is takenfor model development. In this casethe cost
of a parallelalgorithmis viewed as the sumof the costsof the componentparallel
operations.Thus cost modelsare developedfor eachstandardcommunicationand
computationoperationandthesecostsarecombinedto give the completealgorithm
cost.This techniqueallowsquickdevelopmentof analgorithmcostmodel.

This latter techniquegenerallygivesworst-casecostssinceit assumesthat each
processoris busy for theentirecostof thestandardoperation,andsodoesnot allow
for someprocessorsstartinga subsequentoperationbeforetheotherprocessorshave
completedthelastoperation.For example,with aglobaloperationsuchasmax,where
the resultis left on a singleroot processor, the time betweenthefirst leaf processors
startingtheoperationandthelastrootprocessorcompletingtheoperationwill bemuch
greaterthanthe time any singleprocessorspendsexecutingthe function. Wavefront
operations,wherea patternof executionoperationsripplesacrossa networkof pro-
cessors,alsohave this feature.For thesetypesof operation,the run-timecostmight
bebettermodelledby thefirst T8 techniquewhich usesa local view of theoperation
to determinethecost,insteadof a globalview of theoperationacrossthewholenet-
work asusedin theT9000/C104models.In general,theprogrammer’sintuition of the
executionof aparalleloperationcanguidetheuseof local or globalcostmodels.
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It is importantto bearin mind theexpectedaccuracy of thecostmodel. We have
shown that themodelscangive predictionswithin 20–30%of themeasuredrun-time
costsfor T8 algorithms,with betteraccuracy for largerproblemsizes(seeChapter3).
With this level of accuracy, lesssignificanttermsin thecostexpressioncanbeignored
withoutincreasingtheerrorsubstantially. Thisallowssimplercostmodelsto bedevel-
opedby neglectingcertainlow-costoperationsin analgorithm.Chapter3 alsoshows
that therecanbeconsiderablevariationin theestimatesfor thehardwareparameters13M and 13S . Variationsof 10%in hardwareparametervaluesalonewill give variations
of 10% in the total run-timepredictions. So cost modellingcannot,in general,be
expectedto achieve abetteraccuracy thanthis.

We believe thatthecostmodellingtechniquesdevelopedin this work area useful
aid to parallelalgorithmdesignanddevelopment. Thereis much further work that
needsto bedone.WhenT9000/C104systemsbecomeavailablewe needto compare
thepredictedperformancefor thealgorithmswith thatachieved in practice.We also
wish to develop the modelling techniquesto allow the samecostmodel to be used
to predict the run-timecostof an algorithmon differentdistributedmemoryMIMD
architectures.For architecturesthat supportthe samecommunicationfacilities this
maybedoneby substitutinghardwareparametervaluesfor thenew architecture.For
architectureswith differentcommunicationsubsystems,suchasthegrid topologyof
the Intel Paragon,it may be necessaryto develop new costmodelsfor the commu-
nicationsoperationsin thesameway thatporting thealgorithmrequiresa new setof
communicationroutinesfor thenew architecture.

7.3 Implementation

Whenimplementingtheparallelalgorithmsa numberof issuesarosethatareshared
by all thealgorithms.Thetwo mainissuesaredatadistributionandmodularprogram
development.

One of the main considerationsfor any parallel algorithm is the distribution to
be usedfor the datastructures. The choiceof distribution affects the volume and
patternof communicationsandhencecanhave a large impacton theperformanceof
thealgorithm.In this thesiswehaveusedscalars,anddensevectorsandmatrices.The
main distributionsof elementsof a vectorareby blocksor cyclically or, in general,
block cyclically whereblocksof elementsaredistributedcyclically to theprocesses.
Matricesmaybedistributedin similarmannerwith wholerowsor columnsdistributed
in blocks,cyclically, or block cyclically. In general,a matrix may be distributedby
rectangularblocksof any size. All thesedistributionsrequirethe sametotal storage
space.

Thedistributionsof datafor a particularalgorithmshouldbecompatiblewith one
anotherfor theoperationsto beperformed.For examplewith adotproduct,bothof the
vectorsshouldusethe samedistribution. A completealgorithmwill usuallyinvolve
severalsub-algorithmssuchasmatrix-vectormultiplication. In this casetheoptimum
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datadistributionsfor the sub-algorithmsmay not all be the same.The programmer
canthenchoosewhetherto re-distributethedatabetweensub-algorithmsto utilise the
optimumdistribution for eachpartor whetherto usea compromisedistribution. The
choiceof a compromisedistribution shouldbetheoptimumdistribution for themost
costlypart of the algorithm. Interestingexamplesof datadistribution considerations
canbefoundin Chapter6.

Theuseof modularprogrammingtechniquesmaybesecondnatureto professional
sequentialprogramdevelopers,but in the infancy of parallelprogramming,software
engineeringmethodsandstandardisationweredisplacedby experimentationandin-
dependentsoftwaredevelopment.Therewereno standardsfor parallelscientificpro-
grammingandsomeof the mostimportantresultsof recentwork have beenthe de-
velopmentof standardprogrammingandcomputationmodels,parallel languageex-
tensionsandcommunicationroutines.Chapter1 discussesprogrammingandcompu-
tationmodelsandparallellanguages;AppendixA discussesstandardcommunication
routines.The useof standardcommunicationandcomputationroutineshasreduced
thedifficulty of programdevelopmentconsiderablyandleadsto moreportablecode.
This is discussedin moredetail in AppendixB, in Cook [25], andin the following
section.

Anotherimportantconsiderationis theuseof explicit parallelismto hidecommu-
nicationlatency. In AppendixB we discussseveral techniquesto achieve this. The
simplestmethod,which is very effectiveandhasbeenusedfor algorithmsin this the-
sis(for example,seeChapter4), is to makeuseof two threadsduringcommunication:
one threadperformsthe communicationoperationwhile the other threadcontinues
with computation.This technique,like theothers,requiresdataandcontrolflow inde-
pendencein thealgorithm.Furtherwork needsto bedoneto investigatethepractical
suitability of the excessparallelismmethodwhich at first sight appearsto be a very
elegant solution to the problemof hiding communicationcosts. This methoddoes
not requireexplicit parallelismin thecodeandso couldmakeprogramdevelopment
simpler.

7.4 Parallel numerical libraries

The computationmodel usedfor the algorithmsin this thesiswas specifiedin the
originaldesignof theLiverpoolParallelLibrary [32, 73] developedin theESPRITSu-
pernodeI project(P1085).Thatdesignassumedthata userwould write a sequential
programwhich madecalls to routinesin the Parallel Library. The parallel routines
gave the userthe power of the Supernodeparallelmachinewithout the userhaving
to write parallelprogramshimself. This designparadigmalsoallows old dustydeck
Fortranprogramsto migrateto theparallelarchitectureby replacingcallsto sequential
numericallibrary routines,suchasthosecontainedin theNAG FortranLibrary, by an
equivalentparallelroutinein theParallelLibrary. Thisstrategy alsoretainsportability
of thesequentialcodeto otherarchitectures,suchasCrayvectorprocessors,by replac-
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ing theparallelroutinecall with a call to a routineoptimisedfor thenew architecture.
This high level designaim of efficiency andportability alsofeaturesin the LA-

PACK [34, 33] andScaLAPACK [20] numericallibraries.TheLAPACK designseeks
to achievetheseaimsby developinghigh level algorithmswhichuselower level block
operations.Thehighlevel blockedalgorithmsareportablebetweenplatformsandeffi-
ciency is achievedby tuningtheblockoperationsto eachunderlyingarchitecture.This
blockedalgorithmdesignhasbeenshown to work extremelywell for scalarproces-
sorswith memoryhierarchies[39, 15] andvectorprocessors[29] aswell asdistributed
memoryMIMD machines[38, 93]. However, note that only scalarand vectorpro-
cessorarchitecturesuseportableblockedcode; currentdistributed memoryMIMD
blockedalgorithmsstill useexplicit parallelprogramming.ScaLAPACK is a library
designwhichtriesto standardisethetechniquesusedto implementdistributedmemory
MIMD blockedalgorithms.It usesthreetypesof routines:distributedLevel 3 BLAS,
the BLACS[7, 40], andassemblersequentialLevel 3 BLAS. All communicationis
performedwithin thedistributedBLAS sothatthehighlevel blockedroutines,suchas] X factorization,areidenticalwith theLAPACK codes.Thedesignof ScaLAPACK
is hencevery similar to thedesignof theLiverpoolParallel Library. It alsoparallels
thework oncommunicationroutinesanddistributedBLAS describedin AppendicesA
andB.

Oneimportantfeatureof theScaLAPACK designis that it provideslong-livedor
persistentdistributeddatastructures:distributeddatastructuresaredeclaredandini-
tialisedbeforebeingmanipulatedby a numericallibrary routineandcontinueto exist
until explicitly deletedby the user’s program. Thusa sequenceof distributedoper-
ationscanbe invokedon a distributeddatastructureby thesequentialuserprogram.
This is acrucialadvanceover theoriginalLiverpoolParallelLibrary designdescribed
aboveandusedfor thealgorithmsin thisthesis.It removestherequirementfor theini-
tial datato bedistributedfrom themasterandthefinal resultdatato begatheredback
to themaster. A similar system,calledtheDDSsystem[13, 1, 2], hasbeendeveloped
for the LiverpoolParallel Library underthe ESPRITSupernodeII project (P2528).
With persistentdistributeddatastructures(DDSs)theperformanceof thealgorithms
describedin this thesisimprovessignificantly. We have illustratedthis by showing
the costmodelperformancefor theparallelsortalgorithmusingpre-distributeddata
(seeChapters4). Thisalgorithmshowsa greatimprovementin performancewith pre-
distributeddatabecausethescatterandgathercostsmakeup a significantproportion
of thetotalalgorithmcost.

The designof the DDS systemis still in its infancy althoughwe alreadyhave
a working implementationwith a setof communicationroutines,distributedBLAS
routinesandsomedemonstrationhigh level algorithms.

The programmingtechniquesdescribedin AppendixB work well with the DDS
design.An algorithmis designedusinga masterandslave process.Theshortmaster
processchecksthe userparametersto ensurethat the datadistributionsarecompati-
ble with oneotherfor theoperationto beperformed,thenpassestheidentitiesof the
distributeddatastructures(DDSs)to theslaves. Thedesignof theslave codeis very
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similar to theslave codeshown in AppendixB. Theslave manipulatesthedistributed
datathrougha sequenceof callsto library routines.Theseroutinesmaybelocal data
assemblerBLAS routines,or communicationroutinessuchasthosedescribedin Ap-
pendixA, or distributedBLAS routinesdescribedin AppendixB. Thereis almostno
differencebetweenthe slave codepresentedin the appendixandslave codefor the
DDSsystem.

The userlevel Library will be augmentedwith routinesthat performexactly the
samefunctionsastheslavelevel communicationanddistributedBLAS routines.These
routines,in fact,will only beashortmasterprocesswhichchecksparametersandthen
invokestheslave routinesdescribedabove oneachslave.

Theportabilityof theLibrary canbeenhancedby keepingto currentandproposed
“standards”asmuchaspossible.Slave level communicationsshouldbeimplemented
on top of oneof the existing communicationlibrariessuchasPARMACS[54] using
wrapperproceduresto dealwith thedifferentrequirementsof differentlibraries. The
interfaceto theslave level communicationsshouldbeassimilaraspossibleto thepro-
posedMPI[44] standard.This will allow the library to be moved betweenplatforms
easily: if a platformsupportstheMPI thenthe Library canbe portedwithout devel-
opingnew communicationroutines;if theplatformonly supportsPARMACSor PVM
then the Library can be portedusing this lower level interface,andat a later stage
the communicationroutinescould be optimisedto the new architectureif required.
In additionthedesignof theLibrary shouldensureasmuchaspossiblethat thecode
is compatiblewith the importantHigh PerformanceFortran[43] proposal.For exam-
ple the Library routinesto declareandcreatedistributeddatastructuresshouldmap
closelyto thefacilitiesof theHPFdecompositionandalignmentoperations.

7.5 Architecture

All the work in this thesishasbeenbasedon the transputerarchitecture.T8 trans-
puternetworkshave beenvery popularover the past5 years,but the architectureis
now ratherdatedcomparedwith thecurrentstate-of-the-arthighperformanceparallel
computers.Whenthiswork startedit wasexpectedthatT9000systemswouldreplace
T8 systemsasthenext generationof high performanceparallelcomputers.However,
eventherespectable25Mflop/speakperformanceof theT9000hasnotkeptpacewith
modernmicroprocessors.The Intel i860XP usedin the Paragonhasa peakrateof
50Mflop/sdoubleprecisionandtheDEC Alpha processorto beusedin Cray’s forth-
comingMPPhasapeakof 150Mflop/s.TheMeikoCS-2canhaveeitherSuperSPARC
scalarnodesgiving 50Mflop/sperformanceor Fujitsu vectorprocessornodesgiving
200Mflop/speakdoubleprecisionperformance.

Thecommunicationcapabilitiesof thenew T9000/C104systemhavealsobeenex-
ceededbyothersystems.TheT9000linkshaveabi-directionalbandwidthof 10Mbyte/s
giving a total nodeIO bandwidthof 80Mbyte/s.This compareswith the 2 links per
nodeof theMeiko CS-2which have a bi-directionalbandwidthof 50Mbyte/sgiving
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a total nodeIO bandwidthof 200Mbyte/s. The CS-2alsousesa multistageswitch
networklike theT9000/C104,whereastheParagonandCrayMPPusea grid and3D
grid topology, respectively.

Even thoughthetransputerarchitecturecanno longercompetein theparallelsu-
percomputerarena,thesoftwaretechniquesandalgorithmdesignmethodologiesde-
velopedin this thesiscan be appliedequally well to the other distributed memory
MIMD architecturesusedin today’s supercomputers.In particular, the T9000/C104
basedwork will mapvery well ontotheMeiko CS-2with its similar multistagecom-
municationsnetwork. Also, theT8 work which dealtwith chainandgrid topologies
is applicableto the Intel ParagonandCrayMPParchitectureswith their grid and3D
grid topologies.

7.6 Further work

Therearemany avenuesfor furtherwork. Oneof themostimportanttasksis to demon-
stratethattheprogrammingtechniques,algorithmdesignmethodologiesandcostmod-
elling techniquescanbeappliedto distributedmemoryMIMD architecturesotherthan
thetransputer. Thiswill initially involvere-implementingthealgorithmsin Fortranon
anotherarchitecture.

Anotherimportanttaskis thecontinueddevelopmentof theParallelLibrary design
andin particulartheuseof standardsubroutinelibrariesin the developmentof DDS
codes.Furtherwork is alsoneededto studydifferentdatadistributionsandselectthe
mostimportantonesfor inclusionin theLibrary.

In addition we needto continuework on cost model development,initially by
implementingthe algorithmson T9000/C104machineswhen theseareavailable to
confirmtheaccuracy of thecostmodels.



Chapter 8

Summary

In this thesiswehave studiedthedesignof scientificparallelalgorithmsfor transputer
systems.Using the T8 andT9000/C104asexamples,we have shown how different
parallelarchitecturesaffect the designandperformanceof algorithms. Thesecom-
parisonshave highlightedtheimportanceof a scalableinterconnectionnetwork,such
asthatprovidedby the T9000/C104system.We have alsoshown the importanceof
maintaininga balancebetweencomputationrateandcommunicationrate.

We have placedconsiderableemphasison thedevelopmentof run-timecostmod-
elsfor parallelalgorithms.We have shown thatthesecostmodelsgive a goodpredic-
tion of theperformanceof algorithmsfor theT8 architecture,andwe have thenused
costmodelsto predicttheperformanceof algorithmson theT9000/C104architecture.
Thesecostmodelsallow us to comparetheperformanceof parallelalgorithmswith-
out implementedthem.Thuswe canselectandimplementthebestalgorithmwithout
spendinga greatdealof time implementingall theotheralgorithmsaswell. We can
usethecostmodelsto predicttheperformanceof algorithmsfor largeproblemsizes
onvery largemachinesandto investigatethechangein algorithmicperformancewhen
the hardwareperformanceis changed,for examplewhenthe communicationrate is
doubled. Thesecostmodelshave beenshown to be a valuableaid to the algorithm
designer.

We have implementedseveralof thealgorithmsin occam. This hasrevealedthe
needfor standardcommunicationandcomputationroutines.Wehavedesignedasuite
of communicationroutinesfor the T8 and T9000/C104architectures.Thesehave
greatlysimplifiedthedevelopmentof programs.For computationoperations,we have
usedlocal memoryassemblerBLAS. We have also shown the needfor distributed
versionsof the BLAS routines. The desirefor portableandefficient algorithmshas
highlightedthe importanceof theuseof optimisedcommunicationandcomputation
routineson eachtargetarchitecture.In addition,the lack of occam implementations
onany otherplatformcoupledwith theportabilityrequirementhasleadto theadoption
of Fortranasthepreferredlanguagefor futuredevelopment.

This work hasshown that the computationmodelassumedby the initial Liver-
poolParallelLibrary wasseverelylimited by its needto distributeinitial datafrom the
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masterprocessandgatherresultsbackto themasterprocess.We have shown thesig-
nificantperformanceimprovementsthatcanbegainedfrom theuseof pre-distributed
data.

We have shown theneedfor carefulselectionof a sequentialalgorithmfor paral-
lelisation.Theimportanceof theratio betweencommunicationandcomputationcost
for analgorithmhasbeenemphasisedalongwith theaffectof algorithmgranularityon
thescalabilityof thealgorithmto largesystems.Wehave shown how theperformance
of analgorithmcanbe improvedby hiding communicationlatency behindcomputa-
tion.



Appendix A

Communication libraries

Thisappendixdescribesa setof high level communicationroutinesdevelopedfor use
in occam programsfor T8 andT9000/C104machines.

A.1 Introduction

Programsdevelopedusinganexplicit messagepassingmodel,suchasthatprovidedby
occam, tendto consistof codeblockswhich performoneof two differentfunctions:
computationor communication.For a long time,scientificsoftwaredevelopmentwith
sequentiallanguageshasbeenrefining the art of codedesignfor computation.The
needfor stockcodefragmentsto performoften requiredcomputationoperationshas
beenwidely recognised.Suchcodeswould provide reliablebuilding blocksandso
reducethecostof thedevelopmentof new software.Thishasleadto thespecification
anddevelopmentof librariesof reasonablylow level computationoperationssuchas
theBLAS [68, 37, 36].

Theuseof parallellanguagesandthemessagepassingmodelhasrevealedtheneed
for similar librariesof communicationoperationsfor parallelcomputing.At thelowest
level we needa standardfor point to point communicationsso that explicit message
passingprogramscanbeportedfrom oneparallelcomputerto anotherwithout rewrit-
ing all thecommunicationsoperations.At present,mostof theparallelcomputerman-
ufacturersandothergroupsprovideproprietaryandincompatiblelow level communi-
cationroutines.Currently, someof themostwidely usedcommunicationslibrariesare
PARMACS[54, 55], PVM [14, 90], NX/2 [83] andCS-Tools[71]. Attemptsarenow
beingmadeto defineastandardsetof low level communicationsoperations[44].

Theselibrarieshelpensureportabilityof codefrom onemachineto another, but the
routinesaregenerallytoo low level for directusein applicationcodes.Insteadappli-
cationsshouldbe developedusingan intermediatelevel of communicationsroutines
which provide higherlevel functionality. Theseroutineswould in turn usethe lower
level communicationslibrariesto ensureportability to thewidestrangeof machines.

Goodcommunicationperformancecanbe satisfiedwhile still maintainingappli-
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cationportability by tuningeachlevel of library routinesto theunderlyinghardware
asis standardpracticefor sequentialnumericallibrariessuchastheBLAS. Tuninga
communicationroutineto aparticulararchitecturecangivegreatimprovementsin per-
formance.For example,it is oftenquitedifficult to achieve goodcommunicationper-
formancefrom theT8 architecturefor thetransferof databetweentwo distantproces-
sorsconnectedby intermediateprocessors.However, we show below thata carefully
written communicationroutinecanimprove uponthe performanceof a simplesolu-
tion considerably. This improvementcanbe achieved whetheror not theunderlying
hardwarecommunicationnetworkis “dif ficult” to exploit effectively suchaswith the
T8 architecture.Eventheenhancedcapabilitiesof theC104communicationsnetwork
donotremovetheneedfor tunedcommunicationsroutines.TheC104switchnetwork
providesfixeddistancesto all processorsso thereis no needto considerthe relative
positionsof sourceanddestinationprocessorsduringcommunication.However, this
architectureprovidesa wholesetof new opportunitiesfor optimisingcommunication
performance.Even a singlepoint to point communicationcanbe implementedin a
numberof ways. Below we presentour suggestionsfor gainingimprovementsfrom
theT8 andT9000/C104architectures.In thisthesiswehavemadeuseof someof these
techniquesto improve theperformanceof theapplicationsunderinvestigation.There
is morediscussionof thepossibilitiesfor improving communicationperformancefor
theT9000/C104architecturein Chapter2.

At presentthereis noagreementonastandardfor thesehigh level communication
operations.However thereis a growing consensusconcerningthetypeof operations
thatshouldbeprovided.Operationsprovidedshouldincludebroadcast;scatter(andits
complement,gather);all-to-all broadcastandscatter(alsocalledcompleteexchanges);
globaloperationssuchasmaximum,minimumandsum;anddatare-distributionoper-
ationssuchasshift. Examplesof this typeof high level communicationlibrary arethe
BLACS[7, 40], theMessage-PassingInterface[44], andthecommunicationsfacilities
of Fortnet[6].

Whilst work for this thesiswasbeingundertakentherewereno high level occam
librariesavailablefor the T8 transputeror VCR/T9000. Socommunicationroutines
requiredfor thealgorithmsinvestigatedherehave beendesignedandimplementedfor
bothchainsof T8 processorsandT9000/C104networks.Four maincommunication
operationsarerequired:broadcast,scatter(andits complement,gather)andtheglobal
maxoperation.Thefollowing sectionsdefineeachcommunicationoperation,present
thealgorithmsfor the operationon bothT8 networksandon T9000/C104networks,
andgive run-timecostmodelsfor eachoperation.In thecaseof a squaregrid of T8
processorsasis usedfor theNewtonalgorithmin Chapter5 wepresenttwo algorithms
for eachcommunicationoperation:onealgorithmis usedwhenthemasterprocessor
is not involvedin thecommunicationoperationwhilst a slightly differentoneis used
otherwise.This is necessarybecauseof thesinglelink connectionbetweenthemaster
andtheslavenetwork.FigureA.1 showstheprocesstopologiesthathavebeenusedin
thedesignof thealgorithmsfor this thesis.More informationconcerningtheselection
of thesetopologiescanbefoundin Chapter1.
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In additionto theseroutines,for the T9000/C104architectureonly, we have de-
velopedall-to-all broadcastandscatterroutineswhich areusedin theparallelBFGS
algorithmsof Chapter6. We describethealgorithmsusedfor theseoperationsbelow.

Therun-timecostmodelsusethehardwarecommunicationsparametersintroduced
in Chapter2, i.e., thetime takento communicate� valuesis givenby thefollowing:
For T8 networks:1]A � 13S .
For T9000networks:1]A]132 e � 1BS .
The comparisonoperationrequiredfor the global max function is modelledby the
usualcomputationparameter1BM . Thecontext makesit clearwhicharchitecturea run-
time costmodelis for, andhencewhich valuesareappropriatefor the hardwarepa-
rameters.Theparameter/ is thenumberof processors.For T8 networksthisexcludes
the masterprocessor. For T9000/C104networksthe valueof / includesthe master
processor. (For adiscussionof thischoiceseeChapter1.)

The communicationcost modelsmakea numberof assumptionsaboutthe per-
formanceof the hardwarewhich aredetailedmorefully in Chapter2. In summary,
all the modelsin this thesisassumethat the differentexecutionunits of the T8 and
T9000processorscanexecuteconcurrentlyat full speed,i.e., thereis no decreasein
theperformanceof onelink if anotherlink startscommunicatingaswell, or if the in-
tegeror floatingpointunitsareexecuting.In thecaseof theC104switchnetwork,we
alsoassumethat we canneglect contentionfor networkresourcesandthe effectsof
hot-spots.

A.2 Point to point communication

Underlyingall of thesecommunicationsalgorithmsis a point to point communication
operation.Theperformanceof thehighlevel communicationoperationcanbeaffected
considerablyby the implementationof this point to point communication. This is
especiallynoticeablefor largevectorsbeingsentbetweendistantprocessorsthrough
many intermediateprocessors.This typeof communicationpatternis quitecommon
for T8 architecturesduringtheinitial scatteringof dataandgatheringof resultdata.

Let us considerfirst the caseof sendinga vectorof � elementsbetweenproces-
sors / links apartin a chainof T8 processors.The simpleapproachof passingthe
vector in its entiretyasoneblock betweenprocessorsgivespoorperformancewhen
thevectormustpassthroughmany intermediateprocessorsbeforereachingits desti-
nationInsteada moreefficient methodhasbeenimplementedwhich splits thevector
into smallerpacketsandsendseachpacketseparately. In thiscasemany packetscanbe
communicatedbetweenintermediateprocessorsin parallelandsogreaterperformance
is achieved. FigureA.2 illustratesthesedifferentmethods.Part 1 shows thecaseof
communicatingavectorin oneblock. Sendingthevectorbetweenadjacentprocessors
takesthreetime-stepsandsoit takesninestepsfor thevectorto crossthreelinks. Part
2 shows how thecommunicationwould beexecutedif thevectorwassplit into three
packets.At eachof thefirst threestepsthesourcewouldoutputa packetof thevector
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to thesecondprocessor. Oncethesecondprocessorhasreceiveda packet,on thenext
stepit sendsthatpacketto thethirdprocessorandin parallelreceivesthesecondpacket
from thesourceprocessor. Furtherprocessorsexecutein thesamefashion,receiving
andsendingpacketsin parallel. For this examplethewholeoperationtakesonly five
stepsinsteadof ninestepsfor thesingleblockcommunication.

Therewill be an optimum packetsize for this type of communication.At one
extremeusingonepacketonly givespoorperformance,andat theotherextreme,each
packetcontainingonly oneitem,managementoverheadsandthecostof executingthe
codeitself decreasesperformance.

Thecostto communicatea vectorof � elementsbetweenslave � andslave �����
(���>� ) for eachcaseis:

1. For asinglepacket �5�D�����
2. Usingpacketsof � elementsandassumingthat input andoutputon thelinks of

a singleprocessoroperatein parallelgives:���������� ��¢¡f��£����¤�
If �¦¥§�©¨z� this maybeapproximatedby�����¤�
Someexperimentationhasshown thattheminimumpointas � variesis in awide
troughwith arangeof valuesfor � between50and400givinggoodperformance.
Wehaveusedavalueof �Oª¬«i­�­ in theimplementationof thisroutinefor achain
of T8 processors.
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This packet-basedcommunicationworksespeciallywell for sendinglargevectors
acrossmany processorswhich is quite commonfor T8 algorithmsduring the initial
scatteringof dataandthegatheringof resultdata.Thismethodof point to point com-
municationhasbeenusedsuccessfullyfor the vectorexchangeoperationsin the T8
parallelbitonicsortalgorithmwhichaccountfor a largefractionof thetotalalgorithm
cost(seeChapter4). TheotherT8 algorithmscurrentlyuseonly a singleblock com-
municationoperation.

TheT9000/C104architecturewith a multi-stageswitchnetworkhasa small net-
work diametereven for large arraysof processors,e.g., for the 3 stagefolded Clos
networkmessagesneedto beroutedthroughat most3 switchchips.And in any case,
anindividualchannelcommunicationis wormholeroutedthroughtheswitchnetwork
by thehardwarein just themannerdescribedabove for theT8 architecture.However,
therearetwo wayswecanimprove theperformanceof asinglepoint to pointcommu-
nication.Thefirst techniqueavailableis to split themessageintoseveralpartsandsend
eachparton a differentvirtual channelto thedestinationprocessor. This givesbetter
performancebecauseit makesbetteruseof the link bandwidththana singlechannel.
Thenumberof channelsthatcanbeplacedon a link beforethelink bandwidthis sat-
urateddependson the numberof switch chipsthe messagemustbe routedthrough.
For the three-stagefolded Clos network2 channelswill saturatea link. The second
techniqueis an extensionto the first one. Insteadof usinga singlephysicallink we
candistributethevirtual channelsover all four outputlinks anduseup to 8 channels
in thecaseof our three-stagenetwork.Moredetailscanbefoundin Chapter2.

Until T9000/C104machinesbecomeavailable,we will not know what network
topologieswill beavailableor theactualbenefitsthatcanbegainedfromimplementing
theprecedingideas.Hencefor this work we have assumedthatonly a singlechannel
point to point communicationoperationis used,andthehigherlevel communications
operationshave beenwritten to usethefundamentaloccam channelinputandoutput
functionsonly.

A.3 Broadcast

Description: Onesourceprocesssendsthe sameblock of dataof size � to all the
otherprocesses.This operationmaybeusedby themasterprocessto senddata
to all theslaves,or by oneslaveprocessto sendsomedatato all theotherslaves.

A.3.1 T9000/C104 architecture

An obviousprocessconfigurationfor abroadcastis an ® -ary treeof � processesrooted
at thesourceprocess( ® is thebranchingfactorof thetree). For run-timecostmodels
in thisthesisweassumethatasinglechannelis placedoneachof thefour links which
gives ®¯ªf° . However, Chapter2 suggeststhatfor thethree-stagefoldedClosnetwork
onevirtual channelona link doesnotsaturatethelink bandwidth.Betterperformance
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might thus be obtainedby placingup to two channelson eachlink giving a value
of ®±ªl² . Sincethe exact performanceof the T9000/C104links arenot known the
implementationof this algorithmfor the T9000/C104hasbeenwritten to usea tree
with a variablebranchingfactor. The tree configurationprovides the shortestlink
pathbetweensourceanddestinationprocesses.Levels in the ® -ary treearenumbered
startingwith therootaslevel 0. Thealgorithmproceedsasfollows: at step ³ ( ³±�>­ )
in the communicationalgorithmprocessesat level ³ in the ® -ary treewould output
the dataon all their branchesto processesat level ³´�µ� . The total numberof steps
requiredto achieve thebroadcastis thusthedepthof the ® -ary tree,which is givenby¶¸·-¹iº5»  } �®�¡f�
£¸�¼�f��£9¡f�L½ . Thecostof thebroadcastfor a vectorof size � is:¶¾·�¹iº5»  ¤ �®¿¡f��£¸�¼�f�
£9¡f��½3 ���À©�!�����o£z�
Thisalgorithmis usedby theNewtonmethodandthebitonicsort.

For theBFGSalgorithmanimprovedalgorithmwasdevised.This new algorithm
proceedsasfollows: the sourceprocesscommunicatesthe vectorto four otherpro-
cessesin parallelon its four links. Theneachof thesefive processes(including the
source)communicatethedatato four moreprocessesin parallel. Henceat eachstep
in thealgorithmall processeshaving acopyof thedatasendit to four moreprocesses.
This continuesfor

¶¸·�¹�º5Á �m½ stepswhenall � processeshave a copy of the data. The
costfor this operationis ¶¾·�¹iº Á �m½^ [� À ����� � £w�
A.3.2 T8 architecture

Chain

For achainof � slaveprocesses,thealgorithmproceedsasfollows: thesourceprocess
outputsthedatain bothdirections(unlesstheprocessis at oneendof thechain). At
eachsubsequentstep,a processto the right andleft of thesourceprocessoutputthe
datato their right and left respectively until eachendof the chain is reached.The
numberof stepsrequiredis thegreaterof thedistancesfrom thesourceprocessto each
endof thechainwhichwe will call Â . Thetotal costis thusÂ������¤�
Thisalgorithmis usedin theGaussianeliminationalgorithmof Chapter3.

Square grid

In thefirst stepin thebroadcastalgorithmfor asquaregrid, thesourceprocessoutputs
thedataconcurrentlyon all 4 links. In thesecondandsubsequentstepstheprocesses
thathave just receivedthedataon a link outputit on their otherlinks. Thepassageof
dataacrossthegrid is in theform of a tree-likestructureroutedat thesourceprocess
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with eachnodehaving a link to its parentandlinks to up to threechild nodes.There
will be overheadsassociatedwith preventingmultiple processessendingthe datato
oneprocess,but we will not takeaccountof this asthecostwould dependuponthe
implementation.

For asquaregrid of � processesthemaximumnumberof stepsrequired(occurring
whenthesourceprocessis at a corner)is «5 oÃ �¢¡Ä�
£ . Theminimumnumberof steps
possible(occurringwhenthe sourceprocessis centrally located)is Ã �±¡Å� . If the
locationof thesourceprocessis unknown until run-timewe will assumean average
of Æ
  Ã �+¡%��£}¨
« stepsfor thealgorithm. With this assumptionthecostto broadcasta
blockof � elementswouldbe: Æ���  Ã �¼¡f��£« ���¤�
If themasterprocessis thesourceof thebroadcastthenthetotal costis givenby: [« Ã �¼¡f�
£������w�
A.4 Scatter

Description: Oneprocesssendsa differentblock of datato eachotherprocess.This
operationis usually usedto scattera vector of size � from one processto a
numberof processessuchthateachprocessgetsadifferentblockof theoriginal
vector. If thesourceis a slave processthentheslave usuallykeepsoneblock of
thevectorfor itself andscatterstheremainingblocksover the �¢¡f� otherslave
processes.In this caseeachblock is of size �Ç¨w� . If the masterprocessis the
sourcethenusuallytheentirevectoris scatteredacrossthe � slaveswithout the
masterretaininga block. OntheT9000/C104architecturethemasterprocessis
alsoaslave processandsoalwaysretainsa blockof thedata.

A.4.1 T9000/C104 architecture

The algorithmproceedsasfollows: in eachstepthe sourceprocesssendsblocksof
datadirectly to 4 differentdestinationprocessesin parallel.Thetotal numberof steps
to sendblocksto �+¡%� otherprocessesis

¶  ��+¡%��£}¨�°�½ . For a sourcevectorof size �
eachblockwill beof size �©¨z� andthetotal costis:È �¼¡f�° É  �� À �f [�©¨z�F£�� � £w�
Thecomplementaryoperation,gather, whereonedestinationprocessreceivesadiffer-
entblock of datafrom every otherprocess,proceedsin a similar mannerexceptthat
thecommunicationdirectionis reversed.Thecostis alsothesame.
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A.4.2 T8 architecture

Chain

For a chainof processesthealgorithmis similar to thebroadcastalgorithmdescribed
previously. In the first stepthe sourceprocesssendsa datablock out to the left and
anotherto theright. Theseblocksaredestinedfor theendprocesses.At eachsubse-
quentstepthe sourceprocessoutputsblocksto left andright which aredestinedfor
thenext furthestprocessesin thechain.Theprocessesto theleft of thesourceprocess
inputblocksfrom theright andoutputtheseblocksto their left until they receive their
own block. Theseinput andoutputoperationsexecutein parallel. Processeson the
right sideof thesourceoperatesimilarly. Thenumberof stepsrequireddependsonthe
positionof thesourceprocessin thechainandis thegreaterof thedistancesfrom the
sourceprocessto eachendof thechainwhich we will call Â . For a sourcevectorof
size � theblockswill beof size �©¨w� andthetotal costis givenby: ��Ç¨w�C£�Â����w�
Thisoperationis usuallyusedto scatteravectorfrom themasterprocessontotheslave
processes.In thiscasethemasterprocessdoesnotkeepablock for itself but splitsthe
vectorequallybetweenall theslaves.In thiscase,for avectorof size � theblockswill
beof size �©¨z� andthetotal costis givenby:�����}�
This routineis usedin theGaussianeliminationalgorithmof Chapter3. Thecomple-
mentarygatheroperationhasasimilaralgorithmandthesamecost.

Square grid

Scatteringa vectoron a grid of processorsusesthe samecommunicationspathsas
broadcastinga vectoron a grid from the samesourceprocess.The passageof data
acrossthegrid is in theform of a tree-likestructureroutedat thesourceprocesswith
eachnodehaving a link to its parentandlinks to up to threechild nodes.Thealgo-
rithm proceedsasfollows. At eachstepof the algorithmthe sourceprocessoutputs
a differentblock of dataon eachlink, beginningwith blocksfor theprocessesat the
greatestdepthin the communicationtree, i.e., the ones“furthest away” in the grid.
The destinationprocessesfirst input blocksdestinedfor processesfurther down the
tree.Theseblocksarerouteddown theoutputlink which is thebranchof thetreethat
includestheirdestinationprocess.After passingonall theblocksfor processesfurther
down the tree,thedestinationprocessinputsits own block. As for thebroadcaston
a grid, this operationwill requirequitecomplex codingto determinethecorrecttree
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structureto use.Thecostto scatteravectorof size � across� slave processesisÆ���  Ã �¼¡f��£«<� ���¤�
If themasterprocessis thesourceof thescatteroperationthenthesinglelink between
the masterprocessandcornerslave processwill becomea bottleneck.All commu-
nicationson this link will be sequentialisedgiving a total cost for the operationof
approximately �����}�
Thecomplementarygatheroperationhasa similaralgorithmandthesamecost.

A.5 Global operations: max

Description: In a global operationa given function is performedon a set of data
values,which aredistributedacrosstheprocesses.For this thesiswe leave the
resultof theoperationonauserspecifiedprocess,but ausefuladditionalroutine
wouldbroadcasttheresultvalueto all theprocesses.Thefunctionmightbemax,
min,sum,avg or any functionthatreturnsasingleresultvalue.Wehaveusedthe
maxfunction in Chapter5 andsowe useit hereto illustrateglobaloperations.
Initially, eachprocessperformstheoperationlocally on its datavalues. In the
following communicationphaseof theglobaloperationtheobjectsmanipulated
consistof two items: a datavalue(calculatedin the first phase)anda process
label.Theprocesslabelidentifiestheprocesswhichprovidedthedatavalue.

A.5.1 T9000/C104 architecture

The algorithmusesa ® -ary treeas for the broadcastoperation,with the root of the
treeat theprocesswhich is to receive the result. Thealgorithmproceedsasfollows.
Initially, eachprocessperformsthe operationlocally on its datavalues. In the next
stepall processesin thelastlevel of thetreesendtheirdatavalue/labelobjectpairsto
their parents.Eachof theseparentsreceivesthesevaluesandperformsthe specified
functionontheinputvaluesandits own value.Theresultof thisoperationis thenused
asthevaluefor thenext stepof the algorithm. In thenext steptheseprocessessend
their resultdatavaluesto their parentprocesseswhich performthe functionon them
andtheir own value. This processcontinuesuntil the root processhascalculatedthe
globalresult.

In derivingacostmodelfor aglobaloperationwehavechosento leaveoutthelocal
computationcost. It is assumedthat this extra costwill be incorporatedseparatelyin
thecompletealgorithmcostmodel.

The costof this operationis the sameas for the broadcastoperationexcept for
the additionalfunctionevaluationsat eachstep. We assumethat the costof a single



A. Communicationlibraries 135

functionevaluationis �L��Ê which is correctfor maxandmostof the commonglobal
operations.Theadditionalcostincurredat eachstepis then ®;��Ê . Let � bethenumber
of elementstransferredin eachcommunication.For themaxoperation�±ªf« , i.e.,one
datavalueandoneprocesslabel.Thetotal costfor theglobaloperationis thus¶¸·�¹�º »  ¤ [®�¡f��£¾�Ë�¬��£9¡f�L½^ [��À©����������®<��Ê�£w�
A.5.2 T8 architecture

Chain

On achainof processesthedestinationfor theresultcanbeany of theprocesses.The
operationproceedsas follows. After the initial local computation,the processesat
theendsof thechainsendtheir datavaluesto thenext processesin thechain. In the
secondandsubsequentstepstheprocesseswhich have just receiveddatavaluesfrom
outerprocessesperformtherequiredfunctiononthereceivedvalueandtheirownvalue
andsendthe function resultto thenext processin thechain. Finally, thedestination
processreceivesup to two datavalues,onefrom eachsideof thechain,andperforms
thefunctionon thesevaluesandits own to get theresultof theglobaloperation.The
numberof stepsrequiredis thegreaterof thedistancesfrom thedestinationprocessto
eachendof thechainwhich we will call Â . If thedestinationprocessis not at theend
of thechainthetotal cost,ignoringtheinitial local computationcost,isÂD ���� � �!� Ê £Ç�f��� Ê �
If themasterprocessis thedestinationthenthecostis�� ���� � �!� Ê £z�
Square grid

Thealgorithmfor a squaregrid usesthesametree-likestructureasthebroadcastand
scatteroperations.Thealgorithmproceedsjustasfor theT9000/C104architecture.At
eachstepin thealgorithmprocessesin onelevel of thetree,which have just received
datavaluesfrom their children,performthe functionon theseinput valuesandtheir
own valueandoutputtheresultto theirparent.Thenumberof inputvalueswill bebe-
tweenoneandthree.Assumingtheworstcasefor thenumberof functionevaluations
ateachstep,3, thetotal cost,againignoringtheinitial localcomputation,isÆ5 oÃ �¼¡f�
£«  ���� � �!Æi� Ê £w�
If the masterprocessis the destinationfor the global operationthen the algorithm
setsthecornerslave processasthedestinationandthensendstheresultto themaster
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process.Thiscosts:  [« Ã �¢¡f��£z ��������!Æ���Êi£Ç�!�����¤�
A.6 All-to-all broadcast

Description: Eachprocessbroadcastsa block of datato all theotherprocesses.This
routine is used,for example,to give eachprocessa completecopy of a dis-
tributedobject. Eachprocessbroadcastsits block of thedistributedobjectand
receivestheblocksfrom all theotherprocesses.

A.6.1 T9000/C104 architecture

Theroutineisbasedonthebroadcastoperationdescribedabove. Eachprocessstartsup�Ì¡#� threadsin parallelto receiveablockfrom eachotherprocessusingthebroadcast
routine. In additionanotherparallel threadbroadcastsa block of datato eachother
process.

This routine is usedin the implementationof the full matrix storageversionof
BFGSupdateMethodI (Algorithm 11) in Chapter6. In step6 of that algorithmwe
needto performa ranktwo update.Chapter6 presentsonemethodfor performingthe
updateusingdistributeddata.In our initial implementationof thealgorithmwe have
useda slightly differentmethod. The vector Í is storedin full on eachprocessandÎ is distributed. Step6 hasbeenimplementedby performingan all-to-all broadcast
(exchange)of the blocks of Î to give eachprocessa completecopy of the vector,
followedby two calls to an assemblerBLAS routine,sger, to performthe update.
SeeAppendixB for theprogramlisting.

A.7 All-to-all scatter

Description: Eachprocesssendsa differentblockof datato everyotherprocess.

A.7.1 T9000/C104 architecture

At present,underthe VCR, this algorithm hasbeenimplementedusing the scatter
routine. Eachprocessstartsup �´¡>� threadsin parallelto receive a block from each
otherprocessusingthescatterroutine.In additionanotherparallelthreadsendsblocks
of datato eachotherprocess.

Thisroutineisusedin thetriangularmatrixstorageversionof BFGSupdateMethodI
(Algorithm 11) in Chapter6. In that algorithmwe needto performa matrix-vector
multiplicationwhereinitially only thelowertriangularpartof thesymmetricmatrix is
storeddistributedby rows acrosstheprocesses.Thevectoris distributedalsowith a
processholdingthoseelementsof thevectorfor whichit alsoholdsrowsof thematrix.
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To performthematrix-vectormultiply we first usetheall-to-all scatterroutineto “fill
in” theuppertriangularelementsof eachrow of thematrix. We thenusea distributed
full matrix-vectormultiply routine.



Appendix B

Programming techniques

In this appendixwe discussthe programmingtechniqueslearnedduring this work.
Few of thesetechniqueshave beenusedin every program,but ratherthey have been
developedover six yearsof practicalexperiencein programmingusingthe message
passingprogrammingmodel for distributedmemoryarchitectures.We discusspro-
grammingtechniquesfor bothT8 andT9000/C104architecturesandmethodsfor en-
ablingportabilityof sourcecodebetweenthesetwo architecturesandotherdistributed
memoryarchitectures.We emphasizemethodswhich provide goodperformanceyet
retainportabilitybetweendifferentmessagepassingenvironments.

B.1 Language

All the programsdescribedin this thesishave beendevelopedin occam. This lan-
guagewaschosenfor theESPRITSupernodeI project(P1085)for two mainreasons.
Firstly, theoccam compiler from INMOS producedmuchmoreefficient codethan
theearlyFortrancompilersandsecondly, andmoreimportantly, occam allows very
elegantexpressionof theparallelconstructsin theCSPmodel. Althoughit hassuch
excellentsupportfor parallelprogramming,the languageis weak in other respects.
It hasno userdefinedrecordtypes,no dynamicmemoryallocationandhenceno re-
cursion,andonly poorsupportfor large-scalemodularprogrammingusinglibraries.
Theselimitationsareaddressedto someextentin theoccam 3 proposal[11]. However,
thesesamedisadvantageshave notpreventedFortranfrom becomingthedominantse-
quentialscientificprogramminglanguage.Themaindisadvantageof occam is simply
thatit is non-standard—itis notFortrannorC. Thelackof occam compilersonother
architecturesmakesoccam codenon-portableandpreventsthe languagereachinga
widerprogrammingcommunity.

In addition,the traditionalsequentiallanguagesarebeingextendedwith parallel
featuresprovidedmainly throughlibraries.Althoughtheseextensionsarefar from el-
egantthey allow parallelprogramsto bedevelopedwhile still retainingtheuseof the
hugebaseof pre-existing sourcecode.Also, thelanguageis familiar to theprogram-

138
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mer which speedsup the learningprocess.The developmentof High Performance
Fortran(HPF)[43] with its SPMDprogrammingmodelis anespeciallyimportantex-
ampleof thewaythesequentiallanguagesarebeingextended.For themessagepassing
programmingmodelwewill soonhave standardsfor communicationthroughtheMPI
initiative[44]. We alreadyhave standardsfor basiclinearalgebracomputationsin the
BLAS. Theseadvancesin thetraditionalFortranandC languagesoffer ustheprospect
of portableparallelsourcecode.

For thesereasonswewouldrecommendusingFortran(andperhapsC) for parallel
scientificprogramming.The exact choiceof Fortrandialectandextensionsis more
difficult to makesincewedo notknow whatfuturestandardswill support.

However, as alreadystated,all the programsin this thesishave beenwritten in
occam. This makesthe programsstrictly non-portable.In the restof this appendix
whenwetalk abouttheportabilityof theprogramswemeantheportabilityof thepro-
gramstructure,understandingthat individualstatementswill all needto betranslated
into anotherlanguage,probablyFortran.For example,theuseof communicationsub-
routinesaidsportability sinceit hidesthedetailsof theunderlyingimplementationof
communication.

B.2 Computation model

Thecomputationmodelusedfor thealgorithmsdescribedin thiswork is amaster/slave
modelwhereonemasterprocesscontrolstheoperationof a groupof slave processes.
For T8 algorithmstheprocessesareconnectedin a chainwith the masterprocessat
oneend. For T9000/C104algorithmsthe processeshave all-to-all connectivity pro-
videdby theC104switchnetwork.For moreinformationaboutthechoiceof topology
seeSection1.7. Two programsarewritten for eachalgorithm:a masterprogramand
a slave program.All theslave processesexecutethesameslave programusingcondi-
tional brancheson theprocessID to controlprogramflow. Theuseof only oneslave
programmakesdebuggingaprogrammuchsimplerthanusingseveralslave programs
andmakesmaintenanceeasier. In the T8 algorithms,the masterprogramis respon-
siblefor distributing theinitial dataandgatheringthefinal resultsandfor controlling
theprogressof thealgorithm.However, it takesnopartin themaincomputationphase
of thealgorithm. This wastesmuchof theprocessingpower of themasterprocessor.
For theT9000/C104algorithmthemasterprocesstakesa full part in thecomputation
phaseof thealgorithm.

Thismodelleadsto algorithmswith threedistinctstages:

1. masterscattersinputdatato slaves,

2. slavessolve theproblem,and

3. mastergathersresultdatafrom slaves.
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In practicethis modelhasworkedwell for mostof thealgorithmsstudied.However
the time takento scatterthe datainitially andgatherthe resultscanbe a significant
proportionof thetotal run-time.Thiscanleadto pooroverallperformanceof thealgo-
rithm evenif theparallelcomputationphaseof thealgorithmhasagoodperformance.
See,for examplethesortingalgorithmsof Chapter4. In Chapter7 wediscusswaysto
avoid thesecommunicationoverheads.

B.3 Communications

In occam communicationbetweenprocessesis performedon channels;a process
communicateson a channelassumingthat that channelis connectedto the correct
destinationprocess.This is differentfrom theapproachtakenin Fortranwherecom-
municationis between“named”processes;a processspecifiesthe “name” or handle
of aprocesswith which it wishesto communicate.To allow completecommunication
between� processesin occam requires«<�mÏ channelsto be declaredalthougheach
processonly needsstoragefor the «<� channelsthatconnectto it. Using namedpro-
cessesonly thehandlesof the � processesarerequiredby eachprocessfor complete
communication.Communicationon a channelis strictly orderedandseparatedfrom
communicationon otherchannels.Theuseof namedprocessesrequiresextra tag in-
formationin eachmessageto distinguishmessagessentby differentthreadsin asingle
process.With occam separatechannelswouldhave to bedeclaredfor theuseof each
thread.

To hidethesedifferencesbetweenoccam andFortranall communicationsareper-
formedthroughtheuseof subroutines.We usesimplesendandreceive subroutines
andhigherlevel communicationsubroutinesdescribedin AppendixA. Onnetworksof
T8 transputers,directcommunicationbetweenall theprocessorsis notpossibleandso
theoccam communicationssubroutineshidethecomplexity of themessagethrough-
routing. In orderto produceefficient code,theprogrammermuststill beawareof the
underlyingtopologysincethisaffectsthecostof eachcommunicationoperationsignif-
icantly. However, henolongerneedsto beconcernedwith thedetailsof writing correct
andefficientcommunicationroutines.TheT9000/C104architecturedoesallow direct
communicationbetweenprocessors.Thisimmediatelyavoidsall thecomplexity of the
T8 routineswhichdealtwith messagethrough-routing.However, theT9000/C104ar-
chitecturestill providesplentyof scopefor improving on theobviouscommunication
algorithms. More efficient algorithmsfor the mostcommoncommunicationopera-
tions aregiven in AppendixA. Thecurrentversionof the T9000/C104routineshas
beenimplementedundertheVCR system.

For bothT8 andT9000/C104thelowestlevel sendandreceive routinesarecalled
by thepair of processeswhich wish to communicate.On theT8 only communication
betweendirectly connectedprocessorsis supported.To provide point-to-pointcom-
municationbetweendistantprocessorswould requireall the other processesto call
thecommunicationroutineeven thoughthey wereneitherthe sourcenor destination
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for the message.Allowing only neighbourcommunicationmeansthesourcecodeis
portableto the T9000/C104architecturealthoughT9000/C104codeis not portable
backto the T8. However the resultingcodewill probablybe inefficient sinceit will
useseveral unnecessarypoint-to-pointcommunicationsto reachits destination.The
alternative of having every processsynchroniseon sendandreceive is againportable
betweenT8 andT9000/C104architecturesbut is a horrible kludgefor T9000/C104
code.TheT9000/C104sendandreceiveroutinesdoprovidepoint-to-pointcommuni-
cationwithout requiringsynchronisationwith everyprocess.

For the high level communicationroutineson both the T8 and T9000/C104all
processesmustsynchroniseby calling theroutine.No facility for declaringsubgroups
of processeshasbeenimplemented.This is a reasonablerestrictionfor theprograms
studiedin this work sinceevery processis involvedin thealgorithmandwill wantto
takepartin thecommunicationto sendor receivedata.

Currentlywe have only implementedhigh level routinesfor theT9000/C104.In
this implementationwe usetwo arraysof � Ï virtual channelsto provideall-to-all con-
nectivity. At the configurationlevel of theoccam programeachprocessis passed
a vectorof input channels,in, anda vectorof outputchannels,out, connectingto
every otherprocess.The processdoesnot usethesevectorsin any way but merely
passesthemto thecommunicationsubroutines.Thecommunicationroutinesusepar-
allel threadsto minimisethedelaysdueto communicationlatency andidle timeduring
synchronisation.For example,hereis thecodefor thegatheroperation:

-- gather vector from all processes to root
PROC gather.out([]CHAN OF ANY in, out, VAL INT root, num.procs, id,

VAL []REAL32 vec, VAL INT dim)
SEQ
out[root-1] ! dim
out[root-1] ! [vec FROM 0 FOR dim]

:
PROC gather.in([]CHAN OF ANY in, out, VAL INT root, num.procs, id,

VAL []REAL32 vec, VAL INT dim, []REAL32 dest, VAL INT dest.dim)
INT min.size, extra:
SEQ
min.size := dest.dim/num.procs
extra := dest.dim\num.procs
PAR i = 1 FOR max.procs

INT start, size:
SEQ
IF

i <= num.procs
SEQ

IF
i <= extra

SEQ
size := min.size+1
start := (min.size+1)*(i-1)

TRUE
SEQ

size := min.size
start := ((min.size+1)*extra)+(min.size*((i-extra)-1))

IF
i = id
SEQ -- just copy my slice
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[dest FROM start FOR size] := [vec FROM 0 FOR size]
TRUE

SEQ -- input slice
in[i-1] ? size
in[i-1] ? [dest FROM start FOR size]

TRUE
SKIP -- cope with static PAR range

:

Noticethattheoperationhasactuallybeenimplementedusingtworoutines:gather.in
is calledby thedestinationprocessandreceivesblocksof datafrom everyprocess,in-
cludingcopyingablock of its own; gather.out is calledby all theotherprocesses
andoutputsablockto thedestinationprocess.Thesetwo routinesshouldbecombined
into a singleroutinecalledby every process,but they wereinitially implementedsep-
aratelyto simplify theparameterlist of theoutputtingprocesses.

Onelimitation of the currentimplementationis that thereis only a singlechan-
nel betweenany pair of processes.For example,the all-to-all broadcastalgorithm
describedin AppendixA uses� parallelbroadcastoperations.However, with ourcur-
rentcommunicationsimplementationwe cannotexecuteparallelbroadcastoperations
sincethey will conflict over useof the channels.Instead,we have implementedthe
all-to-all broadcast(or exchange)routineusingthegatheroperationgivenabove. This
routineis givenbelow:

PROC exchange([]CHAN OF ANY in, out, VAL INT num.procs, id,
VAL []REAL32 vec, VAL INT dim, []REAL32 dest, VAL INT dest.dim)

PAR
gather.in(in, out, id, num.procs, id, vec, dim, dest, dest.dim)
PAR i = 1 FOR max.procs

IF
i = id

SKIP
i <= num.procs
gather.out(in, out, i, num.procs, id, vec, dim)

TRUE
SKIP -- cope with static PAR range

:

B.4 Slave code

With thissuiteof communicationsroutines,programsbecomemucheasierto develop.
The following listing is the slave codefor the full matrix MethodI BFGSupdateof
Chapter6.

WHILE continue
SEQ
-- receive new g, s from master
broadcast.in(in, out, 1, num.procs, id, g, n)
broadcast.in(in, out, 1, num.procs, id, s, n)
-- distribute p, y to slaves as p.s, y.s
scatter.in(in, out, 1, num.procs, id, p.s, num.rows)
scatter.in(in, out, 1, num.procs, id, y.s, num.rows)
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-- step 1: calculate distributed t in t.s
sgemv("N", num.rows, n, 1.0(REAL32), hessin, SIZE hessin,

g, 1, 0.0(REAL32), t.s, 1)
-- step 2: calc. z (distributed elements)
-- z[] := s[]-t[]+p[]
scopy(num.rows, [s FROM start.row FOR num.rows], 1,

[z FROM start.row FOR num.rows], 1)
saxpy(num.rows, -1.0(REAL32), t.s, 1,

[z FROM start.row FOR num.rows], 1)
saxpy(num.rows, 1.0(REAL32), p.s, 1,

[z FROM start.row FOR num.rows], 1)
-- step 3:
-- ga := s[]y[]
global.sum(in, out, 1, num.procs, id,

[s FROM start.row FOR num.rows],
y.s, num.rows, FALSE, ga)

-- step 4:
-- de := z[]y[]
global.sum(in, out, 1, num.procs, id,

[z FROM start.row FOR num.rows],
y.s, num.rows, FALSE, de)

-- step 5:
-- receive de, ga
[1]REAL32 de.vec RETYPES de:
broadcast.in(in, out, 1, num.procs, id, de.vec, dummy)
[1]REAL32 ga.vec RETYPES ga:
broadcast.in(in, out, 1, num.procs, id, ga.vec, dummy)
-- z[] := (z[]-de*s[])/ga
saxpy(num.rows, -de, [s FROM start.row FOR num.rows], 1,

[z FROM start.row FOR num.rows], 1)
sscal(num.rows, 1.0(REAL32)/ga,

[z FROM start.row FOR num.rows], 1)
-- get complete vector z to all slaves
exchange(in, out, num.procs, id,

[z FROM start.row FOR num.rows], num.rows,
z, n)

-- step 6:
-- hessin[][] := hessin[][]+z[]s[]+s[]z[]
-- for full matrix distributed by block rows
sger(num.rows, n, 1.0(REAL32),

[z FROM start.row FOR num.rows], 1,
s, 1, hessin, SIZE hessin)

sger(num.rows, n, 1.0(REAL32),
[s FROM start.row FOR num.rows], 1,
z, 1, hessin, SIZE hessin)

-- step 7:
-- ga := s[]g[] distributed
global.sum(in, out, 1, num.procs, id,

[s FROM start.row FOR num.rows],
[g FROM start.row FOR num.rows],
num.rows, TRUE, ga)

-- step 8:
-- de := z[]g[] distributed
global.sum(in, out, 1, num.procs, id,

[z FROM start.row FOR num.rows],
[g FROM start.row FOR num.rows],
num.rows, TRUE, de)

-- step 9:
-- p[] := t[]+ga*z[]+de*s[]
-- p.s is distributed as is t.s; s and z are complete
-- negate to give same sign as m1seq
scopy(num.rows, t.s, 1, p.s, 1)
saxpy(num.rows, ga, [z FROM start.row FOR num.rows], 1, p.s, 1)
saxpy(num.rows, de, [s FROM start.row FOR num.rows], 1, p.s, 1)
-- collect p back to master
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gather.out(in, out, 1, num.procs, id,
p.s, num.rows)

-- ask master whether to do an iteration
[1]REAL32 continue.vec RETYPES continue.bytes:
broadcast.in(in, out, 1, num.procs, id, continue.vec, dummy)

Theprogramhasbeenreducedto a sequenceof calls to thecommunicationrou-
tines and assemblercodedBLAS routinesthat operateon local data. No detail of
theunderlyingarchitectureis visible to theprogram,so theprogramis consequently
portableto otherparallelarchitecturesincludingparallelFortranenvironments.The
efficiency of theprogramis not lost in porting thecodeto anotherarchitecturesince
weexpectthenew architectureto haveefficientimplementationsof theBLAS routines
andthecommunicationroutines.

This algorithmmakesuseof high level communicationroutinesandlocal BLAS
routines. Another group of routinesthat will be usedby other algorithmsare dis-
tributedBLAS routines.Theseroutineswould have thesamespecificationasthese-
quentiallocal dataBLAS, exceptthat thedatamanipulatedwould no longerbe local
to a singleprocess,but wouldbedistributedacrosstheprocesses.To useoneof these
routinesall the slave processescall the routinepassingtheir local blocksof the dis-
tributeddataobjectsto bemanipulated.Someroutinesmight invokecommunication
routinesto exchangedata,in which casethe processeswill be synchronised,whilst
othersmaynot requirecommunication.

For example,Step5 of thefull matrixMethodI BFGSalgorithminvolvesanAXPY
operation.In theT9000/C104slavecodethisoperationhasbeenimplementedasacall
to the local dataAXPY routine. Instead,a distributedAXPY routinecouldbeinvoked
usingthesameparameterlist but with theadditionof communicationparameters.The
programmer’scodewouldbethesameexceptthata differentBLAS routineis called.
Theconceptualdifferenceto theprogrammeris thatwhereasfor thefirst method,the
programmerhasto be fully awareof all the datadependenciesandcommunication
requirementsfor theoperation,but in thesecondmethodtheseissuesaretakencareof
by theimplementationof thedistributedBLAS routine. In thecaseof theAXPY op-
eration,thefirst methodrequirestheprogrammerto realisethatthealgorithmicAXPY
operationcanbeimplementedby entirelylocaldataAXPY routineswith thegivendata
distribution for this algorithm.If theprogrammercalledthedistributedAXPY routine
insteadthen the routine itself would ensurethat any necessarycommunicationsare
performedto obtainthesameresultasthealgorithmicAXPY operation.

This distinctionbecomesmoreimportantfor BLAS routinesthatdo requirecom-
munications.For examplethe rank2 updatein Step6 hasbeenimplementedby two
local dataGER rank1 updateroutinesprecededby anall-to-all broadcastof thedis-
tributedvector Î . If theprogrammerinsteaduseda distributedrank1 updateroutine
thentheneedfor thecommunicationof vector Î couldbetakencareof by theroutine
itself andtheprogrammerneednot beconcernedwith it. By extension,theprogram-
mercouldscatterthevector Í usingthesamedistributionasfor Î andlet thedistributed
GER routinetakecareof thecommunicationrequiredto broadcastboth Í and Î . Using
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thesedistributedBLAS routinessimplifiesthe programmerstaskconsiderablysince
any communicationis performedby the routineitself insteadof beingthe responsi-
bility of theprogrammer. This shortensslave codelengthanddecreasesdevelopment
time. However, theprogrammershouldstill beawareof theunderlyingcommunica-
tion operationsin orderto designefficientprograms.

B.5 Parallelism

An importantfeatureof the style of programmingillustratedby theBFGScodejust
givenis thatit is sequential.Theprogrammertakesthesequentialalgorithmandwrites
sequentialcodewhich operateson distributed data. The communicationsroutines
whichtheprogrammercallsmayexploit parallelismfor improvedperformancebut the
programmer’sown codeis almostadirectimplementationof thesequentialalgorithm.
Parallelperformanceis achievedsincethecodeis executedon every processor. This
approachmakesimplementationmucheasierthanusingexplicit parallelismwithin the
codefor eachprocess.

But we must ask ourselves how much performancemay be improved by using
explicit parallelism.Eachcommunicationsubroutinesynchronisesall the processes,
which mayintroduceidle time. Is therea way we canintroduceasynchronousopera-
tion into analgorithmor otherwiseavoid this idle time?

One techniquewhich canbe usedeffectively is to overlap communicationsop-
erationswith local computation.This techniqueis usedin the T9000/C104sorting
algorithmof Chapter4. The performanceimprovementsobtainedby usingexplicit
parallelismto overlapcommunicationandcomputationwill dependon theratioof the
amountof communicationwork to computationwork. If thecomputationcostdomi-
natesthenthecompletecostof thecommunicationoperationcanbehiddenbehindthe
computation.Thiswouldgivesignificantimprovementsin performance.On theother
hand,if the communicationcost is greaterthenthe computationcost,asis the case
for thesortingexample,thenthecomputationis hiddenbehindcommunication.This
alsogivesbetterperformancethanexecutingthetwo operationssequentially, however
the speedupover a sequentialalgorithmis lessthanin the othercasesincefor most
architecturesthe costof an individual communicationis significantlylarger thanthe
costof an individual computationoperation.To usethis technique,thedataoperated
on in thetwo threadsof theprocessmustbeindependent.In thecaseof thesortingal-
gorithmdataindependencewasobtainedby splittinga singlecommunicate-compute-
communicatecycle into two similar independentthreadseachworkingon onehalf of
thedata.Thenwhilst onethreadwasin its communicatephase,theotherthreadwas
in its computephase.

Givenenoughindependentdata,this ideacouldbeextendedto usemany morepar-
allel threads.Cook [23, 24] describesthe improvementin performanceobtainedfor
two algorithmsby reformulatingthe algorithmsto introducedataandprogramflow
independenceandthenusingseveral threadsto performthe independentalgorithmic
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tasks.Thenumberof parallelthreadsthatcanbeintroducedby reformulatinganalgo-
rithm is usuallylow andalargeamountof extracodingmayberequiredto co-ordinate
theexecutionof thethreads.

Anotherway to achieve thesameaimof hidingcommunicationoperationsbehind
computationis suggestedby Valiant [91, 92]. He shows that provided an algorithm
hasenoughparallelslackness(or excessparallelism)it canbeimplementedon a dis-
tributedmemoryMIMD machinewith optimalefficiency. For aT9000/C104machine
this is implementedby creatingmany moreslave processesthanthereareprocessors
andthenmappingseveralprocessesontoeachprocessor. Eachprocessneedonly be
sequential.This techniqueattemptsto hideany communicationlatency whenonepro-
cessstartsa communicationby usingtheprocessorcyclesto performcomputationin
anotherprocess.Theprogrammer’s taskis simplifiedconsiderablysincehedoesnot
needto useany explicit parallelism.However, increasingthenumberof processesde-
creasesthe amountof dataheld on eachprocessandhencedecreasesthe amountof
computationperformedby a process.This mayleadto thecommunicationcostfor a
processbeinggreaterthanthecomputationcost.Suchfine grainedalgorithmsdo not
performwell oncurrentdistributedmemoryarchitecturessincetheratioof communi-
cationcostto computationcostis generallytoo high. For coarsegrainedalgorithms,
which have a largeratio of computationto communication,this techniquemaywork
well. But suchalgorithmswill alsoperformwell by overlappingcommunicationwith
computation.We have not triedthis approachyet,but it will bevery interestingto see
a comparisonof this techniqueandoverlappingcommunicationsandcomputationon
a T9000/C104system.



Appendix C

Gaussian elimination results

This appendixcontainsthemeasuredrun-timesfor the Gaussianeliminationmethod
presentedin Chapter3.

C.1 T8 measurements

Thefollowing tablesgivethewall-clockexecutiontimefor thematrixfactorisationand
RHSforwardseliminationandbackwardssubstitution.In the tablesfor parallelcost
measurements,thescattercolumnis thetime takento scatterthematrix, thefactorise
columnis the time takento factorisethe matrix, andthe RHS columnincludesthe
time takento scatterthe RHS vectorandgatherthe resultvectoraswell asthe time
for forwardseliminationandbackwardssubstitution.Timesweremeasuredusingthe
built-in timeron themastertransputerandaveragedover fiveprogramruns.All times
arein secondsandaregivento upto threesignificantfigures.Thevariationin run-time
is verysmall.For example,for �±ªf°�­�­ thevariationin total timewasunder ÐÑ­
�k­i­�Ò s
(under0.1%),andfor �±ªfÒ�­ thevariationwas ÐÑ­5�I­�­
� s (under1%).� factorise(s) rhs(s) total (s)

50 ­
���LÓi« ­
�k­
�i� ­D�-��ÔÕÆ
100 �i�I«�Æ ­
�k­�°�Ò ���k«uÔ
200 Ö
�IÒ
° ­
�-��Ô
Ö ÖD�jÔ
«
400 Ô
ÒD�I« ­
�jÔ���Æ Ô
ÓD�k­
600 «�ÒiÆ �i�kÓi­ «iÒ�°

TableC.1: Timingsfor sequentialGaussianeliminationonT8 machine
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� � scatter(s) factorise(s) rhs(s) total (s)
50 1 ­5�I­i«�Æ ­
�-��ÔÕÖ ­5�I­i«�« ­D�I«�«iÆ

2 ­5�I­i«
° ­
�-�i�L« ­5�I­
�;° ­D���LÒi­
4 ­5�I­i«�Ó ­
�k­iÖ�Ö ­5�I­
�L« ­D���LÆuÔ
8 ­5�I­iÆ�­ ­
�-��«�Ö ­5�I­
�LÆ ­D���
Ô
«

16 ­5�I­iÆ�² ­
�k«
�L² ­5�I­
�
Ô ­D�I«�Ô
Æ
32 ­5�I­iÓ�Æ ­
��°�­�­ ­5�I­i«�« ­D��°×²�°
48 ­5�I­uÔÕ² ­
�kÓi«�² ­5�I­iÆ�Æ ­D�ØÔÕÆiÖ

100 1 ­5�I­iÖ5� �i�kÆiÆ ­5�I­uÔ�Ô ���IÒ�­
2 ­5�I­iÖ�« ­
�jÔ�°×Ò ­5�I­�°×Ó ­D�I²�²iÆ
4 ­5�I­iÖ�Ó ­
�kÒi«�Ó ­5�I­iÆ�Æ ­D�IÓ�ÒiÆ
8 ­5����­�Æ ­
�kÒiÒ�Æ ­5�I­i«�Ö ­D�IÓ�²iÓ

16 ­5���i�L² ­
�k²iÓ
° ­5�I­iÆ
° ���I­�«
32 ­5����ÔÕÖ �i�kÒi« ­5�I­�°×Ö ���ØÔÕÒ
48 ­5�I«
�LÖ «
��°i° ­5�I­uÔÕÆ «D�ØÔL°

200 1 ­5�IÆiÒ�Ô ��­D�kÆ ­5�IÆi­�­ �L­D�IÖ
2 ­5�IÆiÓ�­ Ò
��°i° ­5����Ó�Æ ÒD�IÖ�Ó
4 ­5�IÆiÓ�Ô Æ
�kÆiÒ ­5����­�« ÆD�I²�«
8 ­5�IÆi²�« «
�jÔ
Ö ­5�I­uÔÕÓ ÆD�I«
°

16 ­5��°D��� Æ
�kÆi² ­5�I­uÔÕ« ÆD�I²�Ó
32 ­5�IÒiÖ�Æ Ó
�-��« ­5�I­iÖ�² ÓD�I²5�
48 ­5�IÓiÖ�­ ²
�jÔ
Æ ­5����Æ�­ ÖD�IÒ�Ò

400 1 ����°�« ²i­D�k² ������² ²�ÆD��°
2 ����°�« °D���kÓ ­5�IÓ
�
Ô °×ÆD�IÓ
4 ����°i° «iÆD�-� ­5�IÆ�°×² «
°C�IÖ
8 ����°
Ô ��ÒD�k² ­5�I«i«
° �
Ô5�IÒ

16 ���IÒi« ��ÓD�-� ­5����²�« �
Ô5�I²
32 «5���<° «iÒD�k­ ­5�I«
�LÒ «�Ô5�IÆ
48 «5��°D� Æ�°C�k² ­5�I«iÓ�« Æ�Ô5��°

600 1 Æ5����² «uÔ�� «5�IÓ�° «�ÔiÔ
2 Æ5����Ö ��Æi² ���IÆiÓ �;°�Æ
4 Æ5�I«
� Ô�°C�k« ­5�ØÔ�° ÔÕ²D�I«
8 Æ5�I«iÓ °�ÓD�kÒ ­5��°i° Ò�­D�I«

16 Æ5�IÆ�° °D���kÖ ­5�IÆiÆ °×ÒD��°
32 °m�IÓ
� ÒiÓD��° ­5�IÆ�° Ó5���IÆ
48 Ò5����Ò Ô
²D�k² ­5��°�­ ²
°C�IÆ

TableC.2: Timingsfor parallelGaussianeliminationon T8 machine
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C.2 T4 measurements

� factorise(s) rhs(s)
16 ­D�I­iÓ ­5�I­5�
32 ­D��°�Ò ­5�I­
°
64 ÆD�IÒ
� ­5���
Ô

128 «�Ô5�ØÔ ­5�IÓ�Ö
256 «i«�­ «5�ØÔÕ²

TableC.3: Timingsfor sequentialGaussianeliminationonT4 machine

� � factorise(s) rhs(s)
16 2 ­5�I­iÒ ­D�k­i­�Ö

4 ­5�I­�° ­D�k­i­�Ô
8 ­5�I­�° ­D�k­i­�Ô

16 ­5�I­iÒ ­D�k­i­�Ö
32 2 ­5�I«uÔ ­D�k­iÆ�«

4 ­5����² ­D�k­i«5�
8 ­5����Ò ­D�k­
�
Ô

16 ­5����Ô ­D�k­
�L²
64 2 ���IÖ
� ­D�-�i�L²

4 ���I­iÖ ­D�k­iÓ�Ô
8 ­5�ØÔ
Ò ­D�k­�°×Ó

16 ­5�ØÔ
­ ­D�k­�°m�
128 2 �<°m�IÆ ­D��°�Ò�Ò

4 Ô×�IÒiÆ ­D�k«iÆ�Ö
8 °m�IÒi­ ­D�-�<°×«

16 Æ5��°�« ­D�-��­�Ò
256 2 �i��� ���jÔ
Ö

4 ÒiÓ5��� ­D�kÖi­�Æ
8 Æi­5�I² ­D��°�Ö�«

16 ��Ö5�IÖ ­D�kÆ
�LÓ
TableC.4: Timingsfor parallelGaussianeliminationon T4 machine



Appendix D

Bitonic sorting results

This appendixcontainsthemeasuredrun-timesfor theT8 bitonic sortalgorithmpre-
sentedin Chapter4.

Theparallelbitonic sortalgorithmfor theT8 architecturedescribedin Chapter 4
wastestedontheParsysSupernodedescribedin Chapter1. Testdatawasderivedfrom
a randomnumbergenerator. Timingsweremadefor a rangeof problemsizes,� , and
machinesizes,� . Thesetimeswerecomparedwith an efficient sequentialquicksort
algorithm.Thetimesweremeasuredusingthebuilt-in timer on themastertransputer
andaveragedover four programruns.All timesarein secondsandaregivento up to
threesignificantfigures. The variationin run-timeis small; the total executiontime
for thesequentialandparallelalgorithmsvariedby lessthan «uÙ over thefour program
runs for eachparticularproblem. This indicatesthat the randomnumbergenerator
wasproducingbalancedsetsof dataandnot extremecaseswhich would beexpected
to givemarkedlydiffferentrun-times.

Table D.1 shows the measuredrun-timesfor the sequentialquick sort program.
In TableD.2 we show the run-timeof the parallelprogrammeasuredby the master
processorfor thedifferentproblemsizesandmachinesizes.In additionwe illustrate
the proportionof the total time that is takenby four partsof the parallelalgorithm.
Thesefour partsarethe initial scatterof the unsorteddata,the sequentialquick sort
oneachprocessor, theparallelbitonicsort,andthefinal gatherof thesorteddata.The
timesgiven for thesephasesof the algorithmis the time measuredby the first slave
processor. Thetimesfor otherprocessorsin thearrayvary. As theprocessornumber
increases,i.e.,theprocessorsgetfurtherawayfrom themasterprocessor, thecostsvary
asfollows: thescattercostdecreases,thesequentialquick sortcostremainsconstant,
andthebitonic sortandgathercostsincrease.Hencethesefiguresarepresentedonly
to illustrateapproximatelytheproportionof the total time spentin eachphaseof the
algorithm.
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� time(s)
2048 ­D�I­�°×Ó
8192 ­D�I«
�LÆ

32768 ­D�IÖuÔÕ­
131072 °C�I«iÖ
524288 �LÖD�I­

TableD.1: Timingsfor sequentialquicksortonT8 machine

� � scatter(s) QS(s) bitonic (s) gather(s) total (s)
2048 1 ­5�I­�­iÖ ­
�I­
°i° ­ ­D�I­i­�Ö ­D�I­iÓ�Æ

2 ­5�I­5��­ ­
�I­�«i­ ­
�I­�ÆiÆ ­D�I­
�L­ ­D�I­uÔÕÆ
4 ­5�I­5�<° ­
�I­�­i² ­
�I­
°�Ò ­D�I­
�;° ­D�I­i²5�
8 ­5�I­�«
� ­
�I­�­�° ­
�I­�Ói­ ­D�I­i«5� ­D����­�Ó

16 ­5�I­�«iÓ ­
�I­�­i« ­
�I­�ÔiÔ ­D�I­i«�Ó ­D����Æ�«
32 ­5�I­�Æ
� ­
�I­�­
� ­
�I­�ÖiÒ ­D�I­iÆ5� ­D����Ò�Ö

8192 1 ­5�I­�ÆuÔ ­
�I«5��Ò ­ ­D�I­iÆ�Ô ­D�I«i²�Ò
2 ­5�I­�Æi² ­
�I­�ÖiÖ ­
���;°�Ó ­D�I­iÆ�² ­D�IÆ
�LÖ
4 ­5�I­
°�« ­
�I­
°i° ­
���L²uÔ ­D�I­�°×« ­D�IÆ
�;°
8 ­5�I­
°�Ö ­
�I­�«i­ ­
�I«�­
� ­D�I­�°×Ö ­D�IÆ
�L²

16 ­5�I­�Ó�° ­
�I­�­i² ­
�I«�«i² ­D�I­iÓ
° ­D�IÆiÓ�Æ
32 ­5���L­�° ­
�I­�­iÆ ­
�IÆ�«iÓ ­D����­
° ­D�IÒiÆ�²

32768 1 ­5���;°�Ó ­
�IÖ�Ó
� ­ ­D���<°×Ó ���I«iÒ
2 ­5���;°�² ­
��°×ÆiÒ ­
�IÓ�ÆiÖ ­D���<°×² ���IÆi²
4 ­5���LÒi« ­
���LÖi² ­
�ØÔÕÖiÒ ­D����Ò�« ���IÆi­
8 ­5���LÓi­ ­
�I­�Öi­ ­
�I²�­i­ ­D����Ó�­ ���I«
�

16 ­5���
Ô
Ò ­
�I­
°�« ­
�ØÔÕ²i² ­D����ÔÕÒ ������²
32 ­5�I«�Òi­ ­
�I­5��Ö ­
�IÖ5��« ­D�I«iÒ�­ ����°�Æ

131072 1 ­5�IÒ�²iÒ °D�I«�Ô ­ ­D�IÒi²�Ò ÒD��°i°
2 ­5�IÒ�Öi­ «
�I­�Ô «
�ØÔÕ² ­D�IÒiÖ�­ ÓD�I­i­
4 ­5�IÒ�ÖiÓ ­
�IÖ�²iÆ Æ
��°×Ó ­D�IÒiÖ�Ó ÒD�IÓ�°
8 ­5�IÓ�­�° ­
��°×ÒiÓ Æ
�I«�Æ ­D�IÓi­
° °C�I²iÖ

16 ­5�IÓ5��Ö ­
�I«�­iÖ «
�IÖ�² ­D�IÓ
�LÖ °C��°�Æ
32 ­5�I²�Æi­ ­
�I­�ÖiÒ Æ
��°×­ ­D�I²iÆ�­ ÒD���<°

524288 1 «5�IÆ
° ��²D�IÓ ­ «D�IÆ�° «�ÆD�IÆ
2 «5�IÆ�Ó Ö
�I«�­ �i���I² «D�IÆiÓ «�ÒD�IÒ
4 «5�IÆ�Ô °D�I«�Ô �<°C�I« «D�IÆuÔ «�ÆD�I«
8 «5�IÆ�² �i�IÖ�Ö ��ÆD�I² «D�IÆi² «�­D�IÒ

16 «5��°×­ ­
�IÖ�« ��«D�IÓ «D��°�­ �L²D�IÆ
32 Æ5���LÒ ­
��°×Ó ��ÆD�IÒ ÆD����Ó «�­D�IÆ

TableD.2: Timingsfor parallelbitonicsorton T8 machine
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